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Introduction and objectives

Loop Quantum Gravity is the most widely accepted theory of non-perturbative quantum gravity.

Though much effort was put in finding a canonically quantized theory of gravity, it was the paper

of Ashtekar in 1986, where he suggested the introduction of new variables, that can be considered as a

turning point in the field of research. The new variables have to advantages: first of all the Einstein-

equations, which in ADM formalism turn out to be constraint equations, become much simpler and

second, the theory can be treated as a gauge theory, enabling one to use the methods of quantizing

such theories developed earlier. These methods had to be modified since the aim of the theory is a

covariant, canonical quantization of general relativity. This is the cause of the main problem, namely we

want to deal with continuously infinite amount of degrees of freedom without breaking covariance. To

bypass this one uses so-called projective techniques which enables us to define the Hilbert-space and the

operators corresponding to the Ashtekar variables, thus we can write down the operators corresponding

to the constraints and solve them.

The objective of this thesis could be summarized in one question: if Loop Quantum Gravity is not

a perturbative theory then what can it tell us about the case when massive vector fields are present

besides gravity. In the usual field theory these fields can be quantized only by means of spontaneous

symmetry breaking. Thus this work can be divided into two parts. In the first we investigate the ques-

tion of quantizing the Proca-field, and in the second we quantize the theory obtained via spontaneous

symmetry breaking and compare the results. The difficulty of quantizing the Proca-field arises because

the system has a second class constraint algebra, which means that in order to have a closed constraint

algebra (which is necessary to have an anomaly-free quantum theory), one has to use Dirac-brackets

instead of Poisson-brackets which are much harder to implement in the quantum theory, thus one has

to search for alternative methods. In the case of spontaneous symmetry breaking problems arise after

quantization, when we want to analyze the spectrum of the mass operator. This is due to the fact that

the theory is formulated in the so-called spin network representation, where the momentum operator is

diagonal, not the configuration operator. To solve this problem one has to introduce a new basis.

Used methods

The basic tool used in Loop Quantum Gravity is the so-called Refined Algebraic Quantization (RAQ),

which consists of the following steps:
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3+1 decomposition: The first thing for a Hamiltonian formalism to split the four dimensional spacetime

into three and one dimensional subspaces in a diffeomorphism invariant way. It is important that the

metric involved has to be globally hyperbolic.

New variables: Actually this is a canonical transformation which leads to a description of general relativ-

ity as a gauge theory. The constraints are functions of a SU(2) connection and its canonical momentum,

the triad.

Elementary operators: To arrive to a background independent theory, we have to use the smeared ver-

sion of the Ashtekar variables (holonomy and electric flux). The way of smearing is uniquely defined if

we prescribe the Poisson-bracket of the holonomy and electric flux well defined.

Hilbert-space: This is the most critical part of the theory. Not only we have to deal with a system with

uncountable many degrees of freedom, but the operators introduced earlier should have a well defined

action on the elements of the Hilbert-space. These problems can be solved using projective techniques:

the Hilbert-space will be a projective limit of finite dimensional spaces. Since the finite dimensional

spaces are defined with the help of the holonomy, the action of the operators on the elements of the

Hilbert-space will be well defined.

Regularization: Since we use the smeared connection and electric field, the constraints have to be ex-

pressed in terms of the holonomy and electric flux - this is called regularization. Regularization is

ambiguous in a sense that the connection and the electric field can be obtained from the holonomy and

electric flux in several ways. Naturally the possibilities can be narrowed down if one invokes gauge- and

diffeomorphism invariance, but there are still a lot of questions in this matter.

Matter fields: Introduction of the various matter fields go on the same line as the gravitational field,

only scalar- and fermionic fields need special care (especially when one defines the elementary operators).

Since the presence of second class constraints pose significant difficulties, we construct an alternative

Lagrangian with a so called symplectic embedding. Its main concept is the introduction of an extra

scalar field by which we obtain an equivalent theory except that now we will have a first class constraint

algebra. The original constraints can be obtained by gauge fixing, but then we will again have a second

class constraint algebra. Spontaneous symmetry breaking is dealt with the usual methods.

Thesis

The thesis of the work are the following:

1. The constraints, constraint algebra and Dirac-bracket of the Proca-field coupled to gravity are
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given by the formulae (145-148),(152) and (157-159) respectively.

2. The constraints of the symplecticaly embedded Proca-field are given by the formulae (161-167).

3. The symplecticaly embedded Proca field can be quantized with the methods of Loop Quantum

Gravity, which are given by formulae (170-174). The kernel of the constraints are given by formulae

(175-179).

4. The classical and quantized constraints of the U(1) spontaneous symmetry breaking coupled to

gravity are given by formulae (207-210) and (219-222), and (258-267), respectively. The mass

operator is self-adjoint. If the Higgs field is constant then we will recover the constraints of the

symplecticaly embedded Proca-field.

5. In the case of the spontaneous symmetry breaking the state corresponding to m = 0 is part of the

spectrum, and in this case the constraints are equivalent to the electromagnetic field coupled to

gravity case.

Conclusions

The most important result is that - due to the appearance of the Dirac-bracket - in contrast to the

usual field theory approach, gauge fixing does not only not simplify finding the solution, but makes it

harder. Instead of gauge fixing, one should quantize the Gauss constraint and solve it. If we have a

second class constraint algebra from the start - like in the case of the Proca-field -, we should look for

the corresponding symplecticaly embedded theory. Since the constraint of the symplecticaly embedded

are very similar to the constraints obtained in the spontaneous symmetry breaking case one may ask

which theory should be used. The answer is the latter, for several reasons. First, in this case mass is

the eigenvalue of an operator, which is easier to analyze than a parameter of the theory. Second, the

solutions of the spontaneous symmetry breaking case are more general, and contain the solutions of

the Proca-field as special cases. In fact in the first case the state corresponding to m = 0 is part of

the solution, while in the case of the Proca-field this can only be reached asymptotically. Analysis of

the m = 0 is in correspondence with our expectations: those states will have larger amplitudes which

are solutions of the electromagnetic field coupled to gravity case. Of course this does not mean that

eigenvalues of the mass operator can be automatically interpreted as mass itself, we need two more

important properties as well: the eigenvalues of this operator are real and there are special solutions

when this operator is an observable (it weakly commutes with the constraints). These special solutions
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have an important property, namely in these cases both scalar fields will be pure gauge, thus they do

not represent genuine physical fields (they can be eliminated with a gauge transformation). From this

one may conclude that in this theory the Higgs field is only a hypothetical field (for the exact proof one

has to investigate the complete SU(2)× U(1) theory).
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