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IntrodutionThe thesis has two main topis, the �rst of them is arboresene paking. We onsider extensions ofEdmonds' fundamental result on paking disjoint spanning arboresenes. The problem an be naturallygeneralized in two diretions: the edge-disjointness ondition may be strengthened, and the set of nodesspanned by the arboresenes may be dereased.
• We give a disproof of the onjeture of Colussi, Conforti and Zambelli on strongly edge-disjoint ar-boresenes. For k = 2 the onjeture is true; we give its generalization for diyle-disjoint Steinerarboresenes.
• We present a linear time algorithm for �nding a pair of disjoint in- and out-arboresenes in an aylidigraph. Deiding the existene of suh arboresenes is NP-omplete in general. Our algorithm isbased on a redution to bipartite mathing in an assoiated bipartite graph.
• We present a strongly polynomial time algorithm for �nding disjoint arboresenes spanning onvexsets under apaity onstraints. Our solution is based on the deep understanding of the onnetionbetween paking arboresenes and overing interseting bi-set families.
• We give a polyhedral desription of arboresene pakable subgraphs and prove that the system is TDI.The proof strongly relies on the speial interseting bi-set families appearing in the proof of Fujishige'stheorem.The seond part of the thesis deals with restrited b-mathings, mainly with Ck-free k-mathings. Ithas been known that the Ck-free 2-mathing problem is NP-omplete for k ≥ 5. We onsider the C3-freeand the C4-free 2-mathing, and the Kt,t- and Kt+1-free t-mathing problems in graphs that satisfy ertaindegree bounds.
• We give a min-max theorem and an algorithm for the square-free 2-mathing problem in sububigraphs. We show that the weighted version of the problem is NP-hard even in planar bipartite ubigraphs, but is polynomially solvable when the weight funtion is node-indued on eah square.
• We give a min-max theorem and an algorithm for the Kt,t- and Kt+1-free t-mathing problem indegree bounded graphs. Note that this problem is a generalization of the C3-free, C4-free and C≤4-free

2-mathing problems.
• We give a desription of the triangle-free 2-mathing polytope of sububi graphs. The desription wasonjetured by Hartvigsen and Li; the omplete proof appeared reently. We give an independentproof of the result whih relies on a shrinking method.The last hapter examines arbitrary triangle-free subgraphs, that is, when the degree bound on the nodesin the subgraph is omitted. The problem is approahed through shadow systems and Turán numbers.
• We prove that the set of multisets with size k over a ground set with size also k has the so-alledsplitting property. From this, we show that a weighted extension of the Turán number admits thesame upper bounds as the unweighted one. We also prove a ombinatorial olouring theorem and afrational version of an extension of Tuza's onjeture to hypergraphs.1



Paking arboresenesIn a direted graph D = (V,A) an r-arboresene is a direted tree in whih every node is reahablefrom a given root node r. We all D rooted k-edge-onneted if for eah v ∈ V , there exist k edge-disjointdireted paths from r to v. Edmonds' fundamental theorem haraterizes the existene of k edge-disjointspanning arboresenes rooted at the same node [14℄.Theorem 1 (Edmonds). Let D = (V,A) be a digraph with root r. D has k edge-disjoint spanning r-arboresenes if and only if D is rooted k-edge-onneted.One way to extend Edmonds' theorems is to derease the size of the node sets spanned by the arbores-enes in question. However, it is not easy to �nd suh a generalization as one an easily run into di�ultquestions. We proved the followings.Theorem 2 (B. and Frank [3℄). Let D = (V,A) be a digraph whose node set is partitioned into a root-set
R = {r1, . . . , rq} and a terminal set T . Suppose that no edge of D enters any node of R. The problem ofdeiding whether there are k disjoint arboresenes so that they are rooted at distint nodes in R and eahof them spans T is NP-omplete.Theorem 3 (B. and Frank [3℄). Let D = (V,A) be a digraph with u1, u2, v1, v2 ∈ V and let U1 = V, U2 =

