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Notation

Scalars and indices are denoted by lowercase Latin letters, vectors by lowercase boldface

Latin letters, matrices by capital Latin letters, and �nally sets by capital calligraphic letters.

Rn
+ the set of n dimensional positive vectors

Rn
⊕ the set of n dimensional nonnegative vectors

I the index set, namely I = {1, 2, . . . , n}
‖·‖ the Euclidean norm

‖·‖∞ the in�nity norm

∅ the empty set

intH the interior of the set H
Bγ(w) the closed ball of radius γ at w, namely {z : ‖z−w‖ ≤ γ}
FP the feasible set of the LCP

FD the feasible set of the dual LCP

F+ the set of feasible interior points of the LCP

F∗ the solution set of the LCP

x, xi vectors are thick letters, while scalars are normal letters

x > 0 all coordinates of the vector x is positive

x s the componentwise product (Hadamard product) of vectors x and s

xα n-dimensional vector whose ith component is xα
i

xT s the scalar product of two vectors

M the coe�cient matrix of the LCP, M ∈ Rn×n

X the diagonal matrix from the vector x, so X = diag(x)

I identity matrix of size n× n

e the vector of ones with the appropriate size

0 the vector of zeros with the appropriate size

I+(x) = {1 ≤ i ≤ n : xi(Mx)i > 0}
I−(x) = {1 ≤ i ≤ n : xi(Mx)i < 0}
∆x, ∆s the Newton directions(
x(θ), s(θ)

)
the new point after a step with step lenght θ (in interior point methods)
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Abbreviations

SS class of skew-symmetric matrices

PD class of positive de�nite matrices

PSD class of positive semide�nite matrices

CS class of column su�cient matrices

RS class of row su�cient matrices

LCP linear complementarity problem

DLCP dual linear complementarity problem

IPM interior point method

CPP central path problem

EP existentially polynomial time (theorem)

LS modi�ed long-step path following interior point algorithm

PC modi�ed predictor corrector interior point algorithm
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Chapter 1

Introduction

The linear complementarity problem (LCP) is still one of the intensely studied area of

mathematical programming. Several books (see e.g. [11, 51, 61]) and more than a thousand

articles have been published on the subject of LCPs. This is due to not only theoretical

results but the important and wide range of practical applications in engineering, economics

and �nance.

The complementarity condition �rst appeared in the optimality conditions of the continu-

ous nonlinear programming problem given by Karush in 1939 [49]. The Karush-Kuhn-Tucker

optimality conditions of the linear programming and quadratic programming problems are

LCP problems (see Section 1.2.1 and 1.2.2). This fact provided the motivation for studying

LCP in the early time.

In 1963 the paper of Lemke and Howson [53] gave a new impulse to the research of LCPs.

They showed that the Nash equilibria of a bimatrix game are the same as the solutions of

an appropriate LCP (see Section 1.2.3). Furthermore, they developed a pivot method to

solve the generated LCP, this is the well known Lemke algorithm. Later Cottle and Dantzig

gave the uni�ed format of the linear and quadratic programming problems and the bimatrix

games as LCPs in 1968. From that time on the research of LCPs have been more and more

vigorous and fruitful. A lot of theoretical question have been examined, for example the

existence and uniqueness of solutions, the connectivity of the solution set and there have been

several generalizations of the problem. According to the properties of LCPs several types

of matrix classes have been de�ned. From the point of applications, not only mechanical

and economical equilibrium problems have been modeled as LCPs, but for instance contact

mechanics problems, network design problems, optimal control problems, optimal stopping

problems, convex hulls in the plane or optimal invariant capital stock problem � mentioning

only a few of those.

Consider the linear complementarity problem in the standard form: �nd vectors x, s ∈
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Rn, which satisfy the constraints

−Mx+ s = q, x s = 0, x, s ≥ 0, (1.1)

where M ∈ Rn×n and q ∈ Rn.

It is easy to see that the conditions can be divided into three groups. The �rst set of

constraints are the linear equations, which describe the connection between variables. The

complementarity conditions (here we take the Hadamard product of the two vectors, i.e.,

componentwise product, see Notations) are the second type. Finally, there are nonnegativity

restrictions on the variables. According to these three types of conditions, the following three

sets are introduced:

the feasible set 1

FP :=
{
(x, s) ∈ R2n

⊕ : −Mx + s = q
}
,

the set of feasible interior points 2

F + :=
{
(x, s) ∈ R2n

+ : −Mx + s = q
}
,

the set of complementarity points, namely the solution set of LCP

F ∗ := {(x, s) ∈ F : x s = 0} .

The feasibility problem, namely the problem of computing an element of the feasible

set is relatively easy problem, as we need to solve a linear system, which is computable

in polynomial time, for example with interior point algorithms. The di�culty arises from

the complementarity condition, as a consequence of which, the LCP is a nonlinear problem.

More precisely, the LCP (even if the coe�cient matrixM is restricted to be negative de�nite

or negative semide�nite) belongs to the class of NP-complete problems, since the feasibility

problem of linear equations with binary variables can be formulated as an LCP problem [8].

There are several algorithms to solve LCPs, but each of them requires some kind of

special properties of the coe�cient matrix M for �niteness, e�ciency and reliability. There

are two main approaches to solve LCPs, an algebraic and an analytical one. The �rst one is

the so called pivot algorithms, which use the well known pivoting technique, and generate a

point in each iteration, which satis�es the linear equations and (almost) the complementarity

conditions, These algorithms try to set the nonnegativity of the solution through the iterates.

If the matrixM belongs to a suitable class (for example in the case of Lemke algorithm in the

1Here the subscript P refers to the primal problem, because later we will deal with the dual problem of

LCP, too.
2We will consider this set at the interior point methods.
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copositive plus, while in the case of criss-cross algorithms in the su�cient matrix class), then

the algorithm terminates in a �nite number of steps if a proper index rule is used that avoids

cycling. But pivot methods are not polynomial like in linear programming. The analytical

approach leads to algorithms which do not give an exact solution in �nite steps, but only

converge in limit. They satisfy the linear equalities and nonnegativity of the variables,

and iterate to satisfy the complementarity conditions. These methods are less sensitive to

numerical errors and more e�cient for large scale problems than pivot algorithms. Analytical

approach for LCPs are, for instance, the di�erent types of splitting methods (the coe�cient

matrix is divided into two matrices and the LCP is transformed into a �xed point problem),

the damped-Newton method and di�erent type of interior point methods. This thesis deals

with the last group of the foregoing algorithms, namely with the interior point methods.

We have already mentioned that there are several applications which lead to an LCP,

therefore there is a real demand for an e�cient algorithm solving LCPs. In general applica-

tions, we do not know whether the matrix belongs to one of the above mentioned suitable

matrix classes or not, and the checking of those properties is also an NP-complete problem

(see Section 2). Furthermore, in most cases the matrix of a general application does not

inherit such special properties. Due to these facts, generally we can not expect a polynomial

time algorithm for solving LCP problems. Therefore, our aim is not to solve the LCP in

all cases, but to construct an e�cient, polynomial time algorithm which provides some kind

of information about the given LCP problem. If everything turns out well, we solve the

problem or the dual problem proving the unsolvability of the original problem. If we are less

lucky, we get a polynomial sized certi�cate that the matrix of the problem does not hold a

given special property (see Section 6).

1.1 Structure of the thesis

The rest of this introductory chapter presents some applications, that can be formulated as

an LCP. The �rst two examples are theoretical: the linear and the quadratic programming

problem. As we have already mentioned, in the 1940s this fact induced the research on the

LCP. Furthermore, several e�cient methods for quadratic programming problems are based

on the LCP formulation. After that, we touch three other, in our days still important appli-

cations. The bimatrix games are well known from game theory and were �rst converted to

an LCP by Lemke and Howson [53]. This connection between bimatrix games and LCPs has

theoretical importance, too, as it gives a constructive tool to determine an equilibrium point,

and has initiated a new approach of equilibrium theory. The fourth instance is the optimal

stopping problem of Markov chain, which is a classical problem in stochastic control. It has
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a wide range of applications and it is a basic element of lots of general applied probability

models. The last problem is an economy equilibrium problem, more precisely a special class

of the famous Arrow-Debreu exchange market equilibrium problem. Walras entered the his-

tory of economics with his general equilibrium theory. � Walras �rst formulated the state of

the economic system at any point of time as the solution of a system of simultaneous equa-

tions representing the demand for goods by consumers, the supply of goods by producers,

and the equilibrium condition that supply equal demand on every market.� wrote Arrow

and Debreu in [2]. The idea of general equilibrium can not be evaded � not because the

markets are always thought to be in balance, but it gives us an excellent reference point. It

is not by chance, that Kenneth Arrow, the remarkable talent of 20th century economics, the

�rst precise mathematical establisher of this theory got one of the �rst Nobel prizes of this

science in 1972 almost 100 years after Walras.

� Together with Gerhard Debreu, he produced in 1954 a very abstract model, based on

mathematical set theory, which opened up fresh possibilities of making interesting analyses.

For example, he and Debreu were the �rst to be able to demonstrate, in a mathematically

stringent manner, the conditions which must be ful�lled if a neoclassical general equilibrium

system is to have a unique and economically meaningful solution. By introducing a new

technique for dealing with the theory of decision-making under conditions of uncertainty

and risk, and by incorporating this theory in the general equilibrium theory, Arrow has also

achieved results of great theoretical and practical interest.� [4]

Debreu got the Nobel Prize in 1983 �for having incorporated new analytical methods into

economic theory and for his rigorous reformulation of the theory of general equilibrium� [57].

Here we brie�y describe the Arrow-Debreu exchange market equilibrium with Leontief

utility functions and the related LCP formulation, which was introduced by Ye in [85].

Ye and his colleagues studied the Arrow-Debreu economy equilibrium with di�erent utility

functions and they presented not only algorithmic complexity results, but in some cases

an algorithm (based on interior point method) for computing the equilibrium prices, as

well [7, 9, 17, 85, 86, 88]. For the mentioned problem they provide a homotopy based

interior point path following algorithm and a fully polynomial-time approximation scheme,

and reported computational results [88]. This gave us the idea to test our modi�ed interior

point methods on this problem, that is, on the LCP formulation of it. Unfortunately, in the

case of LCPs there are no test sets of real-life problems like NETLIB for linear programming

yet. Therefore, the e�ciency of algorithms for LCPs can not be really compared on a

universal basis.

Let us note, that this list of LCP applications is far from the full spectrum (for example

the Karush-Kuhn-Tucker system of several nonlinear problems also leads to an LCP). We
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would only like to present some instances to demonstrate how important and necessary it is

for applications to develop an e�cient algorithm to solve LCP problems.

In Chapter 2 we deal with some matrix classes related to the LCP, which are important for

our purposes, that is, which have some kind of connection to interior point methods. These

are the P , P0, P∗(κ), P∗ and su�cient matrix classes. An LCP has exactly one solution

for all right hand side vector q, if and only if the coe�cient matrix M is a P-matrix. The

P0 matrix class is a generalization of the P class. Kojima et al. [51] introduced the matrix

class P∗(κ), which is the widest class where interior point methods are polynomial, however

the complexity depends on the parameter κ, too (it is also a polynomial dependence). The

union of the sets P∗(κ) for all nonnegative κ is the P∗ class. Väliaho [80] proved that it is the

same as the su�cient matrix class de�ned by Cottle et al. [12], which is the widest matrix

class where the �niteness of the criss-cross algorithm with minimal index rule can be proved

[18]. Meanwhile, Csizmadia and Illés claimed that the �niteness of the criss-cross algorithm

holds also with other, more general index rules [15, 16]. The su�cient matrix class, i.e., the

set of P∗-matrices, includes the P class and it is a subset of the P0 matrix class.

