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1 Introduction

The foundations of Chemical Reaction Network Theory (CRNT) was developed by Feinberg,

Horn, and Jackson in the 1970's [20, 21, 24, 25, 26, 27, 28, 29, 30, 31]. The aim of the theory is

to investigate the qualitative properties of the mathematical models of chemical and biological

systems. The most studied model is the so-called mass action system, which is a continuous-

time continuous-state deterministic model, where the state of the system is the concentrations

of the chemical species involved (examples of chemical species are H2, O2, and H2O), and

the state varies in time in accordance with an autonomous ordinary di�erential equation

(ODE). The main objects of the model are the directed graph (C,R), called the graph of

complexes (the elements of C are certain linear combinations of the species and the element

of R are the reactions, e.g. once the reaction 2H2 +O2 → 2H2O takes place in the model, we

have 2H2 + O2, 2H2O ∈ C and (2H2 + O2, 2H2O) ∈ R) and the rate coe�cients (a positive

number appearing in the ODE as a multiplier is assigned to each reaction). Despite the several

parameters in the model, there are powerful results concerning the qualitative behaviour of

these systems.

In the past decade, a renewed attention has been paid to the understanding of biological

phenomena such as multistability or periodic behaviour. Recent works were focusing on the

persistence, the boundedness of the trajectories, and global stability of mass action systems

[1, 2, 3, 4, 5, 6, 14, 32, 34]. Also, much e�ort has been dedicated to addressing the question of

(ruling out) multiple equilibria [7, 8, 15, 16, 17]. The paper [18] investigates both the existence

and the uniqueness of positive steady states.

In the thesis (which is based on the author's publications [9], [10], [11], and [12]), we revisit

and improve the de�ciency-oriented theory developed by Feinberg, Horn, and Jackson. The

de�ciency, denoted by δ, is a nonnegative integer associated to the reaction network under

consideration. The classical De�ciency-Zero- and De�ciency-One Theorems answer questions

about the existence, uniqueness, and stability properties of the steady states. The main purpose

of the thesis is to investigate the existence of steady states of such de�ciency-one mass action

systems that do not satisfy the assumptions of the De�ciency-One Theorem.

In the thesis, Chapters 1, 2, and 3 serve as preliminaries for Chapters 4, 5, and 6. The

main results of the author are presented in the last three. Chapters 4, 5, and 6 are based on

[9, 10], [12], and [11], respectively.

In the next section of this summary, we provide a brief introduction on the notions and

notations that are necessary to the formulations of our main results (which are presented in

the remaining three sections of this summary).

2 Mass action systems

A chemical reaction network (reaction network or network for short) is a triple (X , C,R) of

three nonempty �nite sets, where
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• X = {X1, . . . , Xn} is the set of species,

• C = {C1, . . . , Cc} is the set of complexes, and

• R ⊆ {(Ci, Cj) ∈ C × C | i, j ∈ {1, . . . , c}, i ̸= j} is the set of reactions.

A mass action system is a quadruple (X , C,R, κ), where (X , C,R) is a reaction network and

κ : R → R+ is the assigned rate coe�cient function. We consider a continuous-time continuous-

state deterministic model, where the state of the system represents the concentrations of the

species and the time-evolution of the state is described by the ordinary di�erential equation

ẋ(τ) = B · Iκ ·Θ(x(τ))

with state space Rn
≥0, where B ∈ Rn×c is the matrix of complexes, Iκ ∈ Rc×c is the Laplacian

of the labelled directed graph (C,R, κ), and Θ : Rn
≥0 → Rc

≥0 is de�ned by

Θ(x) =


∏n

s=1 x
Bs1
s

...∏n
s=1 x

Bsc
s

 (x ∈ Rn
≥0).

The main object we are interested in in the thesis is the set of positive steady states of a

mass action system, denoted by Eκ
+. Let us de�ne Eκ

+ by

Eκ
+ = {x ∈ Rn

+ | B · Iκ ·Θ(x) = 0}.

Denote by ℓ the number of weak components of the directed graph (C,R). The weak

components of (C,R) are called linkage classes in CRNT. In case all the linkage classes of

(C,R) are strongly connected, the network is called weakly reversible in CRNT. Denote by

t the number of absorbing strong components of the directed graph (C,R). Since each weak

component contains at least one absorbing strong component, we have ℓ ≤ t. Though we do

not always restrict ourselves in the thesis to the case ℓ = t, our main results are about such

networks.

The stoichiometric matrix of a reaction network is S = B · I ∈ Rn×m, where I ∈ Rc×m

is the incidence matrix of the directed graph (C,R). The positive stoichiometric classes of a

reaction network are the (not necessarily bounded) sets (q + ranS) ∩ Rn
≥0 with q ∈ Rn

+.