V − v1. The problem of �nding two edge-disjoint arboresenes rooted at u1, u2 and spanning U1, U2, re-spetively, is NP-omplete.However, in 2009, Kamiyama, Katoh and Takizawa [18℄ gave a surprising new proper extension ofEdmonds' theorem whih has the following equivalent form, proved by Fujishige. For two disjoint subsets
X and Y of V , we say that Y is reahable from X if there is a direted path in D whose �rst node is in
X and last node is in Y . We all a subset U of nodes onvex if there is no node v in V \ U so that U isreahable from v and v is reahable from U .Theorem 4 (Kamiyama, Katoh and Takizawa, Fujishige). Let D = (V,A) be a direted graph and let
R = {r1, . . . , rk} ⊆ V be a list of k (possibly not distint) root-nodes. Let Ui ⊆ V be onvex sets with
ri ∈ Ui. There are edge-disjoint ri-arboresenes Fi spanning Ui for i = 1, . . . , k if and only if

̺D(Z) ≥ p1(Z) for every subset Z ⊆ V (1)where p1(Z) denotes the number of sets Ui's for whih Ui ∩ Z 6= ∅ and ri 6∈ Z.For an r-arboresene F , a node u is an F -anestor of another node v if there is a direted path from uto v in F . We denote this unique path by F (u, v). We say that a node w dominates a node v if every pathfrom r to v inludes w. Two ars are alled symmetri if they share the same endnodes but have oppositeorientations. Two edge-disjoint arboresenes F1, F2 rooted at r are alled strongly edge-disjoint if thepaths F1(r, v), F2(r, v) do not ontain a pair of symmetri ars for eah v ∈ V .Conjeture 5 (Colussi, Conforti and Zambelli). Let D = (V,A) be a digraph with root r. D has k stronglyedge-disjoint spanning r-arboresenes if and only if D is rooted k-edge-onneted.For k = 2, the onjeture was veri�ed in [11℄. We give a disproof of the onjeture for k ≥ 3, andgeneralize the ase k = 2 to diyle-disjoint Steiner arboresenes. For a terminal set T ⊆ V , an r-arboresene spanning T is alled a Steiner-arboresene. Two Steiner-arboresenes F1 and F2 are2



alled edge-independent if the paths F1(r, t), F2(r, t) are edge-disjoint for every terminal t ∈ T . Weall two edge-independent Steiner-arboresenes F1 and F2 diyle-disjoint if for eah t ∈ T the union
F1(r, t) ∪ F2(r, t) does not ontain a direted yle.Theorem 6 (B. and Kovás [6℄). Let D = (V,A) be a direted graph with root r and terminal set T . Thereexist two diyle-disjoint Steiner-arboresenes if and only if there exist two edge-disjoint paths from r to tfor eah t ∈ T .From now on, an r-out-arboresene is just the same as an r-arboresene de�ned earlier, while an
r-in-arboresene is a direted tree in whih the edges are direted toward the root node r. It is known [9℄that the problem of �nding a pair of edge-disjoint spanning r1-in-arboresene and r2-out-arboresene forgiven roots r1, r2 ∈ V is NP-omplete. We onsider this problem in a direted ayli graph and give alinear time algorithm for solving it.Theorem 7 (B., Fujishige and Kamiyama [4℄). Given a direted ayli graph D = (V,A) with roots
r1, r2 ∈ V , we an disern the existene of a pair of ar-disjoint spanning r1-in-arboresene and r2-out-arboresene, and �nd suh arboresenes if they exist, in O(|A|) time.Covering interseting bi-set familiesGiven a ground-set V , we all a pair X = (XO,XI) of subsets a bi-set if XI ⊆ XO ⊆ V where XO isthe outer member and XI is the inner member of X. The intersetion ∩ and the union ∪ of bi-setsis de�ned as follows: for bi-sets X,Y let X ∩ Y := (XO ∩ YO,XI ∩YI), X ∪Y := (XO ∪ YO,XI ∪ YI). Twobi-sets are interseting if XI ∩ YI 6= ∅. A family of bi-sets is alled interseting if both the union andthe intersetion of any two interseting members of F belong to F . A direted edge enters or overs X ifits head is in XI and its tail is outside XO. An edge set overs a family of bi-sets if it overs eah memberof the family.There is another line of extending Theorem 1 in whih, rather than working diretly with arboresenes,one onsiders disjoint edge-overings of ertain families of sets or bi-sets. The bi-set families F1, . . . ,Fksaid to satisfy the mixed intersetion property if