The basis of this chapter is manuscript [39], which is expanded with some interesting ob-

servations. After the introduction of the major properties of the mentioned matrix classes,

we turn our attention to the handicap of a matrix, that is, the smallest value of κ with which

the matrix is a P∗(κ). This parameter has cardinal importance at interior point methods, as

it appears for example in the dependence of complexity on κ. Furthermore, a �nite handicap

of a matrix means that the matrix is a P∗-matrix, so the LCP problem can be solved with

an interior point algorithm. Unfortunately, there is no known polynomial time algorithm to

determine the handicap of a matrix. The set of su�cient matrices is a nonconvex, neither

closed, nor open set. Besides the lack of good characterization of the su�cient matrix class it

has nice properties as well, for example, it is a cone and it is invariant under special row and

column scaling, and under principal pivoting. We visit the question of complexity regarding

matrix classes,too. The decision problem related to copositive, P and P∗ matrix classes,

namely whether the given matrix belongs to the matrix class or not, is co-NP-complete. We

close this chapter with some important results about the solution set of the LCP and the

matrix classes.

Chapter 3 summarizes the basic theory of interior point methods. In the �rst part we

collect the main results from the manuscript of Illés et al. [38], which establish the interior

point theory of the LCP for P∗(κ) matrices without using the implicit function theorem.

They showed the existence and uniqueness of the central path, the guideline of interior point
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methods, and proved that it converges to a maximally complementary solution of the prob-

lem. After introducing the Newton system, the linear relaxation of the central path problem,

we give a short list of centrality measures and the most frequently used neighbourhoods of

the central path. We close the brief review of interior point method theory with the general

sketch of algorithms and a few estimations of Newton directions which are useful at the

complexity analysis of interior point methods. The initial interior point is always a crucial

question of interior point methods. There are two methodologies to solve it. One is to apply

an infeasible method and the other is to use the embedding technique. We discuss the second

one. Kojima et al. [51] showed that with an appropriate embedding the special property of

the coe�cient matrix can be preserved. The results considered in this chapter will be used

in Chapter 5 and 6.

The �rst three chapters mainly summarize known results (only the second one contains

some of our own observations). These provide a basis for the second part of the dissertation,

where we present our results. In Chapter 4 the dual of the LCP is introduced which was

developed in a general form for oriented matroids by Fukuda and Terlaky in [26]. Csizmadia

and Illés examined it for LCPs, related to the criss-cross algorithm in [16], we will use this

form of the dual. Probably because of the general form of the dual by Fukuda et al., the

result of this chapter escaped the attention of most researchers. We show that the dual LCP

can be solved in polynomial time if the matrix is su�cient, and give an EP type theorem

based on this complexity result. The achievements of this chapter have been published in

paper [43].

Chapter 5 deals with one of the most remarkable interior point methods, the Mizuno�

Todd�Ye predictor-corrector algorithm. The basis of this chapter is the paper [65] by Po-

tra. He examined this algorithm with a wide neighbourhood of the central path for skew-

symmetric and positive semide�nite LCPs. We generalize it for LCPs with P∗(κ)-matrices

and show that the algorithm preserves its nice property, that is, if the two used neighbour-

hoods are well chosen, then after each predictor step we can return to the smaller neighbour-

hood of the central path with only one corrector step. However, the neighbourhoods depend

on the parameter κ, which means smaller and smaller suitable neighbourhoods for larger κ.

Therefore, this algorithm is not well suited for solving practical problems.

Our main results are stated in Chapter 6. Here we take a further step in the generalization

of interior point methods. As we have already pointed out, usually we do not know anything

about the matrix of a real life problem, moreover in most cases it is not a P∗(κ)-matrix.
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Therefore, we construct modi�ed interior point methods (a long step path-following, an

a�ne scaling and a predictor-corrector), which can handle any LCPs. These algorithms

either solve the problem or its dual (in the latter case proving that the problem has no

solution), or give a polynomial certi�cate that the matrix is not a P∗(κ̃)-matrix with an a

priori chosen but an arbitrary κ̃. These results have a theoretical side, too. They give a

constructive proof of an EP type theorem. A similar result was proved by Csizmadia and

Illés [16] based on the criss-cross algorithm, but our modi�ed interior point methods are still

polynomial. On the other hand, the criss-cross algorithm solves LCPs for su�cient matrices,

namely, with arbitrary large κ, which does not need to be �xed a priori. This chapter is

based on papers [42, 44].

There are some further research directions. For example, although these algorithms do

not solve an LCP problem in all cases, our preliminary computational experiences show that

a successful run depends on the initial point. Thus, a randomized, multistart algorithm can

help. Another question is how we can use the information of a run which does not give a

solution of an LCP or its dual.

We close the thesis with Further questions and Summary.

1.2 Applications

In this section we review �ve problems which can be formulated as LCP problems, the

linear programming, the quadratic programming with linear constraints, the bimatrix game,

the optimal stopping of Markov chain and a special class of the Arrow-Debreu exchange

market equilibrium problem. In each case the coe�cient matrix of the LCP problem has

a special structure, however, generally only the �rst problem can be solved in polynomial

time. Unfortunately the LCP algorithms can not take advantage of these types of structure.

1.2.1 Linear programming

Consider the linear programming primal (P) and dual (D) problem in the standard form:

�nd a vector x ∈ Rn and y ∈ Rm such that

min cTx

Ax ≥ b

x ≥ 0

 (P )

max bTy

ATy ≤ c

y ≥ 0

 (D)

where A ∈ Rm×n, b ∈ Rm and c ∈ Rn.
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Then the well known optimality conditions are the following:

−Ax + z = −b, x ≥ 0, z ≥ 0,

ATy + s = c, y ≥ 0, s ≥ 0,

xT s + yTz = 0.

(1.2)

The last condition is equivalent to x s = 0 and y z = 0 using the nonnegativity of variables

x, s, y, z. Therefore, the optimality conditions are in the LCP form (1.1) with

M =

[
O A

−AT O

]
∈ R(m+n)×(m+n), q =

(
−b

c

)
∈ Rm+n.

One can see, that here the matrix M is skew-symmetric , that is, MT = −M . The LCP

problem for skew-symmetric matrices can be solved in polynomial time, for example, with

interior point methods.

In the theory of interior point methods, there is another transformation of the (P)-(D)

pair to the LCP form. This is also based on the optimality conditions, but in a slightly

di�erent way as in (1.2), because the last condition is replaced by bTy− cTx ≥ 0 according

to the Weak duality theorem. After homogenization, we get the Goldman-Tucker system,

which is an LCP problem (1.1) with

M =

 O A −b

−AT O c

bT −cT 0

 ∈ R(m+n+1)×(m+n+1), q = 0 ∈ Rm+n+1.

Note that this matrix is also skew-symmetric. It is easy to check that the latter LCP

always has a solution, the all zero vector. The Goldman-Tucker theorem [29] describes the

connection between the solution of the primal and dual linear programming problem and

the LCP (for details see e.g. [70]).

1.2.2 Quadratic programming

Consider the quadratic programming problem (QP): �nd a vector x ∈ Rn such that

min
1

2
xTQx + cTx

Ax ≥ b

x ≥ 0


where Q ∈ Rn×n is a symmetric matrix, A ∈ Rm×n, b ∈ Rm and c ∈ Rn.
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The optimality conditions according to the Karush-Kuhn-Tucker (KKT) conditions:

u = c +Qx− ATy ≥ 0, x ≥ 0, xTu = 0,

v = −b + Ax ≥ 0, y ≥ 0, yTv = 0.

It can be reformulated as an LCP problem (1.1), where

M =

[
Q −AT

A O

]
∈ R(n+m)×(n+m) q =

(
c

−b

)
∈ Rn+m

It is obvious that the matrixM has a special structure again. This matrix is bisymmetric,

as it is the sum of a symmetric and a skew-symmetric matrix.

It is a well known result, that if the matrix Q is a positive semide�nite matrix, than x is

a solution of QP if and only if there exists a vector y such that (x,y) is a KKT point (see

e.g. [3]). The QP problem is an NP-complete problem [28, 72, 82], but if the matrix Q is

a positive semide�nite matrix, there are polynomial algorithms, for example interior point

methods.

1.2.3 Bimatrix games

There are two players. Each of them has a �nite set of strategies, I = {1, . . . , n} and

J = {1, . . . ,m}. The matrix A ∈ Rn×m is the payo� matrix of the �rst player, and B ∈ Rn×m

is the payo� matrix of the second player � it means that if they play the i ∈ I and j ∈ J
strategies respectively, then the �rst player pays aij amount of money and the second player

pays bij. We can de�ne mixed strategies x ∈ Rn and y ∈ Rm, which mean the probability

distribution of selecting the strategies, therefore x,y ≥ 0 and eTx = 1, eTy = 1. In this case,

the expected costs of the game are xTAy and xTBy. Each player would like to minimize his

expense.

A pair of mixed strategies (x∗,y∗) is a Nash equilibrium (i.e., optimal to both players

unless they cooperate) if

(x∗)TAy∗ ≤ xTAy∗ for all x ≥ 0 and eTx = 1, (1.3)

(x∗)TB y∗ ≤ (x∗)TB y for all y ≥ 0 and eTy = 1. (1.4)

The condition (1.3) is equivalent to

(x∗)TAy∗ ≤ ai y
∗ for all i = 1 . . . n,

where ai is the ith row of the matrix A. This is in the vector form(
(x∗)TAy∗

)
e ≤ Ay∗. (1.5)
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Similarly, the condition (1.4) is equivalent to(
(x∗)TB y∗

)
e ≤ BTx∗. (1.6)

Without loss of generality we can assume, that A and B are positive matrices (each

entry is positive), because adding a positive number to each entry of the payo� matrix does

not change the Nash equilibrium points. Therefore, we can assume that (x∗)TAy∗ > 0

and (x∗)TB y∗ > 0. Let x̄ =
x∗

(x∗)TB y∗
and ȳ =

y∗

(x∗)TAy∗
. With these notation the

inequalities (1.5) and (1.6) are the following:

e ≤ A ȳ and e ≤ BT x̄.

Furthermore,

eTx∗ = 1 = (x∗)T A
y∗

(x∗)T Ay∗
= (x∗)T A ȳ,

which becomes the following using the new notation:

eT x̄ = x̄TA ȳ.

Similarly, for the mixed strategy of the other player we get

eT ȳ = x̄TB ȳ.

Summing up the above conditions, we get the according LCP:

u = −e + A ȳ ≥ 0, x̄ ≥ 0, x̄Tu = 0

v = −e +BT x̄ ≥ 0, ȳ ≥ 0, ȳTv = 0

}
, (1.7)

namely

M =

[
O A

BT O

]
∈ R(n+m)×(n+m), q = −e ∈ Rn+m.

Note that the matrix M is a nonnegative matrix with zero diagonal elements.

Based on the above, the Nash equilibrium points and the solutions of the LCP (1.7) can

be assigned in the following sense

• Let (x∗,y∗) be a Nash equilibrium, then

x̄ =
x∗

(x∗)TB y∗
and ȳ =

y∗

(x∗)TAy∗
is a solution of problem (1.7).

• Let (x̄, ȳ) be a solution of the system (1.7), then

x∗ =
x̄

eT x̄
and y∗ =

ȳ

eT ȳ
is a Nash equilibrium.

Let us remark that if the game is a zero-sum game, namely the sum of the payo�s is

always are zero (A = −B), then the problem can be formulated as a linear programming

problem.
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1.2.4 Optimal stopping of Markov chain

Let us consider the Markov chain problem: we have a �nite state space E = {1, 2, . . . , n}
and a transition probability matrix P . In each step there are two opportunities: either we

stop, in this case the payo� is given by ri (i ∈ E), or we continue the process to the next

state according to the matrix P . The aim is to maximize the expected payo�.

