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1. Introduction and goals 

Resonance states, also known as quasi-bound states, of a system are metastable states 

which have sufficient energy to brake up the system into its subsystems. They decay 

exponentially with time. Though seldom considered, they play an important role in atomic 

and molecular physics, for example, in unimolecular reactions, in photodissociation and 

photoassociation studies, and in scattering phenomena. Although experimentally observed, 

near-threshold rovibrational resonance structures of the spectra of molecules have mostly 

defied detailed first-principles analysis. 

Although a well-founded, rigorous mathematical theory of resonance states is available, 

for a variety of practical applications, however, it seems that an intuitive approach to 

resonance phenomena is sufficient. For example, following the approach written in the 

textbook of Landau or in the literature, in the Schrödinger representation resonance states can 

be associated with outgoing eigenfunctions of the Hamiltonian, diverging exponentially at 

infinity. Due to the outgoing boundary condition, these states are not in the Hilbert-space, thus 

they are not in the self-adjoint domain of the Hamiltonian, the eigenvalues corresponding to 

resonance states are complex. The real part of the eigenvalues correspond to the „resonance 

position”, related to the transitions maesured, and the imaginary part corresponds to the „line 

width” which is related to the lifetime of the state. 

Due to their diverging asymptotic behavior, resonance wave functions are not square 

integrable; thus, one would think at first that the 
2L  methods (algorithms based on square 

integrable wave functions) of quantum chemistry are not suitable for describing them. There 

are, however, several methods available which do make possible the determination of 

resonance eigenstates using 
2L  methods, usually based on employing modified non-

Hermitian Hamiltonians whose eigenvalues with corresponding 
2L  eigenfunctions can be 

used for evaluating or approximating resonance positions and widths. The two most popular 

methods are the complex coordinate (CC) method and the complex absorbing potential (CAP) 

method. The latter seems to be favored for calculating (ro)vibrational resonances of 

polyatomic molecules. 

The main goal of my PhD work was to develop efficient variational algorithms and 

computer codes for computing accurate (ro)vibrational resonance states. It seemed natural to 

do this work based on the efficient nuclear motion codes of our group. Achieving the goal of 

computing (ro)vibrational resonance states requires the availability of an accurate global 

potential energy surface (PES) of the molecule under investigation and an algorithm which is 
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capable of determining converged bound (ro)vibrational states up to dissociation. The 

requirement on the PES narrowed the work to triatomic molecules, as global accurate PESs 

are not available for molecules with more than three atoms at present. 

The first step was to extend the D
2
FOPI protocol (mixed Discrete variable (DVR) and 

Finite basis (FBR) representation of the rovibrational Hamiltonian expressed in Orthogonal 

internal coordinates using a direct Product basis set and an Iterative eigensolver), originally 

developed for vibrational computations, to allow the execution of variational rovibrational 

computations. Followod this was the developement and implementation of two codes for 

computing (ro)vibrational resonances, based either on using a CAP or the on the CC method.  

As much of our understanding of high-resolution molecular spectra is based on 

approximate quantum numbers, the need for the extension of the D
2
FOPI program package 

with a code computing approximate quantum numbers arose. The natural choice is utilizing 

the rigid rotor decomposition (RRD) scheme, which is a mathematically founded, rigorous 

protocol. 

Finally, the numerical behavior of the singular term 
2r
 with 0,r    often arising in 

Hamiltonians utilizing internal coordinates was investigated in some detail in the DVR, in 

order to gain insight into the unexpected applicability of the diagonal DVR approximation for 

such singular operators. 

 

2. Results 

Methodological  developments 

1. I extended the D
2
FOPI protocol,

1
 originally developed for vibrational computations to 

allow the execution of variational rovibrational computations. The rovibrational Hamiltonians 

employed in the new D
2
FOPI code are based on the R1- and bisector embeddings, from which 

the former one conserves the property of the vibrational D
2
FOPI code of allowing for the use 

of the exact-DVR method in the case of singular operator terms to efficiently treat 

singularities. 

2. I extended the D
2
FOPI program package with a code computing approximate quantum 

numbers by utilizing the RRD scheme.
2
 

3. I extended the D
2
FOPI package with a code for computing (ro)vibrational resonances, 

which is based on applying the CAP method. The algorithm uses a compact basis set of 

eigenvectors previously computed by the D
2
FOPI protocol. Resonance eigenvalues are 

obtained by identifying cusps in the eigenvalue trajectories through an automated procedure. 
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4. I developed and implemented a procedure to the D
2
FOPI package for computing 

(ro)vibrational resonances, which is based on applying the CC method. The algorithm uses a 

compact basis set of eigenvectors previously computed by the D
2
FOPI protocol. Resonance 

eigenvalues are obtained by identifying cusps in the eigenvalue trajectories. 

Numerical results 

5. I used the D
2
FOPI code to compute vibrational states of H2

16
O,

3
 helping in the work of 

characterizing all the bound states up to dissociation. These type of calculations also open the 

possibility to compute vibrational Feshbach-resonances for the water molecule. 

6. I used an extended version of the D
2
FOPI (which can account for non-adiabatic effect via 

applying different rotational and vibrational masses) to compute rovibrational states of the 

H3
+
, H2D

+
 and D2H

+
 molecules. The computations were based on a very accurate PES, and 

compared to former results, showed an order of magnitude smaller error with respect to 

experiment.
4,5,6

 

7. Using the RRD code merged with D
2
FOPI, I carried out numerical investigations regarding 

the embedding dependence of the RRD scheme and its range of applicability with respect to 

energy and rotational excitation. I also used the code to validate previously assigned quantum 

labels for the H2D
+
 and D2H

+
 molecules. Some false assignments were identified. 

8. I carried out numerical investigations in the DVR concerning the singular operator term 
2r
 

with 0,r    often arising in Hamiltonians utilizing internal coordinates. The numerical 

results obtained show that the unexpected applicability of the diagonal DVR approximation 

for singular operator terms can be traced back to the fact that although within this 

approximation the matrix elements of the singular operator terms are computed with huge 

relative error, the eigenvalues are reproduced with surprisingly good accuracy.
7
 

9. Using the code which utilizes the CC method, I computed vibrational Feshbach-resonances 

of the H2
16

O molecule. Based on these results, false assignments were identified in former 

resonance computations found in the literature. 

10. Using the codes utilizing the CAP and the CC methods, I computed vibrational Feshbach-

resonances of the H3
+
  molecule. Calculations are in agreement with former results found in 

the literature, and also provided a number of new resonances.  
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