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1 Introduction

This thesis deals with some aspects of the statistical analysis of certain class of stochastic
volatility models. Stochastic volatility models most frequently appears in modelling financial
time series. Several models have been suggested to capture special features of financial time
series such as volatility clustering, which means that long periods of low volatility are followed
by short periods of high volatility. This immediately implies that a minimum requirement for
a mathematical model of these time-series is to ensure that the conditional variance of the
observation process is time-varying. Nowadays, the most widely accepted non-linear stochastic
volatility model for modelling financial time series is the generalized autoregressive conditional
heteroscedastic (GARCH) model introduced by Bollerslev [4].

The literature on the estimation, or identification, of the parameters of GARCH processes is
almost exclusively devoted to off-line quasi maximum likelihood method. However, given that
financial time series are often sampled at high frequency, a more convenient, and less expensive
approach would be to use an on-line or recursive method. While the off-line estimation have
been analysed under a variety of conditions in the literature, see e.g. Berkes et al. [3] and the
references therein, the recursive estimation of GARCH processes has attracted little attention
until recently, see [1, 6, 10].

The main contribution of this thesis is to propose a new approach to the recursive estimation
of GARCH processes which is a natural adaptation of the off-line quasi-maximum likelihood
method. The theoretical analysis of this method requires a deep mathematical technology
developed in Benveniste et al. [2]. We present the proof of almost sure convergence and Lq-
convergence up to certain q-s under reasonable and verifiable technical conditions, using the
results of Gerencsér and Mátyás [9]. The successful adaptation of the theory of Benveniste
et al. [2] has led to another powerful result: using the results of the above theory and the
techniques of Gerencsér [8] we prove a strong approximation theorem for the error term of the
off-line maximum likelihood estimator.

2 Basic properties of GARCH models

In this thesis we analyse the most widely used model in financial application, namely the
GARCH model. The precise definition of a GARCH(r, s) process is given as follows: (yn),
n ∈ Z is called a GARCH(r, s) process if it satisfies

yn = σnεn, n ∈ Z, (1)

(σ2
n − γ∗) =

r∑
i=1

α∗
i (y

2
n−i − γ∗) +

s∑
j=1

β∗
j (σ

2
n−j − γ∗), n ∈ Z, (2)
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where σ2
n is the conditional variance of yn given its own past up to time (n − 1), (εn) is an

independent and identically distributed (i.i.d.) sequence of random variables with zero mean
and unit variance, γ∗ = Ey2n−i = Eσ2

n−j > 0 and α∗
i , β

∗
j ≥ 0, i = 1, . . . , r, j = 1, . . . , s denote

the true, unknown parameters of the model. Defining the polynomials

C∗(z−1) =
r∑

i=1

α∗
i z

−i, D∗(z−1) = 1−
s∑

j=1

β∗
j z

−j,

equation (2) can be written in a compact form as

D∗(z−1)(σ2 − γ∗) = C∗(z−1)(y2 − γ∗),

where z−1 is the backward shift operator. In the following we will assume that the polynomials
C∗ and D∗ are stable and relative prime. Defining the state vector

X∗
n = (y2n, . . . , y

2
n−r+1, σ

2
n, . . . , σ

2
n−s+1)

T ,

it is easy to see that X∗
n satisfies a linear state equation

X∗
n+1 = A∗

n+1X
∗
n + u∗n+1, n ∈ Z, (3)

with

A∗
n =


η∗ε2n ξ∗ε2n

S̄ 0

η∗ ξ∗

0 S̄

 and u∗n =


α∗
0ε

2
n

0

α∗
0

0

 ,

where η∗ = (α∗
1, . . . , α

∗
r), ξ∗ = (β∗

1 , . . . , β
∗
s ) and S̄ is the shift matrix having 1-s in the sub-

diagonal, and 0-s elsewhere. It is easy to see that X∗
n is a Markov process.

A necessary and sufficient condition for the existence of a second order stationary solution
of (1) and (2) is that

r∑
i=1

α∗
i +

s∑
j=1

β∗
j < 1, (4)

see Bollerslev [4]. Conditions for the existence of a unique, strictly stationary and causal
solution of (1) and (2), without restrictions on the moments, can be formulated in terms of a
state-space representation, (3). Thus, consider the so-called generalized linear stochastic model
(3) without specifying the matrices A∗

n = An and the vectors u∗n = un, instead, assuming only
the following condition:
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Condition 2.1 Assume that (An, un) is an i.i.d. sequence of random matrices, and the σ-fields

FA
n+ = σ{Ai : i > n}, Fu

n− = σ{ui : i ≤ n}

are independent for any n.