Let vi be the stationary optimal expected payo� if the process starts at the initial state

i ∈ E . Then
v = max(Pv, r).

Considering the properties of the maximum, it is equivalent to:

v ≥ Pv, v ≥ r, (v − r)T (v − Pv) = 0.

This is in LCP form:

u = v − r, M = I − P, q = (I − P )r.

In this case the matrix M has a nonnegative diagonal, but all o�-diagonal elements are

nonpositive.

1.2.5 Economy equilibrium problem

In this section we consider the Arrow-Debreu exchange market equilibrium problem which

is a fundamental model used in general equilibrium theory of economics. First Léon Walras

formulated a model in 1874 [84], then Arrow and Debreu built up the precise mathematical

background, and gave an axiomatic description of the economy equilibrium in 1954 [2].

In this problem, there are m traders and n goods on the market. Each trader i has an

initial endowment of commodities wi = (wi1, . . . , win) ∈ Rn
⊕. They sell it at a given price

p ∈ Rn
⊕ and then use the income to buy a bundle of goods xi = (xi1, . . . , xin) ∈ Rn

⊕. Each

trader i has a utility function ui, which describes his preferences for the di�erent bundle

of commodities, and he maximizes his individual utility function subject to the budget

constraint pTxi ≤ pTwi. Let us denote by xi(p) a maximizer vector, which is the demand

of trader i at price p.

The vector of prices p is an equilibrium for the exchange economy, if there is a bundle of

goods xi(p) (so a maximizer of the utility function ui subject to the budget constraint) for

all traders i, such that
∑m

i=1 xij(p) ≤
∑m

i=1wij for all goods. In other words, the question

is whether there are such prices of goods, where the demand
∑

i xij(p) does not exceed the

supply
∑

iwij for all good j, namely whether the price could be set for goods in such a way

that each trader can maximize his utility function individually. This was the question of

Walras.
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From a market point of view, the equilibrium problem can be composed as an aggregated

model by the following notations. For good j at price p denotes dj(p) =
∑m

i=1 xij(p) the

market demand and zj(p) = dj(p) −
∑m

i=1wij the market excess demand. Then vector

d(p) = (d1(p), . . . , dn(p)) is the market demand and z(p) = (z1(p), . . . , zn(p)) is the market

excess demand.

The market satis�es the Walras' Law if for any price p we have pTz(p) = 0. We say that

z(p) is well de�ned, if each trader has an optimal bundle of goods, namely if a vector x(p)

exists. In this way, a vector of prices p ∈ Rn
⊕ is an equilibrium if z(p) is well de�ned and

z(p) ≤ 0.

There are some special utility functions in literature, for example linear, Leontief, Cobb-

Dougles and CES functions (for a good summary wee e.g. [30]). Later on we will only deal

with the Leontief utility function.

In 1954 Arrow and Debreu gave an answer for Walras' question [2]. They proved that

under mild conditions and if the utility functions are concave, such equilibrium exists. How-

ever, they did not provide any algorithm to compute an equilibrium of a market. Fisher was

the �rst to present an algorithm to determine equilibrium prices, however his model was a

special type of Walras' model. There players are divided into two sets: producers and con-

sumers. Producers sell their goods for money and consumers have money to buy goods and

maximize their utility functions. We get the Walras' model if money is also considered as a

commodity. On the other hand in the Arrow-Debreu model each trader is both a producer

and a consumer.

There are a lot of special cases when some algorithms and complexity results are pre-

sented, but there is no known method to compute an equilibrium of a market in the general

case.

From now on we will consider a special class of the Arrow-Debreu model. Let us assume

that each trader enters the market with exactly one good (so n = m) and has exactly one

unit of it. Therefore, if the price vector p is given, then the budget of trader i is pi, thus the

optimal strategy of the trader i is determined by the following optimization problem:

maxui(x
i)

pTxi ≤ pi,

xi ≥ 0.

 (1.8)

Let xi(p) be an optimal solution of problem (1.8). Then the vector p is an Arrow-Debreu

price equilibrium if for each trader i there is an xi(p) optimal solution of the system (1.8)

such that
n∑

i=1

xi(p) = e,

19



namely the demand of every good is exactly one unit, so the demand equals the supply.

In the remainder of this section we will be concerned with the Leontief exchange economy

equilibrium problem, when the utility functions are Leontief functions de�ned in the following

way:

ui(x
i) = min

j

{
xij

aij

: aij > 0

}
,

where A = (aij) ∈ Rn×n
⊕ is the Leontief coe�cient matrix.

Furthermore, we assume that every trader likes at least one commodity, so the matrix A

has no all-zero row.

Eisenberg and Gale [20, 21, 27] gave a convex programming formulation of the Fisher

equilibrium problem with Leontief utility functions and proved that an equilibrium price

vector is an optimal Lagrangian multiplier of this convex programming problem:

max
n∑

i=1

wi log ui

ATu ≤ e

u ≥ 0,

 (1.9)

where in the Arrow-Debreu model the initial budget wi of trader i is not given and will be

pi, i.e., the price of his good. Furthermore, ui represents the utility value of trader i and A

is the Leontief matrix.

Therefore, we search such weights wi that an optimal Lagrangian multiplier vector p of

(1.9) equals w. This means that p is a solution of the following system3:

UAp = p

P (e− ATu) = 0

ATu ≤ e

u,p ≥ 0

p 6= 0


(1.10)

where U and P are diagonal matrices whose diagonal is u and p, respectively. Under

the previous assumption that the matrix A has no all-zero row, this system always has a

solution. Remember � as we have already mentioned � that every Arrow-Debreu equilibrium

price vector satis�es the system (1.10). However, the implication can not be reversed, a

solution of the system (1.10) may not be an equilibrium of the Arrow-Debreu model.

We close this section with the LCP problem, which is equivalent to the pairing Arrow-

Debreu model with the Leontief utility. This LCP was presented by Ye in [85] based on his

following result:

3This is the KKT system of (1.9) using the equality w = p. Since w is the vector of initial budgets, it is

a meaningful condition, that p = w 6= 0.
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Theorem 1.1 Let B ⊂ {1, 2, . . . , n}, N = {1, 2, . . . , n} \ B, ABB be irreducible4, and uB

satisfy the linear system

AT
BBuB = e, AT

BNuB ≤ e, and uB > 0. (1.11)

Then the (right) Perron-Frobenius eigenvector5 pB of UBABB together with pN = 0 will be

a solution of the system (1.10). And the converse is also true. Moreover, there is always a

rational solution for every such B, that is, the entries of price vector are rational numbers,

if the entries of A are rational. Furthermore, the size (bit-length) of the solution is bounded

by the size (bit-length) of A.

This theorem is a good characterization of the solutions of the system (1.10). It provides

a combinatorial algorithm to solve the problem (1.10), however it is not suitable in practice,

because we possibly need to examine 2n subset B of I to see whether the matrix ABB is

irreducible and the system (1.11) has a solution or not. Even so Theorem 1.1 establishes

an algorithm to compute the Arrow-Debreu equilibrium if A is a positive matrix. Search a

nontrivial solution u 6= 0 of the following LCP problem

ATu + v = e

uv = 0

u,v ≥ 0

 (1.12)

Then take the support of the nontrivial solution u as B, that is, B = {i : ui > 0}. According
to Theorem 1.1, the (right) Perron-Frobenius eigenvector of UBABB is an Arrow-Debreu

equilibrium.

We will return to this problem at the end of the dissertation. In Chapter 6 we will review

the computation experiences of our modi�ed interior point algorithm on the LCP (1.12).

4A matrix A ∈ Rn×n is irreducible if and only if for any partition I = J ∪ K there exists j ∈ J and

k ∈ K such that ajk 6= 0.
5Let A ∈ Rn×n be an irreducible matrix with positive entries. Then there is a positive real eigenvalue λ

of A such that ρ(A) = λ, where ρ(A) is the spectral radius of the matrix. Furthermore, λ is simple, i.e., it is

a simple root of the characteristic polynomial of A. The (right) eigenvector associated with the eigenvalue

λ is called the (right) Perron-Frobenius eigenvector of the matrix A [35].
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Chapter 2

Matrix classes and the linear

complementarity problem

The aim of this chapter is to collect the main results in connection with some matrix classes

related to LCPs. We consider not only the results which are used later in this thesis, but also

present a general idea showing the di�culties and the nice properties as well. The family of

matrix classes related to LCPs is really huge and diversi�ed. Cottle wrote a survey paper

[10], a well arranged guide for 65 matrix classes that appear in the literature of LCPs. We

treat with seven of those: P , P0, P∗(κ), P∗, row su�cient, column su�cient and the su�cient

matrix classes. The P∗(κ)-matrices, de�ned by Kojima et al. [51] in 1991, are in our focus,

because this is the widest class where interior point methods are polynomial, however, the

complexity depends on the parameter κ, too (it is also a polynomial dependence). The union

of the P∗(κ)-matrices for all nonnegative κ is the P∗ matrix class. Almost at the same time,

in 1989 su�cient matrices were introduced by Cottle et al. [12]. Later, Väliaho proved that

the P∗ and the su�cient matrix classes are the same [80].

The su�cient matrix class is between matrix classes P and P0, more precisely, the su�-

cient matrix class includes P-matrices and it is in the P0 matrix class. The matrix class P
was de�ned independently from LCPs by Fiedler and Ptak in 1962 [23]. A few years later it

�rst appeared in connection with the LCP in the Ph.D. thesis of Cottle [13]. The P0-matrix

was introduced as a generalization of positive semide�nite matrices by Fiedler and Ptak [24].

Let us note here, that through the thesis we consider positive semide�nite matrices without

the assumption of symmetry.

The basis of this chapter is the manuscript [39], which is expanded with some interesting

observations. The interested reader can �nd some more details, for example in the book of

Cottle et al. [11], in the book of Kojima et al. [51] and in the papers [6, 10, 23, 24].
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At the beginning of this chapter let us introduce some more notations which will be used

only in this chapter.

Let J ,K ⊆ I and A ∈ Rn×n, then AJK is the submatrix of A whose rows and columns

are in J and K, respectively, i.e., AJK = (ajk)j∈J ,k∈K . We will call AJJ principal submatrix .

The principal minors of the matrix A are the determinants of principal submatrices, namely

the numbers det(AJJ ), where J ⊆ I.
A principal pivotal transformation of the matrix A =

(
AJJ AJK
AKJ AKK

)
(where J ∪K = I ) for

nonsingular AJJ is the matrix(
A−1
JJ −A−1

JJ AJK

AKJ A−1
JJ AKK−AKK A−1

JJ AJK

)
.

The following characteristic of the matrix M was introduced by Kojima et al. for P-
matrices:

γ(M) = min
‖x‖2=1

max
i
xi (Mx)i .

2.1 P-matrices

De�nition 2.1 A matrixM ∈ Rn×n is a P-matrix, if all of its principal minors are positive.

The set of P-matrices is denoted by P . We will use a similar notation for other following

matrix classes, as well.

The following lemma summarizes di�erent characterizations of P-matrices. (The �rst

�ve statements are the classical results of Fiedler and Ptak [23], for other proofs see [1, 11,

31, 58, 59].)

Lemma 2.2 The following properties for a matrix M are equivalent:

1. M is a P-matrix.

2. For every nonzero x ∈ Rn there is an index i such that xi[Mx]i > 0.

Or reformulated: If xi[Mx]i ≤ 0 for every i, then x = 0.

Or reformulated: γ(M) > 0.

3. For every nonzero x ∈ Rn there exists a diagonal matrix Dx with a positive diagonal

such that xTDxMx > 0.