X ∈ Fi, Y ∈ Fj , XI ∩ YI 6= ∅ ⇒ X ∩ Y ∈ Fi ∩ Fj.For a bi-set X, let p2(X) denote the number of indies i for whih Fi ontains X. In [10℄, we derived anextension of a theorem of Szeg® on overing interseting families to bi-set systems.Theorem 8 (B. and Frank). Let D = (V,A) be a digraph and F1, . . . ,Fk be interseting families of bi-setson ground set V satisfying the mixed intersetion property. The edges of D an be partitioned into k subsets
A1, . . . , Ak suh that Ai overs Fi for eah i = 1, . . . , k if and only if

̺D(X) ≥ p2(X) for every bi-set X.We proved that Theorem 4 an be derived from Theorem 8. The appliation of bi-sets gives a newinsight into the struture of onvex sets. By using the speial bi-set families appearing in the proof, we givea strongly polynomial time algorithm for �nding rooted branhings spanning given onvex sets under edgeapaity onstraints. 3



Theorem 9 (B. and Frank [3℄). Let D = (V,A) be a digraph, g : A → Z+ a apaity funtion, R =

{R1, . . . , Rk} a list of root-sets, U = {U1, . . . , Uk} a set of onvex sets with Ri ⊆ Ui and m : R → Z+ ademand funtion. There is a strongly polynomial time algorithm that �nds (if there exist) m(R) disjointbranhings so that m(Ri) of them are spanning Ui with root-set Ri and eah edge e ∈ A is ontained in atmost g(e) branhings.We also give a polyhedral desription of arboresene pakable subgraphs based on a onnetion withbi-set families and prove that the orresponding system of inequalities is totally dual integral (TDI).Theorem 10 (B. and Frank [3℄). The linear system written for x ∈ R
A

{0 ≤ x ≤ g, ̺x(Z) ≥ p1(Z) for every non-empty Z ⊆ T} (2)is TDI. In partiular, the onvex hull of arboresene-pakable subgraphs of D is equal to the followingpolyhedron:
{x ∈ R

A : 0 ≤ x ≤ 1, ̺x(Z) ≥ p1(Z) for every non-empty Z ⊆ T}. (3)
C4-free 2-mathingsLet G = (V,E) be an undireted graph and let b : V → Z+ be an upper bound on the nodes. An edgeset F ⊆ E is alled a b-mathing if dF (v) is at most b(v) for eah node v. For some integer t ≥ 2, by a
t-mathing we mean a b-mathing with b(v) = t for every v ∈ V . A losely related onept is b-fator,where instead of dF (v) ≤ b(v) stritly dF (v) = b(v) is required.The so-alled Ck-free and C≤k-free 2-mathing problems are important speial ases of restrited b-mathings. A 2-mathing M is Ck-free if it ontains no yle of length k, and it is C≤k-free-free if itontains no yle of length k or less. Papadimitriou showed that the problem of �nding suh subgraphswith maximum ardinality is NP-hard when k ≥ 5 [12℄, and Hartvigsen [15℄ gave an augmenting pathalgorithm for the ase k = 3. The C4-free and C≤4-free 2-mathing problems are left open.The motivation of these problems is twofold: they have been studied as relaxations of the Hamiltonianyle problem, while they are also strongly related to undireted node-onnetivity augmentation. Aninteresting speial ase onsists of inreasing the onnetivity by one, that is, when one would like to makea (k − 1)-onneted graph k-onneted by adding a minimum number of new edges. We all this problemthe k-onnetivity augmentation problem1.We were interested in values of k lose to n. If k = n − 1, then the graph should be simply extendedto a omplete graph; if k = n − 2, then the problem is equivalent to �nding a maximum mathing in theomplement of the graph. It an be veri�ed that the (n − 3)-onnetivity augmentation problem an beredued to the problem of �nding a square-free 2-mathing of maximum size in a sububi graph.We give a polynomial time algorithm for the square-free 2-mathing problem in simple sububi graphs.Let γ1 denote the time to solve the b-fator problem when b(v) ≤ 2.Theorem 11 (B. and Kobayashi [5℄). In sububi graphs, the square-free 2-mathing problem an be solvedin O(n3γ1) time.This leads to a polynomial time algorithm for the (n− 3)-onnetivity augmentation problem.1The problem was reently solved in [24℄. 4



