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Introduction

It is customary to distinguish two types of surface discontinuities within

the framework of general relativity. Boundary surfaces, or shock waves, are

characterized by a jump discontinuity in the density; and density becomes

in�nite on surface layers, or in�nitesimally thin shells. The latter case is an

idealistic limit with �nite surface energy density. In the physical reality, it

does not exist, but it is a very useful model. For example, this allows us

to join exact solutions together. Exact solutions play particularly important

role in the general theory of relativity, because it is a highly non-linear four-

dimensional theory, therefore, the numerical calculations are computationally

extremely extensive. In my thesis, the relativistic dynamics of spherically

symmetric shell systems is examined focusing on practical applications.

Relativistic in�nitely thin spherical shells play an important role in vari-

ous dynamical contexts ranging from microscopic to astrophysical systems.

For instance, by applying a charged shell as an electron model one may avoid

the appearance of negative gravitational mass caused by the concentration

of charge at the center. Using families of spherically symmetric thin shells

instead of spherically symmetric continuous matter distributions reduces sig-

ni�cantly the complexity of evolutionary problems as the dynamics of thin

shells may be investigated by using various analogies from the description of

the motion of a particle in a one-dimensional e�ective potential. Accordingly,

the quantization of systems comprising thin shells is tractable. Macroscopi-

cally stable quark-gluon matter can also be studied with a toy model in

which relativistic shells and the MIT bag model are combined. Collapsing

dust shells can be used to probe stability or to study energetics of compact

objects such as back holes or star models mimicking the properties of black

holes. Shells can be used to model matter ejection at certain phases of super-

nova explosions or in modeling supernova remnants. More realistic radiating
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shell models can also be constructed and with the help of these models, even

the critical collapse may be investigated analytically. As we mentioned before,

with the help of in�nitesimally thin shells one can construct exact solutions

by gluing together spherically symmetric spacetime domains. This way exotic

models such as gravastars or wormholes may also be studied. Simple models

of large-scale voids in galaxy distributions can also be constructed with the

help of shells. The dynamics of spherical shells come into play in some cos-

mological models, such as higher dimensional brane cosmologies, in which

it is assumed that our four-dimensional universe is merely a surface living

in a higher dimensional spacetime. Shells play a central role in the bubble

in�ation model of the early universe. It is widely thought that by studying

dynamics of shells, important phenomena such as the focusing singularity at

the center or the so-called acoustic singularity can also be studied.

In describing the evolution of families of in�nitesimally thin shells, the

study of their crossing is essential. Nevertheless, much less has been done in

this respect. Moreover, most of the authors do not go beyond deriving the

equations of motion for dust shells, or studying only the simplest possible

analytic cases. This, in particular, means that almost no results are available

for multi-layer shell systems with the generic equation of state. The main aim

of the dissertation is to present some new results concerning the dynamics

of multi-layer shell systems with the inclusion of of shell crossings. The cor-

responding dynamical investigations were carried out by using a fast C++

code which made the study of the evolution of systems composed of a large

number of shells and with a generic equation of state possible.

After the introduction, in section 2 of my dissertation, some of the basics

related to the analytic description of the motion of a single shell are recalled

using Schwarzschild and ingoing Eddington�Finkelstein 'time' coordinates.

This latter one allows us to evolve shells throughout the entire spacetime,

including the black hole region. For comparison, the corresponding Newto-

nian case is also discussed. Whenever two shells collide the evolution is con-

tinued with the assumption that the collision is totally transparent or totally
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inelastic. In section 3, the equations of the above mentioned type of collisions

are derived. In section 4, the time evolution of systems comprising a large

number of concentric shells is investigated. The formation of acoustic singu-

larity is studied in detail. The other important outcomes of the investigations

is that the phenomena of mass in�ation, which is discussed at the end of this

section. In the last section, as a special application, the radial stability of

the three-layer gravastar model is studied by determining the response to

the arrival of a dust shell onto the gravastar surface. The gravastar model

is a black hole mimicking object which has received considerable attention

because its relation to the concept of dark energy. In this model an interior

de Sitter spacetime region is connected to an outer Schwarzschild solution

such a way that no event horizon appears.

Aims

Objective of this work was to develop an e�cient numerical software for

describing newtonian or relativistic time evolution of shell systems with arbit-

rary equation of state on each shell and allowing collisions. Since previously

no more than two shells are studied, new e�ects are expected to observe,

especially in connection with the acoustic singularity and the mass in�ation

phenomenon. The software was planned to be suitable for using de Sitter in-

terior instead of Schwarzschild vacuum, because this makes possible to study

stability of gravastars.

Methods

Most of the results are based on the developed C++ code. The conver-

gence of the numeric algorithm is tested considering collisions. This code has

a lot of advantages which are summarized below. However one of the main

criteria for the development of the numeric code was the proper theoretical

description of multi-layer shell systems.
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• The fast numerical calculation is ensured by the use of C++ language.

In integrating the equations of motion the fourth-order Runge�Kutta

algorithm was applied. Moreover, lots of technical tricks are applied.

For example, certain particular results of subroutines are stored in the

memory for later usage. This is important, because C++ is an object-

oriented language, which means that objects usually protect their inner

data.

• The core of the software package is the C++ library containing the

basic objects, such as the equation of state, the shell or the shell system.

The user can easily generalize or modify objets. Replacing of numerical

algorithms can be performed without any problems. A simple variable

makes it possible to choose Newtonian, Schwarzschild, or Eddington

time for the evolution.

• There are several executable �les in the software package for simulating

shell systems. Initial data of the system can be stored in a simple text

�le and edited by hand or generated by scripts. Scripts can be found

in the package and usable for thick shell simulations. It is possible to

set the resolution of dynamics and the output time step separately.