4. For every nonzero x ∈ Rn there exists a diagonal matrix Hx with a nonnegative diagonal

such that xTHxMx > 0.

5. Every real eigenvalue of M , as well as of each principal submatrix, is positive.
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6. M−1 is a P-matrix.

7. Every principal submatrix of M is a P-matrix.

8. There is a vector x ≥ 0 such that Mx > 0 and M , as well as every principal pivotal

transformation of M , satis�es the condition that the rows corresponding to nonpositive

diagonal entries are nonpositive.

9. All diagonal elements of M and all its principal pivotal transformations are positive.

10. For all diagonal matrices D with nonnegative diagonal elements M +D is a P-matrix.

11. det(I − Λ + ΛM) > 0 for all diagonal matrices Λ with nonnegative and less than one

diagonal elements (i.e., 0 ≤ Λ ≤ I).

12. I − Λ + ΛM ∈ P for all diagonal matrices 0 ≤ Λ ≤ I.

13. For each J ⊆ I, (EJMEJ )x > 0 has a solution x > 0. Here EJ is the n × n

diagonal matrix with (EJ )jj = −1 for j ∈ J and (EJ )kk = 1 for k 6∈ J .

A natural generalization of P-matrices is the P0 matrix class. It may be considered as

the closure of the P matrix class.

De�nition 2.3 A matrix M ∈ Rn×n is a P0-matrix, if all of its principal minors are non-

negative.

A P0-matrix M is said to be adequate, if for each J ⊆ I the following two equivalences

hold:
det(MJJ ) = 0 if and only if the rows of MJI are linearly dependent and

det(MJJ ) = 0 if and only if the columns of MIJ are linearly dependent.

Alternatively, M is adequate if XZx ≤ 0 implies Zx = 0 for Z = M and Z = MT , too.

Lemma 2.4 ([12]) If M is nonsingular, then it is a P-matrix if and only if it is adequate.

Analogously, the corresponding results for P0-matrices can be proved (the �rst four due

to [24], for other proofs see [11, 31, 51]). One can see the analogy of the �rst six statements

with the appropriate statements of Lemma 2.2. Statement seven again con�rms that the P0

class is in some sense the closure of the P class. The last statement is very important related

to interior point algorithms, because this property ensures the existence and uniqueness of

the search direction, the Newton direction (see Chapter 3).
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Lemma 2.5 The following properties for a matrix M are equivalent:

1. M is a P0-matrix.

2. For every nonzero x ∈ Rn there is an index i such that xi 6= 0 and xi[Mx]i ≥ 0.

3. For every nonzero x ∈ Rn there exists a diagonal matrix Hx with a nonnegative diagonal

such that xTHxx > 0 and xTHxMx ≥ 0.

4. Every real eigenvalue of M , as well as of each principal submatrix, is nonnegative.

5. det(I − Λ + ΛM) ≥ 0 for all diagonal matrices 0 ≤ Λ ≤ I.

6. I − Λ + ΛM ∈ P0 for all diagonal matrices 0 ≤ Λ ≤ I.

7. M + εI is a P-matrix for every ε > 0.

8. The matrix
(

Y X
−M I

)
is nonsingular for any positive diagonal matrices Y and X.

2.2 P∗-matrices

Hereafter we deal with the subclasses of the P0 matrix class. We start with three well known

matrix classes.

De�nition 2.6 A matrix M ∈ Rn×n belongs to the class of positive de�nite matrices (PD),

if xTMx > 0 holds for all x ∈ Rn\{0}. Likewise, M ∈ Rn×n belongs to the class of positive

semide�nite matrices (PSD) if xTMx ≥ 0 holds for all x ∈ Rn.

Furthermore, M ∈ Rn×n is a skew-symmetric matrix1 (SS), if xTMx = 0 for all x ∈ Rn.

We remark that this di�ers from the usual de�nition of PD and PSD in linear algebra,

as we do not ask for symmetry. So it is not possible to conclude that all eigenvalues of

PSD-matrices are real and nonnegative. Let us note that in the subset of all symmetric

matrices P and PD as well as P0 and PSD coincide.

The P∗(κ)-matrices were introduced by Kojima, Megiddo, Noma and Yoshise [51], and

can also be considered as a generalization of positive semide�nite matrices.

1Sometimes the skew-symmetric matrix is called antisymmetric according to its other de�nition: a matrix

M is skew-symmetric, if MT = −M .
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De�nition 2.7 Let κ ≥ 0 be a nonnegative number. A matrix M ∈ Rn×n is called P∗(κ)-
matrix if

(1 + 4κ)
∑

i∈I+(x)

xi(Mx)i +
∑

i∈I−(x)

xi(Mx)i ≥ 0, for all x ∈ Rn, (2.1)

where I+(x) = {1 ≤ i ≤ n : xi(Mx)i > 0} and I−(x) = {1 ≤ i ≤ n : xi(Mx)i < 0}.

The nonnegative real number κ denotes the weight needed to be used at the positive terms

so that the weighted 'scalar product' be nonnegative for each vector x ∈ Rn. Therefore,

naturally, the P∗(0) is the positive semide�nite matrix class (n.b. we set aside the symmetry

of the matrix M).

It is easy to see, that P∗(κ1) ⊆ P∗(κ2) if κ1 ≤ κ2. Therefore, the smallest κ for which

the matrix M is P∗(κ) is speci�c, it is called the handicap and is denoted by κ̂(M). The

inequality in the de�nition of P∗(κ)-matrices gives the following lower bound on κ for any

vector x ∈ Rn such that xTMx < 0 (in other points κ = 0 is a proper choice):

κ̂(M) ≥ κM(x) := −1

4

xTMx∑
i∈I+

xi(Mx)i

,

furthermore,

κ̂(M) =

{
0 if M ∈ PSD
1
4
sup

{
κM(x) : xTMx < 0

}
otherwise.

Hereafter we only write κ̂ and κ(x) if it is not ambiguous (mostly they will be analyzed for

the matrix of the LCP M).

Unfortunately, in the general case function κ(x) is not continuous. Figure 2.1 shows the

function κ(x, y) for the matrix
(

1 −1
3 0

)
. There is a discontinuity at the line x = 0. This

matrix is a P∗ matrix, and its handicap is 0.5 (it is easy to determine by the test of Väliaho,

see later).

De�nition 2.8 A matrix M ∈ Rn×n is called a P∗-matrix if it is a P∗(κ)-matrix for some

κ ≥ 0, i.e.,

P∗ =
⋃
κ≥0

P∗(κ).

The P∗ is the matrix class, where we can warrant, that interior point methods solve the

LCP in polynomial time. However the complexity depends on κ, too and we need to know

the handicap of the matrix a priori or at least an upper bound on it (see Chapter 5 and for

further results Chapter 6).

Almost in the same time, the su�cient matrix class was introduced by Cottle, Pang and

Venkateswaran [12]. This is the widest class where the �niteness of the criss-cross algorithm

can be proved.
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Figure 2.1: The function κ(x, y) is not continuous.

De�nition 2.9 A matrix M ∈ Rn×n is called a column su�cient matrix (CS) if for all

x ∈ Rn

X(Mx) ≤ 0 implies X(Mx) = 0,

and row su�cient (RS) if MT is column su�cient. The matrix M is su�cient if it is both

row and column su�cient.2

Kojima et al. [51] proved that a P∗-matrix is column su�cient and Guu and Cottle [32]

substantiated that it is row su�cient, too. Therefore, each P∗-matrix is su�cient. Väliaho

proved the other direction of inclusion [80], so the class of P∗-matrices is equal to the class

of su�cient matrices.

We collect some properties of su�cient matrices. Most of them is important in respect

to pivot algorithms, for example the sign structure of the matrix has a crucial role in most

�niteness proofs. The most essential properties of su�cient matrices in connection with

interior point methods will be discussed in Chapter 3.

1. A matrix M is su�cient if and only if

2Let us notice that the implication in the de�nition of su�cient matrix is very similar to that in de�nition

of adequate matrix. Based on this similarity, Lemma 2.4 and the regularity of a P-matrix (see statement 6

of Lemma 2.2), it is easy to see that every P-matrix is su�cient, too.
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(a) every principal 2 × 2 submatrix of M and each of its principal pivotal transfor-

mations are su�cient [32].

(b) for every principal pivotal transformationM ofM : mii ≥ 0 for all i, furthermore,

if mii = 0 and [mij = 0 or mji = 0 ] then mji = 0 and mij = 0 [32].

(c) I − Λ + ΛM is su�cient for all diagonal matrices 0 ≤ Λ ≤ I [31].

(d) every principal submatrix of order r + 1 of M is su�cient, where r < n is the

rank of M [79].

2. If M is a su�cient matrix, then

(a) mii = 0 implies mij = mji = 0 or mij mji < 0 for each j 6= i [81].

(b) the rows j ∈ J ⊆ I are linearly independent if and only if the columns j ∈ J are

linearly independent [79].

3. The matrix M is su�cient, if (one of the following statements holds)

(a) every principal submatrix of order n− 1 of M is su�cient and detM > 0 [79].

(b) every principal submatrix of order r of M is a P-matrix, where r < n is the rank

of M [79].

4. If M with rank r < n is such that every principal submatrix of order r is su�cient,

then M is su�cient if and only if for every J ⊆ I with |J | = r

detMJJ = 0 ⇒ the rows and columns j ∈ J of M are linearly dependent [79].

5. P1 ⊂ P∗. Here P1 denotes the set of all matrices whose principal minors are all positive

except one, which is zero [79].

Further properties can be found about P∗ and P∗(κ)-matrices in connection with interior

point methods in Chapter 3.

The lack of su�ciency of a matrix M means, that κ̂ is not �nite. It can occur in two

ways � there is a point x where κ(x) is not de�ned (because the set I+ is empty), or there

is a sequence {xk} such that κ(xk) tends to in�nity. The �rst case means that the matrix

is not column su�cient, because X(Mx) � 0. The second case does not always occur when

the matrix is not row su�cient (for example if M = −I, then κ(x) is not de�ned for all

x ∈ Rn). However, if the matrix is column su�cient then there exists a sequence {xk} such
that limk→∞ κ(xk) = ∞.
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One can see on Figure 2.2 that the function κ(x, y) is not de�ned for the matrix
(

0 0
1 1

)
over

the set {(x, y) : y(x+ y) > 0} . In the other picture the second phenomena is illustrated. If

the point (x, y) tends to the line x = 0 (instead of the point (0, 0)), then the function tends

to in�nity (for example κ(−1, 1/n) = n/4).

Matrix ( 0 0
1 1 ) is row su�cient,

but not column su�cient.
Matrix ( 0 1

0 1 ) is column su�cient,

but not row su�cient.

Figure 2.2: The function κ(x, y) for two non su�cient matrices.

Väliaho developed two tests. One to decide whether a matrix is su�cient [79] and another

to determine the handicap value of su�cient matrices [81]. Unfortunately, both methods are

exponential, and there is no known polynomial algorithm for these problems. Tseng proved

that the decision problem whether a matrix is column su�cient is co-NP-complete [78],

therefore a polynomial algorithm can not be expected. It is an open question whether there

is a polynomial time algorithm to compute the handicap of a su�cient matrix.

