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1 Motivation

Below I present the motivation of my thesis. In my work I focus on kernels, sparse,

group-structured sparse representations (Section 1.1) and independent subspace based

dictionary learning problems. (Section 1.2).

1.1 Structured Sparse Representation, Kernels

Thanks to the several successful applications, sparse signal representation has become

one of the most actively studied research areas in mathematics. In the sparse coding

framework one approximates the observations with the linear combination of a few

vectors (basis elements) from a �xed dictionary [4]. It has been shown recently that a

variant of sparse representation is also equivalent to one of the most successful kernel

based approximation technique, the support vector machine (SVM) approach [7].

Application of kernels:

• makes it possible to generalize a wide variety of linear problems to the nonlinear

domain thanks to the implicit scalar product evaluation property of kernels.

• provides a uniform framework for numerous well-known approximation schemes,

e.g., Fourier, polinomial, wavelet approximations.

• allows to de�ne similarity measures for structured objects like strings, genes,

graphs or dynamical systems.

• are based on solid mathematical foundations, on the concept of the reproducing

kernel Hilbert spaces (RKHS) [6].

The traditional form of sparse coding does not take into account any prior in-

formation about the structure of hidden representation. However, using structured

sparsity, that is, forcing di�erent kind of structures (e.g., disjunct groups or trees)
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on the codes can lead to increased performances in several applications, for example

in multiple kernel learning, multi-task learning, feature selection, and compressed

sensing [5].

Despite the popularity of structured representations, the problem of dictionary

learning to structured codes, the structured dictionary learning problem seems to be

quite challenging. We are interested in structured dictionary learning algorithms that

possess the following four properties:

• They can handle general, overlapping group structures.

• The applied regularization can be non-convex and hence allow less restrictive

assumptions on the groups' sparsity.

• We want online algorithms. Online methods have the advantage over o�ine

ones that they can process more instances in the same amount of time, and

in many cases this can lead to increased performance. In large systems where

the whole dataset does not �t into the memory, online systems can be the

only solutions. Online techniques are adaptive: for example in recommender

systems when new users appear, we might not want to relearn the dictionary

from scratch; we simply want to modify it by the contributions of the new users.

• We want an algorithm that can handle missing observations. Using a collabo-

rative �ltering example, users usually do not rate every item, and thus some of

the possible observations are missing.

Very few works exist in the literature for structured dictionary learning, and to the

best of our knowledge, they can possess only two of our four requirements at most.

1.2 Independent Subspace Analysis

Indepenent component analysis (ICA) is a central area of signal processing [8]. One

may think of the ICA task as a cocktail party problem: by recording the mixture

(microphones) of independent sources (speakers) our task is the estimate the original

sources making use of the mixtures only. My work was motivated by:

• the continuously emerging applications of ICA, which rely on the di�erent re-

laxations of the traditional ICA assumptions (Section 1.2.1).

• a central result of the ICA research, the ISA (independent subspace analysis,

ICA with multidimensional sources) separation principle (Section 1.2.2).

2



1.2.1 ICA Extensions

There exist numerous exciting directions relaxing the traditional assumptions of ICA

(one-dimensional sources, i.i.d. sources in time, instantaneous mixture):

Multidimensional source components: In this case, only certain groups of the

hidden sources are supposed to be independent, that is the sources are multidi-

mensional. Using the cocktail party analogy, people form independent groups.

This extension of the ICA problem is called independent subspace analysis

(ISA). Temporal independence of ISA is, however, a gross oversimpli�cation

of real sources. One may try to overcome this problem, by assuming that the

hidden processes are, e.g., autoregressive (AR) processes. Then we arrive at

the AR independent process analysis (AR-IPA) task.

Complex valued sources/mixing: In the complex ICA problem, the sources and

the mixing process are both realized in the complex domain. Such models

naturally emerge, e.g., at fMRI analysis problems.

Temporal mixing (convolution): Another extension of the original ICA task is

the blind source deconvolution (BSD) problem. Such a problem emerges, for

example, at a cocktail party being held in an echoic room, and can be modelled

by a convolutive mixture relaxing the instantaneous mixing assumption of ICA.

Nonparametric source dynamics: Here, the goal is to model the temporal evolu-

tion of the hidden sources, in a quite general form, without explicit parametric

assumptions on the source dynamics.

Successful applications of the former models include (i) remote sensing (passive

radar/sonar), (ii) feature extraction, image deblurring, denoising, (iii) multi-antenna

wireless communications, sensor networks, (iv) biomedical signal�EEG, ECG, MEG,

fMRI�analysis, (v) optics, (vi) seismic exploration, (vii) face recognition, (viii) gene

analysis.

These promising ICA extensions can however often be quite restrictive:

• they usually handle only one type of extension, e.g., they allow temporal mixing

(BSD), but only for one-dimensional independent sources.

• current approaches do not make it possible to apply control, and thus, for

example are not capable of feature extraction in the presence of exogenous

variables or active learning.

• the incompletely observed case has been hardly addressed in the literature,

there exist estimation techniques only for the simplest ICA assumptions.
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• very few works focused on the nonparametric direction and they assume con-

strained mixing, or equal and known dimensional hidden independent sources.

1.2.2 The ISA Separation Principle

One of the most exciting and fundamental hypotheses of the ICA research is due

to Jean-François Cardoso [1], who conjectured that the ISA task can be solved by

ICA up to permutation. In other words, it is enough to cluster the ICA elements

into statistically depedent groups/subspaces to solve the ISA problem. This principle

forms the basis of the state-of-the-art ISA solvers. While the extent of this 10-year-

old open question, the ISA separation principle is still an open issue, we have recently

given su�cient conditions for the principle [20]. The existence of such a principle:

1. makes it possible to use well-studied algorithms for the solution of the obtained

subproblems (in the example, ICA and clustering methods).