The de�ciency, denoted by δ, of a reaction network is δ = c − ℓ − rankS. In words, the

de�ciency is the number of complexes minus the number of linkage classes minus the rank

of the stoichiometric matrix. Though it is not so obvious at �rst glance, the de�ciency is

nonnegative.

3 Generalisation of the De�ciency-One Theorem

The classical De�ciency-One Theorem (due to Feinberg [20, 22, 23]) states the following in the

single linkage class case. (The multiple linkage classes case of the theorem is a consequence of

the single linkage class case, a non CRNT-speci�c lemma, and such a CRNT-speci�c result,

which has nothing to do with the fact that the de�ciency is small.)
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Theorem 1 (De�ciency-One Theorem, single linkage class case) Let (X , C,R, κ) be a

mass action system for which ℓ = t = 1 and δ ≤ 1 hold. Then

(a) if δ = 0 then Eκ
+ ̸= ∅ if and only if (C,R) is strongly connected,

(b) if δ = 1 and (C,R) is strongly connected then Eκ
+ ̸= ∅,

(c) if Eκ
+ ̸= ∅ and x∗ ∈ Eκ

+ then Eκ
+ = {x ∈ Rn

+ | log(x)− log(x∗) ∈ (ranS)⊥}, and

(d) if Eκ
+ ̸= ∅ then |Eκ

+ ∩ P| = 1 for each positive stoichiometric class P.

Thus, if δ = 1, ℓ = t = 1, (C,R) is not strongly connected, and Eκ
+ ̸= ∅ then there exists

a unique positive steady state in each positive stoichiometric class. However, the theorem

gives no information about the non-emptiness of the set of positive steady states of mass

action systems with δ = 1, ℓ = t = 1, and (C,R) being non strongly connected. Our main

contribution to the De�ciency-One Theorem is that we provide an equivalent condition to the

non-emptiness of Eκ
+ for such systems. To formulate that, we need some further notations.

Denote by C′ the set of those complexes, which are in the absorbing strong components

of (C,R) (we do not make any assumption on ℓ and t in this paragraph). Let C′′ = C\C′. Let

c′ = |C′| and c′′ = |C′′|. Consider Iκ ∈ Rc×c, Θ : Rn
≥0 → Rc

≥0, and a vector v ∈ Rc in the block

forms

Iκ =

[
I ′κ ∗
0 I ′′κ

]
∈ R(c′+c′′)×(c′+c′′),

Θ =

[
Θ′

Θ′′

]
: Rn

≥0 → Rc′+c′′

≥0 , and

v =

[
v′

v′′

]
∈ Rc′+c′′ ,

where I ′κ ∈ Rc′×c′ , Θ′ : Rn
≥0 → Rc′

≥0, and v′ ∈ Rc′ correspond to the complexes in C′ and

I ′′κ ∈ Rc′′×c′′ , Θ′′ : Rn
≥0 → Rc′′

≥0, and v′′ ∈ Rc′′ correspond to the complexes in C′′. It is

well-known that I ′′κ is invertible (provided that C′′ ̸= ∅).
For any �nite set X, X0 ⊆ X, and function g : X → R we de�ne g(X0) by

g(X0) =
∑
x∈X0

g(x). (1)

We now provide a condition that every non weakly reversible mass action systems with

nonempty set of positive steady states must trivially satisfy.

Proposition 2 (necessary condition to Eκ
+ ̸= ∅) Let (X , C,R, κ) be a mass action system,

which is not weakly reversible (i.e., C′′ ̸= ∅). Assume that Eκ
+ ̸= ∅. Then

there exists a v ∈ kerB ∩ ran Iκ such that (I ′′κ)
−1v′′ ∈ Rc′′

+ .

Moreover, if v ∈ ran Iκ is such that (I ′′κ)
−1v′′ ∈ Rc′′

+ then v(C′′) < 0 holds, where v(C′′) is

understood in accordance with (1).
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The next theorem, which is the main result of Chapter 4 and also of [9] and [10], states that

the necessary condition for the non-emptiness of Eκ
+ in Proposition 2 is also su�cient if δ = 1,

ℓ = t = 1, and (C,R) is not strongly connected.

Theorem 3 (see [9, 10]) Let (X , C,R, κ) be such a mass action system that satis�es δ = 1,

ℓ = t = 1, and (C,R) is not strongly connected. Let 0 ̸= h ∈ kerB ∩ ran Iκ be such that

h(C′′) ≤ 0. Then

(a) if h(C′′) = 0 then Eκ
+ = ∅ and

(b) if h(C′′) < 0 then Eκ
+ ̸= ∅ if and only if (I ′′κ)

−1h′′ ∈ Rc′′
+ (i.e., all the coordinates of

(I ′′κ)
−1h′′ are positive).