The classi�cation of Väliaho [79] for 2× 2-matrices M = ( a b
c d ):

M ∈ P ⇔ a > 0, d > 0, ad− bc > 0,

M ∈ PSD ⇔ (a ≥ 0, d ≥ 0, (b+ c)2 ≤ 4ad,

M ∈ P∗ ⇔ (a ≥ 0, d ≥ 0, (ad− bc > 0 ∨

∨ (ad− bc = 0 ∧ ((a = 0 ∨ d = 0) ⇒ b = 0, c = 0)))).
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The handicap of 2× 2-matrices M = ( a b
c d ) is the following (Väliaho [81]):

M ∈ PSD ⇒ κ̂ = 0 (by de�nition),

M ∈ P∗ \ PSD ⇒ 1 + 4κ̂ =
max{b2, c2}

(
√
ad+

√
ad− bc)2

,

M ∈ P∗ \ (P ∪ PSD) ⇒ 1 + 4κ̂ = max

{∣∣∣∣bc
∣∣∣∣, ∣∣∣∣cb

∣∣∣∣} .
The following properties are known for the handicap of a matrix [80, 81]:

1. If M ∈ P \ PD, then there exists an x̃ 6= 0 such that κ̂(M) = κM(x̃), namely

κ̂(M) = max {κM(x) : x ∈ Rn}.
If M 6∈ P , then this is not true, not even in dimension 2 (see Figure 2.1).

2. κ̂(DMD) = κ̂(M) for any diagonal matrix D with nonzero elements of the same size

as M .

3. κ̂(B) = κ̂(A) if B is a principal pivotal transformation of A.

4. κ̂(M) ≥ κ̂(M) for all principal submatrix M of matrix M .

5. If M = diag(M1,M2), then κ̂(M) = max {κ̂(M1), κ̂(M2)}.

6. If M ∈ P∗ and D is a nonnegative diagonal matrix of the same size as M , then

κ̂(M +D) ≤ κ̂(M).

7. If M ∈ P∗ and D is a nonnegative diagonal matrix of the same size as M , then

κ̂
((

M I
−I D

))
= κ̂(M).

As a corollary, for nonnegative scalars d ≥ 0, κ̂
((

M −eT
1

eT
1 d

))
= κ̂(M), where e1 is the

�rst unit vector.

8. Let M ∈ P∗ with mij = 0 for 1 ≤ i, j ≤ n− 1. Then 1 + 4κ̂(M) = maxi|mni/min|
mini|mni/min| (de�ne

0/0 to 1).

9. Let M ∈ P∗ and mjk = mjh, mkj = mhj for all j 6= k, and mkk ≥ mhh. Then

κ̂(MJJ ) = κ̂(M) for J = I \ {k}.

10. If A ∈ P∗ \ P , then κ̂(A) = max
{
κ̂(BJJ ) : B is a principal pivotal transformation of

A and J = I \ {i} for some i
}
.

11. The handicap of a su�cient matrix is the same as the handicap of its transpose, i.e.,

if M ∈ P∗, then κ̂(MT ) = κ̂(M).
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12. It is a conjecture that κ̂(M) is a continuous function of the entries of M for M ∈ P∗.
This is only proved for 2 × 2 matrices and for P-matrices at the time this thesis was

written.

The characteristic γ(M) is de�ned at the beginning of this chapter. Kojima et al. intro-

duced an expression of γ(M), too, γ̄(M) =
√
γ(M)γ (M−1). Furthermore, let us denote the

smallest eigenvalue of matrix M by λmin(M).

Making use of these characteristics, Kojima et al. introduced global optimization prob-

lems which determine upper bounds on the handicap of matrix M , if M ∈ P . There is

no known better estimation, which also shows the di�culty of evaluating the handicap of a

matrix even for P-matrices.

Theorem 2.10 ([51]) Let M be a P-matrix. Furthermore, let

κ∗ = max

{
−λmin(M)

4γ(M)
, 0

}
κ∗∗ =

1

4γ̄(M)
.

Then M ∈ P∗(κ∗) ∩ P∗(κ∗∗) = P∗(min{κ∗, κ∗∗}), and therefore P ⊂ P∗.

In the general case it can not be stated which of κ∗ and κ∗∗ is smaller.

2.3 Eigenvalues

In this section we collect a few results about the eigenvalues of the mentioned matrix classes.

In the literature, there are statements about eigenvalues of the matrix only for the P and

P0 matrix classes. There are no results speci�cally for su�cient matrices. The below listed

properties are almost all negative results, namely state the lack of some kind of properties

for the eigenvalues of su�cient matrices.

Recall that the de�nition of positive semide�nite matrices in this thesis is di�erent than

in linear algebra, because we do not require the symmetry of the matrix. Due to this, a

positive semide�nite matrix may also have complex number as eigenvalues.

Proposition 2.11 ([39]) Let M ∈ Rn×n be a PSD-matrix. Then re(λ) ≥ 0 for all eigen-

values λ of M .

The �rst two statements in the following proposition are a direct corollary of the de�-

nition. Furthermore, Illés and Wenzel considered the sequence of 3 dimensional P-matrices
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M(a) :=
(

1 0 a
1 1 0
0 1 1

)
, where a > −1. (The one and two dimensional principal minors of the

matrix are one, and its determinant is 1 + a, so this is a P-matrix indeed.) The eigenvalues

are 1 + a1/3 and 1 − 1/2 a1/3 ± i
√

3/2 a1/3, therefore lima→∞ re(λ2,3(a)) = −∞, namely

the real part of one of the eigenvalues tends to in�nity and the real part of the other two

eigenvalues tend to minus in�nity.

Proposition 2.12 ([39]) The real part of all eigenvalues of P-matrices of dimension 2 is

positive. The real part of all eigenvalues of P0-matrices of dimension 2 is nonnegative.

There is no lower bound on the real part of the eigenvalues of P-matrices for dimension

n ≥ 3.

This result means that a su�cient matrix in 2 dimension has only eigenvalues with a non-

negative real part. The result is tight, because skew-symmetric matrices have only pure

imaginary eigenvalues.

The converse of the �rst statement is not true. There are matrices with positive real

eigenvalues which are not even in P0 and matrices with imaginary eigenvalues and a positive

real part which are not P0 [39].

Originally, the next result was due to [50], but see [33] for a simpler proof and [22] for

an alternate proof.

Proposition 2.13 A set of complex numbers {λ1, . . . , λn} are the eigenvalues of an n × n

P-matrix (P0-matrix) if and only if the polynomial
∏n

1 (t + λi) =
∑n

0 bit
i satis�es bi > 0

(bi ≥ 0).

A complex number λ = rei θ is an eigenvalue of an n×n P-matrix if and only if |θ − π| > π/n.

A nonzero λ = rei θ is an eigenvalue of an n× n P0-matrix if and only if |θ − π| ≥ π/n.

The following example shows that the eigenvalues do not determine the P∗ property. Let

us consider the matrixM =

(
1 8

−1 1

)
. Using the test of Väliaho [81], κ̂ = 0.75. The matrix

U =

(
0.5

√
0.75√

0.75 −0.5

)
is orthogonal, therefore the eigenvalues ofM and UMU are the same.

But the transformed matrix UMU =

(
4.031 −2.75

6.25 −2.031

)
is not P∗, not even a P0-matrix, for

example, because there is a negative value in the diagonal. Figure 2.3 illustrates the κ(x, y)

functions of the two matrices. Since the transformed matrix is not P∗, there are points where
this function is not de�ned.
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κM(x)
κUMU(x)

Figure 2.3: The function κ(x, y) for two matrices with same eigenvalues.

Based on these observations we can state that there is no connection between the eigen-

values of the matrix and the su�ciency.

Further results related to eigenvalues can be found in [22, 33, 34, 50].

2.4 Row and column scaling of P∗-matrices

We now consider the column and row scaling of matrices belonging to di�erent classes.

De�nition 2.14 The (p,q)-scaling of a matrix M is the matrix PMQ, where P = diag(p)

and Q = diag(q) are arbitrary diagonal matrices with piqi > 0 for all i.

It is a scaling of the rows with P and a scaling of the columns with Q.

Generally the (p,q)-scaling cancels the positive semide�niteness and the skew-symmetri-

city of a matrix, unless p = q. Kojima et al. and Väliaho independently showed that the

matrix class P∗ is closed under scaling, but the class of P∗(κ)-matrices for a �x κ is not.

Lemma 2.15 ([51, 81]) The set P∗ is invariant under (p,q)-scaling. If M ∈ P∗(κ), then
PMQ ∈ P∗(κ′), where κ′ is such that (1 + 4κ′) mini{pi/qi} = (1 + 4κ) maxi{pi/qi}.

Illés et al. [39] constructed via (p,q)-scaling from a given matrix in P∗(κ) a matrix with

arbitrary large κ′: Let M =
(

1 −1
2 0

)
, which is su�cient by the test of Väliaho, but not PSD

(take x = (1 − 2)T , then xTMx = −1) and not P (there is a zero in the diagonal). In this

33



situation κ̂(M) = 0.25 . Scaling with p = (k, 1) for k > 2 and q = (1, 1) gives a matrix

PMQ ∈ P∗(κ′) with κ′ = (k − 2)/8, where κ′ is the handicap of the matrix PMQ, namely

it is minimal. Observe that the κ′ given by Lemma 2.15 is not the handicap of the scaled

matrix, only an upper bound on it (in the example above it is 2k, however, the handicap is

only (k − 2)/2).

As a special case, it can be proved that scaling can lead out of the class of positive

semide�nite matrices. However, the classes P and P0 are closed under scaling.

Lemma 2.16 ([39]) The set PSD = P∗(0) is not invariant under (p,q)-scaling. The

classes P and P0 are invariant under (p,q)-scaling.

According to Lemma 2.12, P-matrices may have arbitrary small eigenvalues. Thus, it is

interesting to note that one may always �nd a (p,q)-scaling for a P0-matrix (in this case

the elements in the diagonal are nonnegative by de�nition), such that the real part of all

eigenvalues is greater than some prescribed negative tolerance ν. The result is based on the

Gerschgorins eigenvalue-inclusion theorem (see e.g. [76]).

Lemma 2.17 ([39]) Let ν < 0 be an arbitrary negative number and A be a real n×n-matrix

with nonnegative diagonal elements. Then there exists a positive diagonal matrix D such that

re(λ(DAD)) > ν holds.

We close this section with an observation. It is easy to see that by multiplying all elements

of a su�cient matrix with a nonnegative number α2 the handicap of the matrix will be the

same. Although, the eigenvalues of the new matrix are α2 times larger.

Lemma 2.18 ([39]) Let M ∈ P∗(κ) with eigenvalues λi. Then applying symmetric scaling

(αI)M(αI) for arbitrary α ∈ R leaves the handicap unchanged, but may scale the eigenvalues

to arbitrary (except the sign) values α2λi.

2.5 Structure of the sets PSD,P ,P∗ and P0

It is known [51] that the following relations hold among matrix classes SS ( PSD ( P∗ (
P0, SS∩P = ∅, PSD∩P 6= ∅, P ( P∗, P∗(κ1) ( P∗(κ2) for κ1 < κ2, P∗(0) ≡ PSD.

According to de�nitions, it is easy to see that these sets are cones, moreover convex cones

in case of semide�nite and skew-symmetric matrices. Illés and Wenzel gave two P-matrices,(
1 4

−1 1

)
and its transpose

(
1 −1
4 1

)
, whose sum ( 2 3

3 2 ) is not even in P0 (its determinant is

negative). Therefore the set of P-matrices is not convex. Since P ⊂ P∗ ⊂ P0 it means

that the other two cones are also not convex. The closedness of the sets follows from the

de�nitions and the continuity of the determinant function.
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Figure 2.4: The matrix classes.

Proposition 2.19 ([39]) SS and PSD are convex cones.

Each of the sets P, P∗ and P0 form a cone, but none of them is convex.

The set P is open, and the sets SS, PSD and P0 are closed.

Illés and Wenzel proved the following statement with two counterexamples.

Proposition 2.20 ([39]) The cone of P∗-matrices is not closed, neither open.

We close this section with a remark: all matrix classes mentioned above, namely SS,

PSD, P , P∗(κ), P∗ and P0, enjoy the nice property that if a matrix belongs to one of these

classes, then any principal submatrix of the matrix and any principal pivotal transformation

of it does as well [11].