Since visualization of the results is also very important, gnuplot script

generators are also available.

The stability studies of gravastars, described in the last section of my

dissertation, rely on the examination of the e�ective radial potential. The

examination of the potential is made by a numerical root �nding and maxi-

mum �nding algorithms based on the interval bisection method.
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Theses

1. The analytic description of the motion of a single shell is discussed

and the required equations are derived in the Appendix. Most of this

summary section contains known results, however, lots of important

notes and re�nements are made. The followings are the most important

ones. The appropriate treatment of the sign factors was emphasized.

The critical radius is introduced below the horizon, where the sign

change can happen. Schwarzschild-shells in equilibrium are described in

the parameter space. Carter�Penrose diagrams are clari�ed for shells.

Possible initial conditions of shells are discussed in detail. The mass

function is given as a function of radius for linear, broken linear, and

polytropic equation of state. The motion is described in the black hole

region by using ingoing Eddington�Finkelstein time' coordinates. For

comparison, the corresponding Newtonian case is also discussed.

2. The description of a collision of two shells cannot be given without invo-

king some further assumptions concerning the interaction of the shells.

Two extreme cases are discussed. The generic description of the tran-

sparent and totally inelastic collisions of spherical shells in spherically

symmetric spacetimes is provided in section 3 of my dissertation.

3. In describing the relative motion of multi-layer shell systems a proper

synchronization method is introduced. By making use of the developed

numerical method for the �rst time, the relativistic time evolution of

numerous shell systems involving large number of thin shells could be

made. The formation of acoustic singularities is studied in thick shell

mimicking multi-layer systems. In case of uniform initial distributions

(radius, mass, velocity, equation of state) the formation of acoustic sin-

gularity appears. However, it is found that either type of deviation from

the uniform distribution yields a visible dispersion of the shells. The fo-

cusing of the shells is lost faster and the spreading is more intensive as

the initial distributions get further and further away from uniformity.
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Relativistic studies are compared in certain cases to the corresponding

Newtonian time evolution.

4. Dynamics of small perturbations in uniform systems are studied sepa-

rately. There is a tendency for the formation of a crust, represented

by the increase of the density of shells, at the edges of widening gaps.

Following the widening of a gap, a reversing of the sides also occurs,

the innermost shell becomes the outermost and vice versa, as it is cle-

arly visible in the colored �gure. Around 'anti-gaps' an increase in the

density of shells is also noticeable, although the growing rate is much

lower than in case of gaps.

5. The analytic setup is chosen such that the developed code is capable of

following the evolution even inside the black hole region. This, in parti-

cular, allowed me to investigate the mass in�ation phenomenon in the

chosen framework. It is also important to note that whenever the col-

lapse and mass in�ation occur the blow-up rate behavior is insensitive

to the initial data of the shells. I would like to emphasize that beside

the numerical investigation of mass in�ation, an estimate explaining

the main features of the blow-up behavior of the mass parameter of the

intermediate region is also provided.

6. As a preparation for the dynamical investigations, the gravastar section

begins with a short review of the three-layer gravastar model with dist-

inguished attention to the structure of the pertinent parameter space

of gravastars in equilibrium. Then the radial stability of these types

of gravastars is studied by determining their response for the totally

inelastic collision of their surface layer with a dust shell. It is assumed

that the dominant energy condition holds and the speed of sound does

not exceed that of the light in the matter of the surface layer. While

in the analytic setup the equation of state is kept to be generic, in the

numerical investigations three functionally distinct classes of equations

of states are applied. In the corresponding particular cases the maximal
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mass of the dust shell that may fall onto a gravastar without convert-

ing it into a black hole is determined. For those con�gurations which

remain stable the excursion of their radius is assigned. It is found that

even the most compact gravastars cannot get beyond the lower limit

of the size of conventional stars, provided that the dominant energy

condition holds in both cases. It is also shown�independent of any

assumption concerning the matter interbridging the internal de Sitter

and the external Schwarzschild regions�that the better is a gravastar

in mimicking a black hole the easier is to get the system formed by a

dust shell and the gravastar beyond the event horizon of the composite

system.

Conclusion

The relativistic time evolution of multi-layer spherically symmetric shell

systems has been investigated. After recalling the basics of the analytic setup

a newly developed numerical code is introduced. This numerical method was

made to be capable of following the time evolution of systems comprising

of great numbers of colliding shells such that whenever collisions occur they

are assumed to be transparent or totally inelastic. The formation of aco-

ustic singularities is analyzed numerically with this apparatus. The chosen

analytic setup ensured that the evolution of the considered shell systems can

be investigated both in the domain of outer communication and in the black

hole region. This made the numerical code capable of studying mass in�ation

within the thin shell formalism. Beside the numerical investigation of mass

in�ation, an estimate explaining the main features of the blow-up behavior

of the mass parameter of the intermediate region is also provided.

As a special application, the radial stability of gravastars was investigated.

Concerning the matter model of the surface of the gravastar three di�erent

types of equations of state were applied. In all the investigated cases it is

clearly manifested that even a dynamical gravastar cannot be more compact
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than the smallest possible ordinary stars of the same mass provided that

for both types of models the dominant energy condition is guaranteed to

hold. This means that the main issue is not that whether gravastars can

be distinguished from a black hole. Assuming that they exist in reality it is

more appropriate to ask whether they can be distinguished from compact

regular stars. It is also shown�independent of any assumption concerning

the matter interbridging the internal de Sitter and the external Schwarzschild

regions�that the better is a gravastar in mimicking a black hole the easier is

to get the system formed by a dust shell and the gravastar beyond the event

horizon of the composite system.
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