We remark that if ℓ = t = 1 then ran Iκ does not depend on κ and δ = dim(kerB∩ ran Iκ).

Thus, if ℓ = t = 1 and δ = 1 hold and 0 ̸= h ∈ kerB ∩ ran Iκ is such that h(C′′) < 0 then h

is determined up to a positive scalar multiplier. However, this positive scalar multiplier does

not a�ect the condition (I ′′κ)
−1h′′ ∈ Rc′′

+ .

The main tool we use in the course of the proof of Theorem 3 is the following lemma (see

[9, 10, 12]). The concept we use to prove Lemma 4 is the so-called excess function on directed

graphs.

Lemma 4 (properties of a power function) Let (X , C,R, κ) be a mass action system with

ℓ = t = 1. Suppose that y ∈ Rc
≥0, y

∗ ∈ Rc
≥0, and h ∈ Rc\{0} be such that Iκy = 0, Iκy

∗ = h,

for all j ∈ C we have j ∈ C′ if and only if yj > 0,

for all j ∈ C\C′ we have y∗j > 0, and

there exists j ∈ C′ such that y∗j = 0.

Let us de�ne β∗ ∈ R and p : (β∗,∞) → R+ by

β∗ = max

{
− yi
y∗i

∣∣∣∣ i ∈ C and y∗i > 0

}
and

p(β) =
∏
i∈C

(βy∗i + yi)
hi (β ∈ (β∗,∞)),

respectively. Then

(a) limβ→β∗+0 p(β) = ∞,

(b) limβ→∞ p(β) = 0,

(c) the derivative of p is negative on (β∗,∞), and

(d) p : (β∗,∞) → R+ is a bijection.
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4 Existence of the positive steady states of weakly reversible

de�ciency-one mass action systems

Since the linkage classes of a reaction network are reaction networks themselves, we can speak

of the de�ciencies of the linkage classes. Denoting by δ1, . . . , δℓ the de�ciencies of the linkage

classes, respectively, one trivially obtains the inequality δ ≥ δ1+· · ·+δℓ. The following theorem

by Feinberg is the weakly reversible case of the De�ciency-One Theorem [20, 22, 23].

Theorem 5 (De�ciency-One Theorem, weakly reversible case) Let (X , C,R, κ) be a

mass action system, which satis�es

(i) δr ≤ 1 for all r ∈ {1, . . . , ℓ},

(ii) δ = δ1 + · · ·+ δℓ, and

(iii) (X , C,R) is weakly reversible.

Then |Eκ
+ ∩ P| = 1 for each positive stoichiometric class P.

Thus, if δ1 = · · · = δℓ = 0 and δ = 1 then Theorem 5 gives no information directly. This

motivates the next theorem, which is the main result of Chapter 5 (and also the main result

of [12]).

Theorem 6 (see [12]) Let (X , C,R, κ) be a mass action system and denote by δ the de-

�ciency of the underlying reaction network (X , C,R). Assume that (X , C,R) is weakly re-

versible and δ = 1. Then each positive stoichiometric class contains a positive steady state

(i.e., Eκ
+ ∩ P ̸= ∅ for each positive stoichiometric class P).

We emphasise that both the weak reversibility and the fact that the de�ciency equals to 1

are properties of the underlying reaction network of a mass action system. Hence, the su�cient

condition that guarantees the existence of a positive steady state in each positive stoichiometric

class is a property of the underlying reaction network only (i.e., it is not dependent on the

precise nature of the kinetics as long as the dynamics follows the mass action law). Qualitative

properties that are not dependent on the precise values of the rate coe�cients of the mass

action system in question could be useful in practice, because these values are often unknown.

We remark that the yet unpublished work [19] by Deng, Feinberg, Jones, and Nachman

claims that a generalisation of Theorem 6 also holds. Namely, the authors of that manuscript

claim that the same implication holds without any assumption on the de�ciency of the un-

derlying reaction network. They assume only the weak reversibility of the network, and they

claim that this is su�cient to prove the existence of a positive steady state in each positive

stoichiometric class. Their proof technique is signi�cantly di�erent from the one presented in

Chapter 5. The proof by Deng et al. owes more to geometric ideas while this work uses more

strictly algebraic methods. Most of the intermediate results in [19] rely heavily on the weak
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reversibility of the network, while in our proof of Theorem 6 the weak reversibility of the net-

work becomes crucial only in the concluding steps of the proof. Rather, we take advantage of

the fact that the de�ciency of the network is assumed to be one. Thus, the results in Chapter

5 might also contribute to the theory of those de�ciency-one mass action systems that are not

weakly reversible, but signi�cant additional ideas are needed for that.