2.6 Complexity issues

We would like to investigate how di�cult it is to decide whether a matrix is su�cient or

not. With this aim in view we collect some related complexity results in this section. As we

have already mentioned, the best known test for analyzing su�ciency of a matrix is given by

Väliaho [80]. The procedure with the asymptotically best worst-case operation counted for

general n×n matrices needs 1
3
2n−3n(n− 1)(n+10) operations. The exponential complexity

property is a general case because this algorithm is a recursive procedure. This fact, i.e.,

that only exponential time methods are known for decision problems related to su�cient

matrices, is not surprising being aware of the result of Tseng [78] that the decision problem

whether M is column su�cient, is co-NP-complete.

As we have already seen a matrix is su�cient if and only if there is a �nite κ with which

the matrix is P∗(κ). We do not need the exact value of the handicap, it is enough to know
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an upper bound on it. However, as in many problems, the decision on the feasibility of the

problem (Is there a suitable κ?) is as di�cult as to solve the problem (What is the handicap?)

(see e.g. [83]). Väliaho also presented an exponential method to determine the handicap of

a su�cient matrix [81]. This is the only kind of such an algorithm in the literature.

Chung showed that the 0-1 equality constrained knapsack problem can be reduced to an

LCP with integer data.

Theorem 2.21 ([8]) The problem of �nding a rational solution (x, s) to an LCP with an

integer square matrix M and an integer vector q is NP-complete, even if M is restricted to

be negative (semi)de�nite.

Furthermore, Kojima et al. [51] show that the LCP for a P0-matrix is also NP-complete.

Hereafter, we collect some complexity results about the decision problems in connection

with matrix classes. Let us �rst consider the copositive matrices which are well known due to

the Lemke algorithm. A matrix A is called copositive, if xTAx ≥ 0 for all x ≥ 0. Murty et

al. gave a reduction of the subset sum problem to the decision problem �Is the given matrix

copositive?�.

Theorem 2.22 ([62]) Let an integer square matrix A be given, the decision problem whether

the matrix A is copositive, is co-NP-complete.

The equivalence of the problem whether M ∈ P and the regularity of rank-one matrix

polytopes is shown by Coxson. The decision problem of the singularity of an interval matrix

with a rank-one radius is known to be NP-complete and is a special case of the latter problem

[64].

Theorem 2.23 ([14]) Let a real square matrix M be given, the decision problem �is M a

P-matrix?� is co-NP-complete.

Tseng gave a reduction of the problem of 1-norm maximization over a parallelotope to the

decision problem for the P and the column su�cient matrix class. In addition, he showed

the equivalence of the decision problem for the P0 matrix class and the decision problem for

the P matrix class.

Theorem 2.24 ([78]) Let an integer square matrix M be given, the decision problem for

matrix class P, P0 and for su�cient matrices is co-NP-complete.

Naturally, it means that the decision problem for the su�cient matrix class is also co-NP-
complete by the de�nition.
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The last mentioned complexity result refers to the quadratic programming problem. On

the one hand, when the constraints are quadratic and the objective function is linear, Sahni

and later Garey and Johnson stated that the problem is NP-hard. On the other hand,

the quadratic programming problem with linear constraints and a symmetric matrix in the

objective function is also NP-hard, as claimed by Sahni and Garey and Johnson. Later

Vavasis proved that this problem is in NP, therefore it is NP-complete.

Theorem 2.25 ([28, 72, 82]) The quadratic programming problem min
{
xTQx : Ax ≥ b

}
with a symmetric matrix Q is NP-complete. If the constraints are quadratic and the objective

is linear, NP-hardness is established.

2.7 The solution set of LCPs for di�erent matrix classes

This section discusses how the di�erent properties of the solution set depend on which class

the matrix of a problem belongs to. First, we present the result of Jansen.

Proposition 2.26 ([46]) The solution set of an LCP is a �nite union of polyhedral sets.

Cottle et al. examined the cardinality of the solution set of the LCP.

Proposition 2.27 ([11]) Let M be a real matrix. The following statements are equivalent.

1. M is nondegenerate (all principal minors are not 0).

2. The LCP has a �nite number of solutions (possibly zero) for all q.

3. Every solution of the LCP, if it exists, is locally unique.

P-matrices are not degenerate by de�nition. But if the coe�cient matrix of the LCP

belongs to P , the solution set is even more special than in the case of nondegenerate matrices.

Proposition 2.28 ([11]) Let M be a real matrix. Then the following two statements are

equivalent.

1. M ∈ P.

2. The LCP has a unique solution for all q ∈ Rn.

In contrast with this nice result, if the matrixM is a P0-matrix (which is a generalization

of a P-matrix), there is an example, when the solution set F∗ is empty, however there is a

feasible solution. On the other hand the solution set can be unbounded and nonconnected

[31].
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Proposition 2.29 ([48]) Let M ∈ P0. Then,

1. if F∗ has a bounded connected component, then F∗ is connected.

2. for any q, an LCP has a unique solution if and only if it has a locally unique solution.

3. the number of solutions of an LCP is either zero, one, or in�nite.

Cao and Ferris [6] proved that in dimension 2 the solution set of an LCP with a P0-

matrix is connected for all q. On the contrary, Jones and Gowda [48] provide an example in

dimension 3, where an LCP with a P0-matrix has a nonconnected and unbounded solution

set.

Cottle et al. determined the set of matrices where the function Mx is constant over the

solution set of the LCP.

Proposition 2.30 ([11]) Let M be a real matrix. The following two statements are equiv-

alent.

1. M ∈ P0 and for each index set J with detMJJ = 0, the columns in J of M are

linearly dependent.

2. For all q for which the LCP has a solution, if x1,x2 are any two solutions of the LCP,

then Mx1 = Mx2.

The equivalence of the following �rst two assertions is a direct corollary of Jansen's result,

Proposition 2.26.

Proposition 2.31 ([12]) Let M be a real matrix. The following statements are equivalent.

1. The solution set of the LCP is polyhedral.

2. The solution set of the LCP is convex.

3. xT
1 (Mx2 + q) = xT

2 (Mx1 + q) = 0 for all solutions x1,x2.

Let us take into consideration the following quadratic programming problem related to

the LCP:

min xT (Mx + q)

Mx + q ≥ 0

x ≥ 0

 (2.2)

There are special connections between the Karush-Kuhn-Tucker (KKT) points of (2.2)

and the solution set of the LCP if the matrix M is su�cient.
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Proposition 2.32 ([12]) Let M ∈ Rn×n be a matrix.

1. M is column su�cient if and only if for all q the LCP has a (possibly empty) convex

solution set.

2. M is row su�cient if and only if for all q if (x,u) is a Karush-Kuhn-Tucker pair for

the quadratic program (2.2) then x is a solution to the LCP.

3. M is su�cient if and only if the set of KKT-points of the associated quadratic program

is convex and equal to the solution set of the LCP for all q.
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Chapter 3

Interior point methods

The aim of this section is to give an overview about the basic theory of interior point methods

related to LCPs for P∗(κ)-matrices. We collect the most important results and present a

general schema of interior point algorithms.

We have already seen in Section 1.2.1 that the linear programming problem can be

reformulated as a special LCP, where the coe�cient matrix M is skew-symmetric. The

primal-dual interior point methods for linear programming problems solve this LCP problem.

As the �rst step of solving this LCP, the problem is relaxed to the central path problem as

follows:
−Mx + s = q

x, s ≥ 0

xs = µe

 (CPPµ)

where µ is a positive number. The solutions of the CPP problem constitute the central path

which is denoted by

C :=
{
(x, s) ∈ F+ : xs = µe, for some µ > 0

}
.

It was originally introduced in linear programming by Sonnevend [73, 74] and independently

by Megiddo [54]. It is well known that the central path is a one dimensional, in�nitely many

times di�erentiable curve which tends to a solution of the LCP when µ tends to zero in case

of linear programming. Furthermore, the limit point of the central path is a strictly positive

solution, namely x + s > 0, thus for each coordinate i exactly one of xi and si is zero (see

e.g. [70]).

The question arises whether the central path remains well de�ned if the coe�cient matrix

is not skew-symmetric, only su�cient. Kojima et al. proved that if the interior point assump-

tion holds, namely the set F+ is not empty, then the CPP problem has a unique solution

for all positive µ, therefore the central path exists and is unique, furthermore, it remains a
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one dimensional, in�nitely many times di�erentiable curve, which tends to a solution of the

LCP [51].

We show the main steps of the proof of Illés et al. following manuscript [38], as they

did not use heavy mathematics like the implicit function theorem. The manuscript is not

published, therefore the proofs are also presented. This approach can be found in book

chapter [41] (in Hungarian) and in paper [77] for the linear programming problem, namely,

for LCPs with skew-symmetric coe�cient matrices.

3.1 The complementarity level set of the LCP

The complementarity level set of the LCP is de�ned for all w ∈ Rn
⊕ by

Lw = { (x, s) ∈ F |xs ≤ w }. (3.1)

To show the compactness of the level sets Lw, we need to bound xTMx from below for

all x ∈ Rn. If M is a positive semide�nite matrix, then xTMx ≥ 0 holds for all x ∈ Rn;

however, a weaker condition is su�cient for our purpose. We assume that matrixM belongs

to the P∗(κ) matrix class.

Lemma 3.1 ([38]) If M ∈ P∗(κ) for any κ ≥ 0 and F+ 6= ∅ then for every w ∈ Rn
⊕ the set

Lw is compact.

Proof. An empty set is compact, so let us consider the case Lw 6= ∅. Since there exists an
interior point (x0, s0) ∈ F+ and by the de�nition of P∗(κ)-matrices (see De�nition 2.7), we

have for every (x, s) ∈ Lw(
x− x0

)T (
s− s0

)
=

(
x− x0

)T
M
(
x− x0

)
≥ −4κ

∑
i∈I+(x)

(
xi − x0

i

) (
si − s0

i

)
≥ −4κ

∑
i∈I+(x)

(
xisi + x0

i s
0
i

)
≥ −4κ

(
xT s + (x0)T s0

)
≥ −4κ eT

(
w + w0

)
, (3.2)

where w0 = x0 s0. Furthermore,

xT s0 +
(
x0
)T

s = xT s +
(
x0
)T

s0 −
(
x− x0

)T (
s− s0

)
≤ eTw + eTw0 + 4κ eT

(
w + w0

)
≤ (1 + 4κ) eT

(
w + w0

)
.

The points (x0, s0) and (x, s) are feasible, therefore nonnegative, so

xis
0
i ≤ (1 + 4κ) eT (w + w0) ∀ i.
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Using the positivity of the vector s0 we have

xi ≤ (1 + 4κ)
eT (w + w0)

s0
i

and similarly

si ≤ (1 + 4κ)
eT (w + w0)

x0
i

.

This shows that the set Lw is bounded. The closedness of the level set follows from the fact

that F is closed and the mapping (x, s) → x s is continuous. �

The proof of boundedness in the previous lemma was based on the same idea as the proof

of Lemma 4.5 in [51].

In the next lemma we present the main technical tool. It can be veri�ed that if the

interior of the rectangle T (w, ŵ) is not empty for any positive w and ŵ, then we can take

a step from an arbitrary interior point (x, s), where w = x s, toward the level set Lŵ.

Lemma 3.2 ([38]) Let us suppose that M ∈ P∗(κ) for any κ ≥ 0, (x, s) ∈ F+,w = x s

and ŵ > 0. Let us de�ne the box

T (w, ŵ) :=
{
w ∈ Rn : min{wi, ŵi} ≤ wi ≤ max{wi, ŵi}

}
.