Theorem 2.1 (Bougerol and Picard [5]) Consider the generalized linear stochastic model
(3) satisfying Condition 2.1. Assume that the model (3) is irreducible and that both E log+ ∥A0∥
and E log+ |u0| are finite. Then (3) has a strictly stationary solution if and only if the top-
Lyapunov exponent

λ(A) := lim
n→∞

1

n
log E∥An . . . A1∥

is strictly negative.

It is often not only necessary for the model in consideration to have a stationary and ergodic
solution, but also it has finite moments of appropriate order. The existence of finite even order
moments of X∗

n was studied by Feigin and Tweedie [7], using Markov-chain techniques, under
the following condition, which is more restrictive than Condition 2.1:

Condition 2.2 Assume that (An, un) is an i.i.d. sequence of random matrices and (An) and
(un) are also independent of each other.

In this thesis we provide a simple proof of the key step in deriving the result of Feigin and
Tweedie [7] under Condition 2.1, which is weaker then Condition 2.2.

Theorem 2.2 Let (An) be an i.i.d. sequence of random matrices such that ||A1|| ∈ Lq. Assume
that for some even integer q ≥ 2

ρ [ E(A⊗q
1 ) ] < 1,

where ρ is the spectral radius. Then

λq = λq(A) := lim
n→∞

1

n
log E∥An . . . A1∥q < 0.

It follows that for any ε > 0 we have

E∥An . . . A1∥q ≤ Ce(λq+ε)n

with some C = C(ε) > 0.

The above theorem is a direct corollary of the following proposition.

Proposition 2.1 Let (An) be an i.i.d. sequence of random matrices as above. Then

E∥An . . . A1∥q = (vecIT ) · [ E(A⊗q
1 ) ]n · (vecI),
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where I is a unit matrix of appropriate dimension.

3 Estimation of the parameters of GARCH processes

For the identification of the parameters of GARCH processes we proceed similarly to ARMA
processes. Write θ = (α0, α1, . . . , αr, β1, . . . , βs)

T and let K ⊂ Rr+s+1 denote the set of θ-s such
that the stability condition (4) holds and the polynomials C and D, defined by these θ-s, are
stable. Let K0 ⊂ intK be a compact domain such that θ∗ ∈ intK0. For a fixed tentative value
of the system parameters, say θ, we invert the system

σ̄2
n(θ)− γ =

r∑
i=1

αi(y
2
n−i − γ) +

s∑
j=1

βj(σ̄
2
n−j(θ)− γ)

to get the frozen parameter process σ̄2
n(θ), using the initial values yn = 0 and σ̄2

n(θ)− γ = 0 for
all n ≤ 0. Then we compute the estimated driving noise ε̄n(θ) by the inverse equation

ε̄n(θ) =
yn

σ̄n(θ)

with n ≥ 0. Assuming now that εn is standard normal, the (conditional) log-likelihood function,
modulo a constant, can be expressed via σ̄2

n(θ) as

LN =
N∑

n=1

ln =
N∑

n=1

−1

2

(
log σ̄2

n(θ) +
y2n

σ̄2
n(θ)

)

where N denotes the sample size. The right hand side depends on θ∗ via (y2n). To stress
dependence of LN on both θ and θ∗, we shall write LN = LN(θ, θ

∗). Then the general abstract
estimation problem, assuming for a moment stationary initialization, is to find the solution of
the non-linear algebraic equation

Eθ∗
∂

∂θ
l0(θ, θ

∗) = 0. (5)

The conditional quasi-maximum likelihood estimation θ̂N of θ∗ is defined as the solution of the
equation

∂

∂θ
LN(θ, θ

∗) = LθN(θ, θ
∗) = 0.

Define the asymptotic cost function, (a negative log-likelihood for the gaussian case) as

W (θ, θ∗) = lim
n→∞

E

[
1

2

(
log σ̄2

n(θ) +
y2n

σ̄2
n(θ)

)]
.
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Then the asymptotic estimation problem is

∂

∂θ
W (θ, θ∗) = lim

n→∞
E
σ̄θ,n(θ)

σ̄3
n(θ)

(
1− y2n

σ̄2
n(θ)

)
= 0. (6)

The on-line algorithm: For the solution of the general estimation problem (5) the following
stochastic approximation procedure is proposed: starting with some initial condition θ0 ∈ K0

we define recursively

θn = θn−1 −
1

n

σθ,n
σn

(
1− y2n

σ2
n

)
, (7)

where σn and σθ,n denote the on-line estimates of σ̄n(θn−1) and σ̄θ,n(θn−1), respectively. Thus,
at time n, the volatility process σ is generated via the feedback equation

[Dn−1(z
−1)(σ2 − γn−1)]n = [Cn−1(z

−1)(y2 − γn−1)]n

with Dn−1 = D(z−1, θn−1), and similarly for Cn−1. The algorithm is then completed by adding
a resetting mechanism following Gerencsér and Mátyás [9].