It can be seen by the analysis of a simple example that uniqueness of the positive steady

states does not hold generally in Theorem 6. This raises the natural question of whether

we can still prove the �niteness of positive steady states inside the positive stoichiometric

classes. Actually, in [19] it is claimed that for weakly reversible mass action systems each

positive stoichiometric class contains �nitely many positive steady states. However, the concise

explanation there relies on a property of analytic functions. Nevertheless, the zero set of a

multivariate real analytic function can be much more intricate than the zero set of a univariate

real analytic function. It su�ces to mention the example R2 ∋ (x, y) 7→ (x2+y2−1, x2+y2−1) ∈
R2. Though the zero set of this non-identically zero real analytic function is compact in R2,

it is not �nite. We sketch in Chapter 5 of the thesis how one can prove the �niteness of the

positive steady states for weakly reversible de�ciency-one mass action systems with ℓ ≤ 2.

Unfortunately, we cannot directly transfer the argument for the case ℓ ≥ 3.

Among several other tools, the following multidimensional version of the Bolzano Theorem

(which is a corollary of the Brouwer Fixed Point Theorem) is the key to prove Theorem 6.

Theorem 7 (The Bolzano Theorem in Rn) Let f : [0, 1]n → Rn be a continuous function.

Assume that for all x on the boundary of [0, 1]n and for all i ∈ {1, . . . , n} we have

fi(x) ≥ 0 if xi = 0 and

fi(x) ≤ 0 if xi = 1.

Then there exists an x∗ ∈ [0, 1]n such that f(x∗) = 0 ∈ Rn.

5 The dependence of the existence of the positive steady states

on the rate coe�cients for de�ciency-one mass action systems

By the De�ciency-Zero Theorem, if the reaction network satis�es ℓ = t = 1 and δ = 0 then

the non-emptiness of Eκ
+ does not depend on κ. Also, by the De�ciency-One Theorem, if the

reaction network satis�es ℓ = t = 1 and δ = 1, and moreover (C,R) is strongly connected

then, again, the non-emptiness of Eκ
+ does not depend on κ. However, by Theorem 3, we

have a di�erent situation for mass action systems for which the underlying reaction network

satis�es ℓ = t = 1 and δ = 1, but (C,R) is not strongly connected. For these mass action

systems, the non-emptiness of Eκ
+ may depend on κ. We used the word �may�, because three

di�erent kind of phenomena can occur when rate coe�cients are assigned to a single linkage

class de�ciency-one reaction network that is not weakly reversible:

• Eκ
+ ̸= ∅ for all κ (i.e., for all κ all the coordinates of (I ′′κ)

−1h′′ are positive),
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• Eκ
+ = ∅ for all κ (i.e., for all κ there exists a non-positive coordinate of (I ′′κ)

−1h′′), and

• the non-emptiness of Eκ
+ depends on κ (i.e., there exists a κ such that all the coordinates

of (I ′′κ)
−1h′′ are positive and there also exists a κ such that there exists a non-positive

coordinate of (I ′′κ)
−1h′′).

The aim of Chapter 6 is to provide characterisations of the above cases. Namely, we for-

mulate equivalent conditions to the statements

�there exists a κ : R → R+ such that Eκ
+ ̸= ∅� and (2)

�for all κ : R → R+ we have Eκ
+ ̸= ∅�. (3)

First, we examine the above questions under the extra assumption that (C,R) is a �chain�.

Then, as a generalisation, we assume only that (C,R) is �tree-like�. As a matter of fact, we

obtain a recursive formula for the coordinates of (I ′′κ)
−1h′′ (the matrix I ′′κ has some special

properties in the �chain� and �tree-like� cases, which makes it possible to handle the computa-

tion of its inverse). Based on the obtained recursive formula, we deduce equivalent conditions

both for (2) and (3). Next, we provide equivalent conditions to (2) and (3) in general. I.e., we

assume only that (C,R) satis�es ℓ = t = 1, but is not strongly connected. In this summary,

we present only the general case results of the thesis.

If ℓ = t = 1 and δ = 1 hold then the linear subspace kerB ∩ ran Iκ is one-dimensional and

does not depend on κ. For systems that are moreover not weakly reversible, let us �x h ∈ Rc

such that

0 ̸= h ∈ kerB ∩ ran Iκ and h(C′′) ≤ 0, (4)

where the notation h(C′′) is understood in accordance with (1). It is important to note that h

does not depend on κ.