If int T (w, ŵ) 6= ∅, then there exists such a direction (∆x,∆s) and such a step length α ∈
(0, 1] for which x+ = x+α∆x, s+ = s+α∆s satis�es (x+, s+) ∈ F+ and w+ ∈ int T (w, ŵ),

where w+ := x+s+.

Proof. Let the direction (∆x,∆s) be the solution of the system

−M∆x + ∆s = 0

S∆x +X∆s = ŵ −w,
(3.3)

where X = diag(x) and S = diag(s). A P∗(κ)-matrix is also a P0-matrix, therefore the

system (3.3) has a unique solution by the last statement of Lemma 2.5. According to the

assumption of the lemma, int T 6= ∅, so there is no index i such that wi = ŵi. It means,

that the direction (∆x,∆s) can not be the zero vector.

We need to choose α > 0 such that it satis�es inequalities

x+ = x + α∆x > 0 and s+ = s + α∆s > 0 (3.4)

and

min{wi, ŵi} < w+
i = x+

i s
+
i < max{wi, ŵi} ∀ i. (3.5)
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When ∆xi and ∆si are nonnegative, then (3.4) holds for all positive α, otherwise we get

upper bounds on α:

α1 := min

{
− xi

∆xi

: ∆xi < 0

}
, α2 := min

{
− si

∆si

: ∆si < 0

}
.

Now we investigate inequality (3.5). By de�nition x+s+ = (1 − α)w + αŵ + α2∆x∆s.

Let us introduce the following index sets:

Iw := {i : wi < ŵi} and Iŵ := {i : ŵi < wi}.

If i ∈ Iw, then inequality wi < w+
i implies the following upper bound on α:

α3 := min
i∈Iw

{
−ŵi − wi

∆xi∆si

: ∆xi∆si < 0

}
,

and from w+
i < ŵi we get the upper bound

α4 := min
i∈Iw

{
−
ŵi − wi −

√
(ŵi − wi)2 + 4∆xi∆si(ŵi − wi)

2∆xi∆si

: ∆xi∆si > 0

}
.

Similarly, if i ∈ Iŵ, then we have the following bounds on α:

α5 := min
i∈Iŵ

{
wi − ŵi −

√
(wi − ŵi)2 − 4∆xi∆si(wi − ŵi)

2∆xi∆si

: ∆xi∆si < 0

}
,

and

α6 := min
i∈Iŵ

{
−ŵi − wi

∆xi∆si

: ∆xi∆si > 0

}
.

Now, if α ∈ (0, α∗), where

α∗ := min{α1, α2, α3, α4, α5, α6, 1}, (3.6)

then the inequalities (3.4) and (3.5) are satis�ed. �

Proposition 3.3 ([38]) If M ∈ P∗(κ) for any κ ≥ 0 and F+ 6= ∅, then for every w > 0

the level set Lw is nonempty and compact.

Proof. The compactness of Lw has already been proved in Lemma 3.1. What is left is to

show the nonemptyness of the level set Lw. Let us assume on the contrary that there exists

a ŵ > 0 such that Lŵ = ∅. From assumption F+ 6= ∅ follows that there is a w0 > 0 such

that Lw0 6= ∅. We may choose w′ > 0 such that w0 < w′ and ŵ < w′, as well. Then Lw′ is

nonempty, furthermore it is compact by Lemma 3.1.
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Let us de�ne the function f : Lw′ → Rn
+ as

fi(x, s) =

{
0, if wi ≤ ŵi,

wi − ŵi, otherwise,
(3.7)

where w = x s. Then fi(x, s) is continuous for all index i, thus f(x, s) is continuous, too.

From the continuity of the in�nity norm follows the continuity of the composed function

‖f(x, s)‖∞, as well. Now, using the nonemptyness and compactness of the set Lw′ and the

continuity of the function ‖f(x, s)‖∞ we have

γ = ‖f(x, s)‖∞ = min
(x,s)∈Lw′

‖f(x, s)‖∞ ≤
∥∥f(x0, s0)

∥∥
∞ .

Our assumption Lŵ = ∅ implies that the optimal value of the previous problem γ =

‖f(x, s)‖∞ > 0. If int T (w, ŵ) 6= ∅, then we may immediately apply Lemma 3.2 to w

and ŵ getting a point w+ such that∥∥f(x+, s+)
∥∥
∞ < ‖f(x, s)‖∞ (3.8)

which is a contradiction.

Otherwise, take any point w̃ ∈ B γ
2
(ŵ) ∩ int T (0, ŵ), where B γ

2
(ŵ) = {z : ‖z − ŵ‖ ≤

γ/2}. We may now apply Lemma 3.2 to w and w̃ getting again a point w+ such that (3.8)

holds, which is a contradiction. �

If w = 0, then from the de�nition of Lw and F it is easy to show that

L0 = {(x, s) ∈ F : xs = 0} = F∗.

However, Proposition 3.3 claims the compactness and nonemptyness of the sets Lw only for

positive vectors w. In the following corollary it will be veri�ed for w = 0 as well.

Corollary 3.4 ([38]) If M ∈ P∗(κ) for any κ ≥ 0 and F+ 6= ∅, then F∗ is nonempty and

compact.

Proof. It is easily seen that F∗ ⊂ Lw for any w > 0, thus F∗ is bounded.

Let wi ∈ Rn, wi > 0 be a sequence of vectors such that wi > wi+1 and limi→∞wi = 0.

Then

Lwi+1 ⊂ Lwi

holds and we have

F∗ = L0 =
∞⋂
i=1

Lwi .

By a well-known result of elementary topology (Theorem 2.24 (b), [71]) the set F∗ is closed.

The nonemptyness of F∗ follows from Cantor's theorem (Corollary of Theorem 2.36, [71]).

�
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Theorem 3.5 ([38]) If M ∈ P∗(κ) for any κ ≥ 0 and F+ 6= ∅, then for every ŵ > 0 there

exists a unique (x̂, ŝ) ∈ F such that ŵ = x̂ ŝ.

Proof. Let us suppose on the contrary that there is no (x̂, ŝ) ∈ F such that x̂ ŝ = ŵ for a

given ŵ > 0. Thus xT s < eT ŵ holds for every (x, s) ∈ Lŵ. Based on Proposition 3.3 and

the continuity of the scalar product there exists a point (x, s) ∈ Lŵ such that

xT s = max
(x,s)∈Lŵ

xT s.

Obviously, w = x s ≤ ŵ, but w 6= ŵ according to our assumption, so β := eT (ŵ − w) is

positive. Let w̃ be a positive vector such that ŵ > w̃ > ŵ−β
n
e and int T (w̃,w) 6= ∅. Now we

may apply Lemma 3.2, namely there is (x+, s+) ∈ Lw̃ ⊂ Lŵ and x+s+ = w+ ∈ int T (w, w̃).

It can be shown that the inequality eTw+ > eTw also holds, with a suitable choice of the step

length α in the construction of the point (x+, s+) (see proof of Lemma 3.2). An equivalent

formulation of the required inequality is the following

0 ≤ eT (w+ −w) = eT
(
x s + α(s∆x + x∆s) + α2∆x∆s− x s

)
= α

(
eT (w̃ −w) + α2∆xT ∆s

)
,

which holds for all nonnegative α if ∆xT ∆s ≥ 0. Otherwise, i.e, if ∆xT ∆s ≤ 0, we get an

additional upper bound on α :

α ≤ −eT (w̃ −w)

∆xT ∆s
.

Taking it also into consideration in (3.6), the given step length α determines such an (x+, s+),

for which (x+)
T
s+ = eTw+ ≥ eTw = xT s, so we get a contradiction with the choice of the

point (x, s).

The uniqueness follows similarly as in [51] (Lemma 4.2). Assume that there are two

distinct points (x1, s1), (x2, s2) ∈ F+, then we have

M(x1 − x2) = s1 − s2 and x1 s1 = x2 s2 = ŵ.

Since the matrix M is P∗(κ), it is P0, as well. Therefore, by the second statement of Lemma

2.5, there is an index j such that

x1
j 6= x2

j and 0 ≤ (x1
j − x2

j)[M(x1 − x2)]j = (x1
j − x2

j)(s
1
j − s2

j).

We may assume, without loss of generality, that x1
j > x2

j . Hence the inequality above implies

that s1
j ≥ s2

j . This contradicts the equality x
1
j s

1
j = x2

j s
2
j . �
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3.2 The central path

The results above can be summarized in the following theorem.

Theorem 3.6 ([38]) Let an LCP with a P∗(κ)-matrix M be given. Then the following

statements are equivalent:

1. F+ 6= ∅,

2. ∀w ∈ Rn
+ ∃! (x, s) ∈ F+ : x s = w,

3. ∀µ > 0 ∃! (x, s) ∈ F+ : x s = µ e, i.e., the central path C exists and it is unique.

Proof. The implication 1. ⇒ 2. follows from Theorem 3.5. We get the third statement from

the second with a special choice w = µ e. Finally, it is obvious, that if the third statement

holds, then the �rst is true. �

The previous theorem means that the solution of the problem CPPµ exists and is unique

for all positive µ, if there is an interior point of the LCP, namely, a point satisfying the �rst

constraint of the CPPµ and being positive. Furthermore, instead of µ e, we can write an

arbitrary positive vector on the right hand side of the third constraint and the system will

still have a unique solution.

Corollary 3.7 ([38]) Let M ∈ P∗(κ) for any κ ≥ 0. If F+ 6= ∅ then for µ0 > 0 the

following set

Cµ0
:= {(x(µ), s(µ)) ∈ F | x(µ)s(µ) = µ e, 0 < µ ≤ µ0}

is nonempty and compact. Furthermore, Cµ0
⊂ Lµ0e holds.

Let us recall the de�nition of the following index sets:

B := {i ∈ I : xi > 0 for some (x, s) ∈ F∗},

N := {i ∈ I : si > 0 for some (x, s) ∈ F∗},

T := {i ∈ I : xi = si = 0 for all (x, s) ∈ F∗}.

Lemma 3.8 ([36]) Let the matrix M be column su�cient. Then the index sets B,N and

T form a partition of the index set I.

An (x, s) ∈ F∗ is called maximally complementary, if xB > 0 and sN > 0. If the

matrix of the LCP is column su�cient, then the solution set F∗ is convex and polyhedral

by Proposition 2.32. Therefore, a maximally complementary solution exists.

The next result generalizes Theorem I.7. of [70], and shows that the central path converges

to a maximally complementary solution of the LCP.
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Theorem 3.9 ([38]) If M ∈ P∗(κ) for any κ ≥ 0 and F+ 6= ∅ then there exists (x∗, s∗)

such that

(i) (x∗, s∗) = lim
µ→0

(x(µ), s(µ)),

(ii) (x∗, s∗) ∈ F∗,

(iii) (x∗, s∗) is a maximally complementary solution.

Proof. Let {µk}∞k=0 be a positive sequence such that µk → 0 if k → ∞. By Corollary 3.7,

the set {(x(µk), s(µk))} ⊂ Cµ0
is compact and hence contains a subsequence converging to a

point (x∗, s∗) ∈ Lµ0e. Since x(µk) s(µk) = µke → 0, we have x∗ s∗ = 0, so (x∗, s∗) ∈ F∗. We

claim that (x∗, s∗) is a maximally complementary solution.

Let us denote by (x, s) a maximally complementary solution. From (3.2) we have that

(x(µk)− x)T (s(µk)− s) ≥ −4κnµk.

This gives

(1 + 4κ)nµk ≥ x(µk)
T s + s(µk)

Tx, (3.9)

where we used that x s = 0. Noting that x(µk)
T s(µk) = nµk, we deduce that∑

j∈B

xjsj(µk) +
∑
j∈N

xj(µk)sj ≤ (1 + 4κ)nµk.