Theorem 12 (B. and Kobayashi [5℄). The (n−3)-onnetivity augmentation problem is solvable in O(n3γ1)time.Our algorithm is based on the theorem that square-free 2-mathings in a simple sububi graph havea matroid-like struture alled a jump system.We also disuss the weighted versions of the problems. Given a (k − 1)-onneted graph G = (V,E)and a weight funtion w : Ē → R+, where Ē is the omplement of E, the weighted k-onnetivityaugmentation problem is the problem of �nding a set of edges of minimum total weight that should beadded to the original graph to obtain a simple k-onneted graph. This problem is known to be NP-hardfor �xed k ≥ 2.The weighted (n − 3)-onnetivity augmentation problem an be redued to the problem of �nding asquare-free 2-mathing maximizing the total weight of its edges, whih we all the weighted square-free
2-mathing problem. Z. Király proved that the weighted square-free 2-mathing problem in bipartitegraphs is NP-hard even for 0−1 weights. This problem is, however, polynomially solvable in bipartite graphsif the weight funtion is node-indued on every square. For a subgraph H = (V (H), E(H)) of G, we saythat w is node-indued on H if there exists a funtion πH : V (H) → R suh that w(e) = πH(u)+πH(v)for every edge e = uv ∈ E(H).We show that the weighted square-free 2-mathing problem in simple sububi graphs an be solved inpolynomial time if the weight funtion is node-indued on every square. Suppose that for a weighted graph
(G,w) and for a vetor x ∈ {0, 1, 2}V , we an �nd in γ2 time an edge set F ⊆ E maximizing w(F ) suhthat dF = x.Theorem 13 (B. and Kobayashi [5℄). In a weighted sububi graph (G,w), if w is node-indued on everysquare in G, then the weighted square-free 2-mathing problem is solvable in O(n3γ2) time.We also show that the problem is NP-hard for general weights.Theorem 14 (B. and Kobayashi [5℄). The weighted square-free 2-mathing problem is NP-hard even if thegiven graph is ubi, bipartite, and planar.In our algorithm for the weighted problem, we use the theory of M-onave (M-onvex) funtions ononstant-parity jump systems introdued by Murota.
Kt,t- and Kt+1-free t-mathingsThe C4-free 2-mathing problem admits two natural generalizations. The �rst one isKt,t-free t-mathings,while the seond is t-mathings ontaining no omplete bipartite graph Ka,b with a+ b = t+2. The lattervariant orresponds to the problem of inreasing the node-onnetivity of a graph to n − t − 1. In thedissertation, we onsider the former variant of generalizations.Let K be a set onsisting of Kt,t's, omplete bipartite subgraphs of G on two olour lasses of size t,and Kt+1's, omplete subgraphs of G on t + 1 nodes. We give a min-max formula on the size of K-free
b-mathings and a polynomial time algorithm for �nding one with maximum size under the assumptionsthat for any K ∈ K and any node v of K, 5



VK spans no parallel edges (4)
b(v) = t (5)

dG(v) ≤ t+ 1. (6)Note that this is a generalization of the maximum C3-free, C4-free and C≤4-free 2-mathing problemsin sububi graphs.We all a omplete subgraph on four nodes square-full if it ontains three forbidden squares. Notethat, by assumption (6), every square-full subgraph is a onneted omponent of G. We denote the numberof square-full omponents of G by S(G) for t = 2, and de�ne S(G) = 0 for t > 2.Theorem 15 (B. and Végh [7℄). Let G = (V,E) be a graph with an upper bound b : V → Z+ and K be alist of forbidden Kt,t and Kt+1 subgraphs of G so that (4), (5) and (6) hold. Then the maximum size of a
K-free b-mathing is equal to the minimum value of

b(U) + |E[W ]| − |K̇[W ]|+
∑

T∈P

⌊

1
2(b(T ) + |E[T,W ]| − |K̇[T,W ]|)