The analysis of algorithm (7) is based on the stochastic approximation theory developed by
Benveniste et al. [2], (will be shortly called as BMP), in which a methodology is based on the
theory of Markov processes, and its modification by a resetting mechanism, given in Gerencsér
and Mátyás [9]. To formulate the problem of estimating the GARCH parameters into a form
that fits the framework of the BMP theory, we need to modify the state vector X∗

n first by
the vector Z̄n(θ) = (σ̄2

n(θ), . . . , σ̄
2
n−s+1)

T . While the algorithm contains the derivative of the
log-likelihood function with respect to θ, the resulting state vector X̄e

n(θ) = (X∗
n, Z̄n(θ))

T will
be further extended by its derivative with respect to θ. This leads us to a parameter dependent
Markov process ψ̄n(θ) which follows a linear dynamics

ψ̄n+1(θ) = Pn+1(θ)ψ̄n(θ) + wn(θ), (8)

with a block-triangular state transition matrix

Pn(θ) =

(
Ae

n(θ) 0

x Ãe
n(θ)

)
,

where Ãe
n(θ) = diag(Ae

n(θ), . . . , A
e
n(θ)) and Ae

n(θ) denotes the state-matrix of X̄e
n,θ(θ). Note

that Ae
n(θ) is stable due to the assumed stability of D(z−1).

This implies that the asymptotic estimation problem (6) can be formulated in terms of
ψ̄n(θ), thus the BMP-theory is applicable.
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4 The BMP scheme

This section summarizes the basics of the general theory of recursive estimation as presented
in Benveniste et al. [2], Chapter 2, Part II.

Let (Ω,F , P ) be a probability space. Let (X̄n(θ)), with θ ∈ D ⊂ Rd, with D being a
measurable open set in Rd, be an Rk-valued Markov-chain over (Ω,F , P ) with transition kernel
Πθ(x,A), having a unique invariant measure µθ. The initial state X̄0(θ) is assumed to have
distribution µθ. Let H be a mapping from D × Rk to Rd. Then the basic estimation problem
of the BMP-theory is to solve the equation

Eµθ
H(θ, X̄n(θ)) = 0,

using observed values of H(θ, X̄n(θ)), or their computable approximations. We assume that a
unique solution θ∗ ∈ D exists. For the solution of the above problem the following stochas-
tic approximation procedure is proposed: starting with some initial condition θ0 = ξ define
recursively

θn = θn−1 +
1

n
H(θn−1, Xn), (9)

with X0 = x0 ∈ Rk being a possibly random initial state, and Xn is a non-homogeneous Markov
chain defined by

P (Xn+1 ∈ A|Fn) = Πθn(Xn, A).

Here Fn is the σ-field of events generated by the random variables X0, . . . , Xn, and A is any
Borel subset of Rk.

Convergence of the estimator sequence (θn) with probability strictly less than 1 has been
proved in Benveniste et al. [2]. A BMP-scheme modified by an appropriate resetting mechanism
developed by Gerencsér and Mátyás [9] provides the convergence of the estimator sequence with
probability 1 to θ∗, under reasonable technical conditions.

The technically most demanding condition of the BMP theory requires the Lq-stability of
the underlying Markov chain for an appropriately large q. The foundations of the verification
of this condition are examined in the next section.

5 Stability properties of block-triangular stationary ran-

dom matrices

Since the asymptotic estimation problem (6) is formulated in terms of a linear stochastic system
with block-triangular state matrix, our goal is to extend the stability properties of general linear
stochastic systems to those of the extended system (8). Motivated by this problem, the first
result of this section is connected to the top-Lyapunov exponent of the extended system (8).
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Theorem 5.1 Let

An =

(
A1

n 0

Bn A2
n

)
be a stationary, ergodic sequence of (d1+d2)×(d1+d2) matrices, satisfying E log+ ∥An∥ < +∞,
with A1

n and A2
n being square matrices. Then

λ(A) = max(λ(A1), λ(A2)).

This result was the first attempt to verify the BMP-conditions, but it is an interesting and
useful result on its own. In our setup, the key step of the verification of the BMP conditions
is the Lq-stability of products of block-triangular stationary random matrices. Theorem 2.2
shows that a sufficient condition for Lq-stability of a product of an i.i.d. sequence of random
matrices An, with even q, is that ρ[E(A⊗q

n )] < 1. By combining this result and the arguments of
Theorem 5.1 we prove that the validity of the above condition for the diagonal blocks implies
its validity for the full matrix.