2. ISA algorithms usually assume that the dimension of the sources are known.

The lack of such knowledge may cause serious computational burden as one

should try all possible

D = d1 + . . . + dM (dm > 0,M ≤ D)

dimension allocations (dm stands for estimation of the mth subspace dimension)

for the individual subspaces, where D denotes the total source dimension. The

number of these possibilities is given by the so-called partition function f(D),

i.e., the number of sets of positive integers that sum up to D. The value of

f(D) grows quickly with the argument, its asymptotic behavior is described by

the

f(D) ∼ eπ
√

2D/3

4D
√

3
, D → ∞

formula [2, 3]. Making use of the ISA separation principle, however, one can

construct large scale ISA algorithms without the prior knowledge of the sub-

space dimensions by clustering of the ICA elements on the basis of their pairwise

mutual information.

1.3 Short Summary of the Thesis

My goals are twofold:

1. To construct novel sparse reprentation � kernel equivalences, kernel based func-

tion approximation schemes, and to develop general structured dictionary learn-
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ing techniques.

2. To relax the ISA assumptions, and derive separation principle based solutions

for the formulated ISA based dictionary learning problems.

2 Theses

Thesis 1: I constructed a general dictionary optimization scheme for group-structured

sparse codes; I derived novel sparsity � kernel equivalences and kernel based

function approximation techniques:

Structured dictionary learning: I developed [10, 11] a general dictionary

learning technique which is (i) online, (ii) enables overlapping group struc-

tures with (iii) non-convex sparsity-inducing regularization and (iv) han-

dles the partially observable case�previous approaches in the literature

could handle two of these four desirable properties at most. I demon-

strated the e�ciency of my (variational principle and block coordinate

descent based) approach in 3 di�erent applications: (i) inpainting of natu-

ral images, (ii) non-negative hierarchical matrix factorization of large scale

face images, and (iii) collaborative �ltering.

RKHS based function approximations, equivalences:

• I de�ned an extended, component-wise acting, ε-sparse approximation

scheme in RKHSs, and proved that the obtained problem is equivalent

to a generalization of SVMs [22].

• I embedded SVMs to multilayer perceptrons (MLP). I proved that the

well-known backpropagation method of MLPs can be generalized to

the formulated multilayer SVM network [21].

Thesis 2: I constructed new dictionary learning problems and separation principle

based solutions in case of independent subspace assumptions:

• I coupled the active learning and the independent component searching

problems, AR-IPA. I reduced the estimation problem to D-optimal ARX

(`X': eXogenous input) identi�cation and ISA [18].

• I generalized the work [18] to the composition of linear and coordinate-wise

acting nonlinear case, the so-called post nonlinear mixtures [19].

• I extended the work [18] to allow temporal mixing (convolution) by de�ning

the ARMAX-IPA (ARMA: autoregressive moving average) problem. For

the solution, I presented a separation principle based approach [15].
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• In the incompletely observable case, I extended the ICA problem

� to multidimensional source components (ISA), and allowed the sources

components to be di�erent or unknown dimensional, and

� modelled the dynamics of the hidden sources: I relaxed the i.i.d.

source assumption to autoregressive direction.

I reduced the solution of the extended AR-IPA problem to incompletely

observable AR identi�cation and ISA [12,13].

� I demonstrated the e�ciency of the maximum likelihood (ML) based

approach in [13]. This technique is rather robust, however computa-

tionally demanding.

� A presented a subspace and Bayesian alternative for the ML based

solution [12]. These methods provide faster alternatives.

• A extended the ISA problem to complex variables. I proved that under

certain non-Gaussian assumption for the hidden sources the estimation of

the complex ISA problem can be reduced to real ISA [14].

• I extended the ISA problem to the case of (i) nonparametric, asymptoti-

cally stationary source dynamics, (ii) treating the case of unknown and not

necessarily equal source component dimensions [9]. I reduced the solution

of the problem to kernel regression and ISA.

• As a common extension of ISA and BSD, I de�ned the BSSD (blind sub-

space deconvolution) problem. This approach handles the convolution of

multidimensional sources. I showed that in the complete case (using the

cocktail party analogy, in this case the number of microphones is equal

to the number of speakers) the BSSD estimation can be reduced to AR

identi�cation and ISA [17].

• The estimation of relevant information theoretical quantities, such as en-

tropy, mutual information, and various divergences is computationally

expensive in high dimensions. However, consistent estimation of these

quantities is possible by nearest neighbor methods that use the pairwise

distances of sample points. Making use of the approximate distance pre-

serving property of random projections, I presented a parallel estimation

method for high dimensional information theoretical quantities. I demon-

strated the e�ciency of the approach in ISA. The approach could speed

up the estimations by a factor of 8 to 30 [16].

Note: My theses are based on papers, where I'm the �rst or the sole author. The

�rst authorship show my dominant role. The latter papers are based on my own
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work.

3 Conclusion

As a result of my work:

• novel structured sparse, kernel based approximation and sparse � kernel equiv-

alence relations became available.

• the learning of structured dictionaries has become possible under 4 di�erent

(and natural) requirements simultaneously. The presented approach has already

showed state-of-the-art performance in several domains and may form the basis

of further successful applications.

• the independent subspace analysis problem has been extended to controlled,

partially observed, complex valued and nonparametric directions. Separation

principle based techniques has been derived for the solution of these problems,

making the estimation possible also in case of unknown source component di-

mensions.
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