⌋

− S(G) (7)where U and W are disjoint subsets of V , P is a partition of the onneted omponents of G−U −W and
K̇ ⊆ K is a olletion of node-disjoint forbidden subgraphs.Among our assumptions, (4) and (5) may be onsidered as natural ones as they hold for the maximum
Kt,t-free t-mathing problem in a simple graph. However, the degree bound (6) is a restritive assumptionand dissipates essential di�ulties. Our proof strongly relies on this and the theorem annot be straight-forwardly generalized.The triangle-free 2-mathing polytopeA ornerstone of mathing theory is Edmonds' [13℄ desription of the perfet mathing polytope, theonvex hull of inidene vetors of perfet mathings of a graph G = (V,E). In the same paper, Edmondsgave the following haraterization of the b-fator polytope.We all K ⊆ V, F ⊆ δ(K) a pair if F does not ontain loops (by notation, this only means restritionin ase of |K| = 1). The pair is odd if b(K) + |F | is odd. The b-fator polytope is the onvex hull of theinidene vetors of b-fators of G.Theorem 16 (Edmonds). The b-fator polytope is determined by

(i) 0 ≤ xe ≤ 1 (e ∈ E),

(ii) x(δ̇(v)) = b(v) (v ∈ V ), (P2)
(iii) x(δ(K) \ F )− x(F ) ≥ 1− |F | ((K,F ) odd).A polyhedral desription of b-mathings an easily be derived from Theorem 16.Theorem 17. The b-mathing polytope is determined by
(i) 0 ≤ xe ≤ 1 (e ∈ E),

(ii) x(δ̇(v)) ≤ b(v) (v ∈ V ), (P3)
(iii) x(E[K]) + x(F ) ≤ ⌊ b(K)+|F |

2 ⌋ ((K,F ) odd).6



Considering the maximum weight version of the Ck-free 2-fator problem, there is a �rm di�erenebetween triangle- and square-free 2-fators. Z. Király showed [19℄ that �nding a maximum weight square-free 2-fator is NP-hard even in bipartite graphs with 0− 1 weights. For sububi graphs, polynomial timealgorithms were given by Hartvigsen and Li [16℄, and by Kobayashi [20℄. The former result implies that weshould not expet a nie polyhedral desription of the square-free 2-fator polytope. However, solvabilityof the triangle-free ase was a main motivation of our investigation.Deiding the existene of a triangle-free 2-fator beomes signi�antly harder without assuming thegraph is sububi. Let T be a list of forbidden triangles. Hartvigsen and Li gave a polyhedral desriptionof the T -free 2-fator polytope for sububi simple graphs [16℄.Theorem 18 (Hartvigsen and Li). The T -free 2-fator polytope of a simple sububi graph is determinedby
(i) 0 ≤ xe ≤ 1 (e ∈ E),

(ii) x(δ(v)) = 2 (v ∈ V ), (P5)
(iii) x(δ(K) \ F )− x(F ) ≥ 1− |F | (K ⊆ V, F ⊆ δ(K), |F | odd),

(iv) x(ET ) = 2 (T ∈ T ).In the same paper, they gave a desription of the T -free 2-mathing polytope as well and gave a skethof the proof, whih was published in its full version in [17℄.As we have seen, the b-mathing and b-fator polytopes have a similar desription. Unexpetedly, thesame does not hold in the triangle-free ase. We say that a triangle T 1-�ts (resp. 2-�ts) a set K ⊆ Vif |VT ∩ K| = 1 (resp. 2). The speial edge of a triangle T 1-�tting (resp. 2-�tting) the set K is theedge e ∈ ET having exatly 0 (resp. 2) endnodes in K, and is denoted by eT . Given a set T of forbiddentriangles, the set of triangles 1-�tting (resp. 2-�tting) K is denoted by T 1
K (resp. T 2