Theorem 5.2 Let

A =

(
A1 0

B A2

)
be a random (d1+d2)× (d1+d2) matrix in L2(Ω,F , P ), with A1 and A2 being square matrices.
Then

ρ[ E(A⊗ A) ] = max{ρ[ E(A1 ⊗ A1) ] ; ρ[ E(A2 ⊗ A2) ] }.

Similarly, let q be a positive integer, even or odd and let us assume that A ∈ Lq(Ω,F , P ). Then

ρ[ E(A⊗q) ] = max{ρ [ E(A⊗q
1 ) ] ; ρ [ E(A⊗q

2 ) ]}.

6 Convergence of the recursive algorithm

The main contribution of this part of the thesis is a rigorous convergence analysis of the recursive
estimation method for the parameters of GARCH processes. To prove the convergence of (7),
suitably modified with resetting, we need to verify the general conditions of the BMP-theory.
By exploiting the special block-triangular structure of the extended system (8) and combining
the results of Theorem 2.2 and 5.2, we prove the following theorem:

Theorem 6.1 Let D∗(z−1) be stable, and let ε, the limiting rate of θn, be sufficiently small.
Let the truncation domain D0 be such that for all θ ∈ D0 the corresponding polynomial D(z−1)

is stable, and let Condition 5.4.1 be satisfied. Assume further that with some even q ≥ 6

ρ[E(A∗
0)

⊗q] < 1 (10)
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is satisfied. Then the estimator sequence θn given by (7), and modified by a resetting mechanism
converges to θ∗ with probability 1, and also in Lq, with rate

E1/q|θn − θ∗|q = O(n−(α∧ 1
2
)),

where −α < 0 is the Lyapunov-exponent of the associated ODE (ordinary differential equation).

For Condition 5.4.1 and the definition of the limiting rate ε see Section 5.4.1 of the thesis or
Gerencsér and Mátyás [9].

Finally, we also test the performance of our algorithm via simulated data. The first empirical
studies indicate that the accuracy of the final estimator depends strongly on the initial values of
the estimator. Secondly, we consider GARCH(1, 1) processes with stability margins 1−α∗

1−β∗
1

as small as 2% and 1%, driven by Gaussian white noise with zero mean and unit variance. In
both cases the proposed algorithm performs remarkably well in spite of the fact that condition
(10) is unlikely to be satisfied even with q = 6, since Eε0

6 = 15. Finally, we test the viability
of our algorithm for real data by fitting a GARCH(1, 1) model. The results show remarkable
accuracy of even such as simple model, and a good agreement in the performance of the off-line
and the on-line estimator.

7 Strong approximation of GARCH processes

In this section we present a strong approximation result for GARCH processes with error terms,
the moments of which are bounded from above by a tight upper bound, under conditions that
is required by the techniques of the BMP-theory. Our result is an extension of a similar result
for ARMA processes, given in Gerencsér [8].

Theorem 7.1 Let D∗(z−1) be stable, and assume further that for some positive even q

ρ[E(A∗
0)

⊗q] < 1

is satisfied. Then

θ̂N − θ∗ = −(R∗)−1 1

N

N∑
n=1

lθ,n(θ
∗, θ∗) + rN ,

where R∗ is the Fisher-information matrix and for the error term rN we have for all 1 ≤ k ≤ q
2d

,
d > dimθ,

E1/k|rN |k = O(N−1).

The main contribution of this result is that the moments of the error term up to certain order
is shown to be O(N−1), and the dominant term is a martingale. This ensures that all basic
limit theorems, that are known for the dominant term, which is a martingale, are also valid for
the difference θ̂N − θ∗. The key step of the proof is a uniform strong law of large numbers for
the log-likelihood function and its derivatives with respect to θ.
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8 Conclusions

In this thesis, a new approach to the recursive estimation of GARCH processes has been pro-
posed which is a natural adaptation of the off-line quasi-maximum likelihood method. Surpris-
ingly, the theoretical analysis of this method requires a deep mathematical technology developed
in Benveniste et al. [2]. Convergence in almost sure sense and in Lq has been established under
reasonable and verifiable technical conditions, with the exception of (10). The best alternative
to our method is the two pass recursive estimation method due to Aknouche and Guerbyenne
[1]. However, the technical conditions under which their results are valid are not fully specified.

Our method exploits the relatively simple structure of the dynamics of the model, allowing
its inversion. This observation implies further applicability of our method, especially for the
several generalizations of the GARCH model, since many of them can be formulated in the
form of the linear stochastic system (3). A further application would be the class of general
bilinear models.

A second effort of this research was to develop a characterization theorem for the error
term of the off-line maximum likelihood estimation following the arguments of Gerencsér [8].
Motivated by this result a further development of our research would be the detection of the
changes of the parameters in the GARCH model in the off-line case using exponential forgetting.
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