The following theorem provides an equivalent condition to (2), see [11].

Theorem 8 (see [11]) Let (X , C,R) be a reaction network for which ℓ = t = 1 and δ = 1.

Assume that (C,R) is not strongly connected and let h ∈ Rc be as in (4). Then there exists a

κ : R → R+ such that Eκ
+ ̸= ∅ if and only if

h(C̃) < 0 for all ∅ ̸= C̃ ( C with ϱin(C̃) = ∅,

where ϱin(C̃) denotes the set of arcs that enter the vertex set C̃.

The proof of Theorem 8 is based on the following corollary of Ho�man's Circulation The-

orem.

Theorem 9 (existence of a positive h-transshipment) Let (V,A) be a weakly connected

directed graph and let h : V → R be a function with h(V ) = 0. Then there exists an h-

transshipment z : A → R+ if and only if

h(U) < 0 for all ∅ ̸= U ( V with ϱin(U) = ∅.
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By Theorem 3, the important object is (I ′′κ)
−1h′′, thus it does not restrict the generality if

we contract the absorbing strong component of (C,R) into one vertex. So assume throughout

this section that C′ is a singleton. Also, in order to ease the notation, we identify the set C′

with the sole element in that set. As a preparation for the formulation of the main result of

Chapter 6 and [11], we de�ne the sets U(i), C′′(j), U(C′′(j)), and W (j) for i, j ∈ C′′ by

• U(i) = {k ∈ C′′ | all directed paths from k to C′ traverse i},

• C′′(j) denotes the vertex set of that strong component of (C,R) which contains j,

• U(C′′(j)) = {k ∈ C′′ | all directed paths from k to C′ traverse C′′(j)}, and

• W (j) =

{
k ∈ C′′

∣∣∣∣ there exist a directed path from k to j and a directed path

from k to C′ such that their only common vertex is k

}
,

respectively. Also, let J ⊆ C′′ be such that J contains precisely one element of each non-

absorbing strong component of (C,R) and for all j ∈ J we have ϱout({j}) ∩ ϱout(C′′(j)) ̸= ∅,
where ϱout(U) denotes the set of arcs that leave the vertex set U .

Theorem 10 (see [11]) Let (X , C,R) be a reaction network for which ℓ = t = 1 and δ = 1.

Assume that (C,R) is not strongly connected and let h ∈ Rc be as in (4). For i, j ∈ C′′ let

U(i), W (j), C′′(j), U(C′′(j)), and J be as above. Then for all κ : R → R+ we have Eκ
+ ̸= ∅ if

and only if for all i ∈ C′′ we have h(U(i)) ≤ 0 and

for all j ∈ J with W (j) ⊆ C′′(j), we have h(U(C′′(j))) < 0.

We arrive to Theorem 10 through several intermediate steps. The starting point of these

steps is a formula for the entries of the inverse of I ′′κ via the following version of the Matrix-Tree

Theorem.

Theorem 11 (Matrix-Tree Theorem) Let Z = (zij)
c
i,j=1 ∈ Rc×c be a matrix that satisfy

c∑
j=1

zij = 0 for all i ∈ {1, . . . , c}.

Fix Q ⊆ {1, . . . , c} and i, j ∈ {1, . . . , c}\Q. Then

dQ∪{j},Q∪{i}(Z) = (−1)i+j(−1)c−|Q|−1
∑

Ã∈T ij
D(Z)

(Q∪{j})

z
Ã
,

where

• D(Z) is a directed graph with vertex set V (Z) = {1, . . . , c} and arc set A(Z) = {(i, j) ∈
V (Z)× V (Z) | zij ̸= 0},

• dQ∪{j},Q∪{i}(Z) is the determinant of that matrix, which is obtained from Z by deleting

the rows with index in Q ∪ {j} and the columns with index in Q ∪ {i},
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• T ij
D(Z)(Q ∪ {j}) consists of those inbranchings in D(Z) with root set Q ∪ {j} in which

there exists a directed path from i to j, and

• the symbol z
Ã
is a shorthand notation for the product

∏
a∈Ã za.

This version of the Matrix-Tree Theorem appears in [33, Appendix] as a tool for proving

the Markov Chain Tree Theorem. This is a slight generalisation of Tutte's result (see [35,

Theorem 3.6]), while it is a special case of the All Minors Matrix Tree Theorem (see [13]).

The previous applications of the Matrix-Tree Theorem in CRNT used Tutte's version, while

we need a slightly more general variation. We also provide a direct and elementary proof of

the Matrix-Tree Theorem, which was worked out by György Michaletzky and the author of

the thesis.
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