K) while TK stands for
T 1
K ∪ T 2

K .De�nition 19. (K,F,T) is alled a tri-omb of Type i if1. K ⊆ V , F ⊆ δ(K), T ⊆ T i
K .2. F ∩ ET = ∅.3. The triangles in T are edge-disjoint.A tri-omb is alled odd if |F |+ |T| is odd.The fundamental result of Hartvigsen and Li is the following (see [16, 17℄).Theorem 20 (Hartvigsen and Li). The T -free 2-mathing polytope of a simple sububi graph is determinedby

(i) 0 ≤ xe ≤ 1 (e ∈ E),

(ii) x(δ(v)) ≤ 2 (v ∈ V ),

(iii) x(E[K]) + x(F ) +
∑

T∈T x(ET ) ≤ |K|+ ⌊ |F |+3|T|
2 ⌋ ((K,F,T) odd (P6)tri-omb of Type 2),

(iv) x(ET ) ≤ 2 (T ∈ T ).Their proof is algorithmi and onsists of lever triangle alteration and alternating forest growing. In [1℄,we give new proofs of Theorems 18 and 20 in a slightly more general form.7



Splitting property via shadow systemsLet P = (P,≺) be a �nite partially ordered set. For a subset H ⊆ P , sets U(H) = {x ∈ P : ∃h ∈ H :

x � h} and L(H) = {x ∈ P : ∃h ∈ H : x � h} are alled the upper and lower shadows of H, respetively.We say that a maximal antihain A has the splitting property if it an be partitioned into two disjointparts A1∪A2 = A suh that U(A1)∪L(A2) = P . A maximal antihain A ⊆ P is alled dense if it satis�esthe following: whenever x ≺ a ≺ y for some a ∈ A and x, y ∈ P , there exists an a′ ∈ A \ {a} also satisfying
x ≺ a′ ≺ y. Ahlswede et al. proved the following theorem [8℄.Theorem 21 (Ahlswede, Erd®s and Graham). Every dense maximal antihain in a �nite poset satis�esthe splitting property.We onsider the poset of multisets of k olours. Formally, let us use the elements of the group Zk asolours, denoted by {1, . . . , k}. We all the vetors Zk → Z k-olour vetors, and denote their set by Mk.We an de�ne a natural partial ordering on Mk: for a, c ∈ Mk, a ≺ c if ai ≤ ci for every i ∈ Zk and a 6= c.If a ≺ c, we also say that a is a shadow of c. Let

M r
k = {x ∈ Mk,

∑

i∈Zk

xi = r}denote the set of k-olour vetors whose oordinates sum up to r.One of our main results shows the splitting property of this antihain for r = k.Theorem 22 (B., Csikvári, Kovás and Végh [2℄). In the poset (Mk,≺), the maximal antihain Mk
k has thesplitting property, that is, Mk

k an be partitioned into disjoint sets A1 and A2 suh that U(A1)∪L(A2) = Mk.It is easy to verify that Mk
k is not dense and therefore Theorem 21 does not imply our result.For r ≤ t ≤ n, a Turán (n, t, r)-system is an r-uniform hypergraph on n nodes suh that every

t-element subset of the nodes spans at least one edge of the hypergraph. The Turán number T (n, t, r) asksfor the minimum size of suh a family; determining the exat values is a problem posed by Pál Turán [22℄.The limit
t(t, r) = lim

n→∞

T (n, t, r)
(

n
r

)expresses the fration of all r-element subsets needed for a Turán (n, t, r)-system. No exat value is knownfor any t > r > 2 - in 1981, Pál Erd®s o�ered a bounty of $500 for even a single speial ase and $1000 forresolving the general ase. The best urrently known upper bound is due to Sidorenko [21℄.Theorem 23 (Sidorenko). For any integers t > r,
t(t, r) ≤

(

r−1
t−1

)r−1
. (8)In Theorem 22, the required property of A1 ⊂ Mk

k is that for every vetor c ∈ Mk+1
k , A1 must ontain atleast one shadow of A1. Generalizing this notion, for r < t we all A ⊆ M r

k a (t, r; k)-shadow system, if forevery olour vetor c ∈ M t
k, A ontains at least one shadow of c. With this terminology, A1 in Theorem 22is a (k + 1, k; k)-shadow system. Consider a vetor s ∈ Z

r
k. The olour pro�le a = M(s) ∈ M r

k an benaturally de�ned so that ai equals the number of i's in s for 1 ≤ i ≤ k.We give a new interpretation of Sidorenko's onstrution in terms of shadow systems, and reprove thetheorem using the following ombinatorial olouring result.8



Theorem 24 (B., Csikvári, Kovás and Végh [2℄). For integers t > r, there exists a (t, r; t − 1)-shadowsystem At
r ⊆ M r

t−1 so that if we pik a vetor s ∈ Z
r
t−1 uniformly at random, then the probability of

M(s) ∈ At
r equals (

r−1
t−1

)r−1.We also introdued the natural weighted extension of Turán numbers: we are given a nonnegative weightfuntion w on the r-element subsets of V , and let w∗ denote the total weight of all subsets. The Turánweight Tw(n, t, r) is the minimum weight of a Turán (n, t, r)-system. Analogously to t(t, r) we may de�ne
tw(t, r) = lim

n→∞
sup
w

Tw(n, t, r)

w∗
.Somewhat surprisingly, we show that tw(t, r) = t(t, r), that is, the bound is not a�eted by the weight,and the bound on tw(t, r) an be derived from Theorem 24 the same way as the bound on t(t, r).Theorem 25 (B., Csikvári, Kovás and Végh [2℄). For any integers t > r, we have tw(t, r) = t(t, r).There is a strong onnetion between Turán systems and Tuza's [23℄ famous onjeture asserting that inevery graph the minimum number of edges overing every triangle is at most twie the maximum number ofpairwise edge-disjoint triangles. Finding a minimum number of edges in a graph G = (V,E) overing everytriangle is equivalent to omputing the weighted Turán number Tw(n, 3, 2) with n = |V |, and w(e) = 1 if

e ∈ E and w(e) = 0 otherwise.Now let H = (V, E) be a simple (r − 1)-uniform hypergraph and w : E → R+ a weight funtion.A omplete subhypergraph on r nodes is alled an r-blok. The minimum weight of a set of hyperedgesovering eah r-blok is denoted by τw(H), while the maximum number of r-bloks suh that eah hyperedge
e is ontained in at most w(e) of them is denoted by νw(H).We propose the following weighted hypergraphi version of Tuza's onjeture.Conjeture 26 (B., Csikvári, Kovás and Végh [2℄). Let H = (V, E) be a simple (r−1)-uniform hypergraphand w : E → R+ a weight funtion. Then τw(H) ≤ ⌈ r+1

2 ⌉νw(H).Although Conjeture 26 is still open, we manage to prove its frational relaxation.Theorem 27 (B., Csikvári, Kovás and Végh [2℄). Let H = (V, E) be a simple (r− 1)-uniform hypergraphand w : E → R+ a weight funtion. Then τw(H) ≤ (r − 1)τ∗w(H).Theorem 27 extends the result of Krivelevih on the frational version of Tuza's original onjeture andalso makes use of our onstrution on shadow systems.The thesis is based on the following papers[1℄ K. Bérzi. The triangle-free 2-mathing polytope of sububi graphs. Tehnial Report TR-2012-02, EgerváryResearh Group, Budapest, 2012. www.s.elte.hu/egres. 7[2℄ K. Bérzi, P. Csikvári, E. R. Kovás, and L. A. Végh. Splitting property via shadow systems. Tehnial ReportTR-2013-02, Egerváry Researh Group, Budapest, 2013. www.s.elte.hu/egres. 8, 9[3℄ K. Bérzi and A. Frank. Paking arboresenes. Leture Notes, in: RIMS Kokyuroku Bessatsu B, 23:1�31, 2009.2, 4[4℄ K. Bérzi, S. Fujishige, and N. Kamiyama. A linear-time algorithm to �nd a pair of ar-disjoint spanningin-arboresene and out-arboresene in a direted ayli graph. Information Proessing Letters, 109(23):1227�1231, 2009. 3 9



[5℄ K. Bérzi and Y. Kobayashi. An algorithm for (n−3)-onnetivity augmentation problem: Jump system approah.Journal of Combinatorial Theory, Series B, 102(3):565�587, 2012. 4, 5[6℄ K. Bérzi and E. R. Kovás. A note on strongly edge-disjoint arboresenes. In Proeedings of 7th Japanese-Hungarian Symposium on Disrete Mathematis and its Appliations, pages 10�18, Kyoto, 2011. 3[7℄ K. Bérzi and L. A. Végh. Restrited b-mathings in degree-bounded graphs. In F. Eisenbrand and F. Shep-herd, editors, Integer Programming and Combinatorial Optimization, volume 6080 of Leture Notes in ComputerSiene, pages 43�56. Springer, 2010. 6Bibliography[8℄ R. Ahlswede, P. Erd®s, and N. Graham. A splitting property of maximal antihains. Combinatoria, 15(4):475�480, 1995. 8, 7[9℄ J. Bang-Jensen. Edge-disjoint in-and out-branhings in tournaments and related path problems. Journal ofCombinatorial Theory, Series B, 51(1):1�23, 1991. 3[10℄ K. Bérzi and A. Frank. Variations for Lovász' submodular ideas. Building Bridges, pages 137�164, 2008. 3[11℄ L. Colussi, M. Conforti, and G. Zambelli. Disjoint paths in arboresenes. Disrete mathematis, 292(1):187�191, 2005. 2[12℄ G. Cornuéjols and W. Pulleyblank. A mathing problem with side onditions. Disrete Mathematis, 29(2):135�159, 1980. 4[13℄ J. Edmonds. Maximum mathing and a polyhedron with 0, 1 verties. Journal of Researh of the NationalBureau of Standards, 69:125�130, 1965. 6[14℄ J. Edmonds. Edge-disjoint branhings. Combinatorial Algorithms, 9:91�96, 1973. 2[15℄ D. Hartvigsen. Extensions of mathing theory. PhD thesis, Carnegie-Mellon University, 1984. 4[16℄ D. Hartvigsen and Y. Li. Triangle-free simple 2-mathings in sububi graphs (extended abstrat). In M. Fis-hetti and D. Williamson, editors, Integer Programming and Combinatorial Optimization, volume 4513 of LetureNotes in Computer Siene, pages 43�52. Springer, 2007. 7, 6[17℄ D. Hartvigsen and Y. Li. Polyhedron of triangle-free simple 2-mathings in sububi graphs. MathematialProgramming, pages 1�40, 2012. 7[18℄ N. Kamiyama, N. Katoh, and A. Takizawa. Ar-disjoint in-trees in direted graphs. In Proeedings of thenineteenth annual ACM-SIAM symposium on Disrete algorithms, pages 518�526. Soiety for Industrial andApplied Mathematis, 2008. 2[19℄ Z. Király. Restrited t-mathings in bipartite graphs. Tehnial Report QP-2009-04, Egerváry Researh Group,Budapest, 2009. www.s.elte.hu/egres. 7, 6[20℄ Y. Kobayashi. A simple algorithm for �nding a maximum triangle-free 2-mathing in sububi graphs. DisreteOptimization, 7(4):197�202, 2010. 7, 6[21℄ A. Sidorenko. Systems of sets that have the T-property. Vestnik Moskovskogo Universiteta. Seriya I. Matem-atika, Mekhanika, pages 19�22, 1981. 8[22℄ P. Turán. Researh problems. Magyar Tudományos Akadémia Matematikai Kutató Intézet Közleménye, 6:417�423, 1961. 8[23℄ Zs. Tuza. Conjeture. In Finite and In�nite Sets, Pro. Colloq. Math. So. János Bolyai, page 888. North-Holland, 1981. 9[24℄ L. A. Végh. Augmenting undireted node-onnetivity by one. In Proeedings of the 42nd ACM symposium onTheory of omputing, pages 563�572. ACM, 2010. 410