Dividing both sides by µk and recalling that xj(µk)sj(µk) = µk, we obtain∑
j∈B

xj

xj(µk)
+
∑
j∈N

sj

sj(µk)
≤ (1 + 4κ)n.

Letting k →∞, we see that ∑
j∈B

xj

x∗j
+
∑
j∈N

sj

s∗j
≤ (1 + 4κ)n.

The previous inequality means that all x∗j , j ∈ B and s∗j , j ∈ N are nonzeros. We know that

(x∗, s∗) ≥ 0, therefore x∗B > 0 and s∗N > 0 follows. Then the solution (x∗, s∗) is maximally

complementary. �

3.3 The Newton system

The CPPµ is still a nonlinear programming problem, it has a similar di�culty as the original

problem the LCP. Therefore, we only solve it approximately, using one step of the well known
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Newton method. Suppose (x, s) ∈ F+ and seek the unique solution (x̂(µ), ŝ(µ)) of the CCPµ

with respect to µ in the form x̂(µ) = x+∆x, ŝ(µ) = s+∆s. After substituting and neglecting

the quadratic term ∆x∆s, we obtain the following Newton system:

−M∆x + ∆s = 0

S∆x +X∆s = µ e− x s

}
(3.10)

The positivity condition of (x̂(µ), ŝ(µ)) is ensured with the right choice of the Newton-step

length.

The next statement is used to guarantee the existence and uniqueness of Newton direc-

tions that are the solutions of the system (3.11) for various values of vector a ∈ Rn, where

a depends on the particular interior point algorithm. This statement is a direct corollary of

the last statement in Lemma 2.5.

Corollary 3.10 Let M ∈ Rn×n be a P0-matrix, x, s ∈ Rn
+. Then for all a ∈ Rn the system

−M∆x + ∆s = 0

s∆x + x∆s = a
(3.11)

has a unique solution (∆x,∆s) .

Let the current point be (x, s) and (∆x,∆s) be the current Newton direction.1 The new

point with step length θ is given by (x(θ), s(θ)) = (x + θ∆x, s + θ∆s).

3.4 The proximity measures and the neighbourhoods of

the central path

Since we can not take exact steps on the central path due to computational di�culties,

it will only be used as a guide line, and some kind of deviation from it will be allowed.

However, for proving convergence we need to control this variance. This is the reason why the

proximity measure and the neighbourhood of the central path are introduced, two important

components of interior point algorithms. There are several types of these in the literature of

interior point methods (see for example book [70]).

The basic requirement on a proximity measure is the following: it has to take its minimum

values in the points of the central path. In most cases the minimum is zero, but for example

for the proximity measure

δa(x s) =
max(

√
x s )

min(
√

x s )

1Generally, the Newton direction is the unique solution of the system (3.11). We will discuss how to

de�ne the actual Newton directions for various algorithms in Chapter 5 and 6.
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it is one. The idea behind this measure is that if the point (x, s) is on the central path,

then the vector x s has equal coordinates. We will use this measure in the a�ne scaling

algorithm in Chapter 6. However, this type of proximity measure does not always meet our

requirements for all purposes, as it takes only the maximal and the minimal coordinates of

the product vector into consideration. The next measure was introduced by Kojima et al.

[52]. It depends on every coordinate and it is zero in the points on the central path. It

re�ects our aims better since it measures the distance of the actual point and the central

path.

δ0(x s, µ) :=
1

2

∥∥∥∥ e− x s

µ

∥∥∥∥ .
One of the most frequently used proximity measures was introduced by Jansen [46], and it

is de�ned as follows

δc(x s, µ) =

∥∥∥∥√x s

µ
−
√

µ

x s

∥∥∥∥ .
In addition, this measure penalizes the points approaching the boundary, because if some

coordinates of x or s tend either to 0 or in�nity, then the proximity measure approaches

in�nity. (Only the half of this property is satis�ed by measure δ0.)

In some sense, the generalization of δc is the family of proximity measures de�ned by

self-regular functions introduced by Peng, Roos and Terlaky [63].

A ψ(t) : R+ → R function is self-regular if it is a twice di�erentiable function and satis�es

the following two conditions:

SR1 The function ψ(t) is strictly convex respect to t > 0, its global minimum point is t = 1,

where ψ(1) = ψ′(1) = 0. Furthermore, there are positive constants ν2 ≥ ν1 > 0 and

p, q ≥ 1 such that for all t > 0

ν1(t
p−1 + t−1−q) ≤ ψ′′(t) ≤ ν2(t

p−1 + t−1−q).

SR2 For any t1, t2 > 0 and r ∈ [0, 1]

ψ(tr1t
1−r
2 ) ≤ rψ(t1) + (1− r)ψ(t2).

The parameter q is called the barrier degree and p the growth degree of the function ψ(t),

respectively. The �rst condition demands the function ψ(t) to have an appropriate growing

speed near zero and in�nity. The second condition is like the exponential convexity property.

There are two special families of self-regular functions:

Υp,q(t) =
tp+1 − 1

p(p+ 1)
+
t1−q − 1

q(q − 1)
+
p− q

pq
(t− 1), q > 1,
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where ν1 = ν2 = 1 and

Γp,q(t) =
tp+1 − 1

p+ 1
+
t1−q − 1

q − 1
, q > 1,

with ν1 = min(p, q) and ν2 = max(p, q).

Now we can de�ne the following proximity measure:

Ψ(x s, µ) :=
n∑

i=1

ψ

(√
xisi

µ

)
,

where ψ is a self-regular function.

The theoretical importance of the self-regular function lies in the fact that a better

theoretical complexity of the long step interior point algorithms can be proved using this

proximity measure [63].

A general form of the neighbourhood :

N (τ) :=
{
(x, s) ∈ F+ : δ(x s, µ) ≤ τ

}
,

where δ(x s) is a proximity measure and τ is the proximity parameter.

We mention here only a few of the well-known neighbourhoods:

• N0(τ) := {(x, s) ∈ F+ : ‖x s− µe‖ ≤ τµ} ,

• Nc(τ) :=

{
(x, s) ∈ F+ :

∥∥∥∥√xs

µ
−
√

µ

xs

∥∥∥∥ ≤ τ

}
,

• The negative in�nity neighbourhood, which is de�ned for example by Potra in [66]. It

is considered to be a 'wide neighbourhood'.

N−
∞(β) :=

{
(x, s) ∈ F+ : x s ≥ β

xT s

n

}
,

3.5 Scaling and the sketch of the algorithm

The aim of scaling is to reformulate the Newton system to a simpler form to emphasize the

structure of the problem. The following notations are introduced for scaling :

v =

√
xs

µ
, d =

√
x

s
, dx =

v∆x

x
, ds =

v∆s

s
, r = dxds, p = dx + ds, (3.12)

where we have µ ≡ 1 in the a�ne scaling algorithm. Accordingly, the proximity measure on

the scaled space is δ(v) = δ(x s, µ), so for example δc(v) = ‖v − v−1‖.
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After rescaling the Newton system we have

−M̄dx + ds = 0

dx + ds = v−1 − v

}

where M̄ = DMD and D = diag(d). It has the following solution if the matrix I + M̄ is

regular2

dx = −(I + M̄)−1v and ds = −M̄(I + M̄)−1v.

To summarize the above mentioned ideas, the general sketch of the interior point meth-

ods is the following. While the duality gap, namely xT s is too large, we take steps � i.e., we

solve the Newton system and determine the step length θ such that the new point will be in

the appropriate neighbourhood of the central path N . Let us note that the positivity of the

point is built into the de�nition of the neighbourhood.

Input:

an accuracy parameter ε > 0;

an initial point (x0, s0, µ0) ∈ N ,

begin

x := x0, s := s0, µ := µ0

while xT s ≥ ε do

update the centrality parameter µ;

calculate the Newton directions by solving (3.10);

determine the step length θ such that (x(θ), s(θ)) ∈ N ;

x = x + θ∆x, s = s + θ∆s;

end

end.

The family of interior point algorithms is very diverse. There are three main factors for

freedom in the algorithms:

1. The updating strategy of the centrality parameter µ. In this aspect, there are three main

types. The long step, the short step and the adaptive algorithms. In both cases the

new value of µ is µ = (1−γ)µ, where γ ∈ (0, 1]. But γ is independent of the dimension

2If the matrix M is a P0-matrix, then M̄ also belongs to P0, furthermore the matrix I +M̄ is a P-matrix

by the seventh statement of Lemma 2.5, and a P-matrix is regular by de�nition (its determinant is positive,

so not zero). Therefore, if M ∈ P0, then matrix I + M̄ is certainly regular.
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of the problem n at the long step algorithm (in practice, in a linear programming case

a usual choice is γ = 0.99), on the contrary, in the short step case it depends on n,

for example γ = 1/(2
√
n), and in the last case γ is not constant, but depends on the

actual point.

2. The right hand side vector a of the Newton system (3.11). We can eagerly choose µ = 0

in (3.10), namely a = −x s in (3.11). This is called the a�ne scaling or the predictor

step. If a = µ e−x s we talk about a centering or a corrector step. Predictor-corrector

algorithms take predictor and corrector steps alternatively.

3. The choice of the central path neighbourhood N . (See a few variants above.)

3.6 Estimates of the Newton directions

When the Newton directions ∆x and ∆s are determined, we make a reduction to a linear

system, the quadratic term ∆x∆s is neglected. However, this term has to be considered at

the iteration complexity analysis of interior point methods, so we need to estimate it.

The next lemma is crucial for the analysis of the interior point algorithm. It shows, that

if M is a P∗(κ)-matrix, then the scalar product of the Newton directions, ∆xT ∆s can be

bounded from below.

Lemma 3.11 ([51]) Let κ ≥ 0. The following three statements are equivalent:

1. M ∈ P∗(κ).

2. For every positive diagonal matrix D and every ξ, ν, h ∈ Rn, the relations

D−1ξ +Dη = h,

−Mξ + η = 0

always imply

ξTη = −κ‖h‖2
2

3. For every ξ ∈ Rn it is

ξTMξ = −κ inf
D

∥∥D−1ξ +DMξ
∥∥2

2
,

where the in�mum is taken over all positive diagonal matrices D.

The following estimations for the Newton directions are used in the complexity analysis

of interior point methods. The next lemma is proved by Potra in [65].
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Lemma 3.12 Let M be an arbitrary n × n real matrix and (∆x,∆s) be a solution of the

system (3.11). Then ∑
i∈I+

∆xi∆si ≤
1

4

∥∥∥∥ a√
xs

∥∥∥∥2

.

The proof of the �rst statement in the next lemma is similar to the proof of Lemma 5.1

by Illés, Roos and Terlaky [37]. The second estimation follows from the previous lemma by

using some properties of P∗(κ)-matrices, and the last estimation is a corollary of the �rst

and second statements using some properties of norms.

Lemma 3.13 Let the matrix M be a P∗(κ)-matrix and x, s ∈ Rn
+, a ∈ Rn. Let (∆x,∆s) be

the solution of the system (3.11). Then

‖∆x∆s‖∞ ≤
(

1

4
+ κ

)∥∥∥∥ a√
xs

∥∥∥∥2

, ‖∆x∆s‖1 ≤
(

1

2
+ κ

)∥∥∥∥ a√
xs

∥∥∥∥2

,

‖∆x∆s‖2 ≤

√(
1

4
+ κ

)(
1

2
+ κ

)∥∥∥∥ a√
xs

∥∥∥∥2

.

3.7 An embedding model for LCPs

In this section we deal with a technique that allows us to handle the initialization problem

of interior point methods for LCPs, i.e., how to ensure that F+ is nonempty and how to

get a well centered initial interior point. The embedding model discussed in this section was

introduced by Kojima et al. [51]. The following lemma plays a crucial role in this model.

Lemma 3.14 (Lemma 5.3 in [51]) LetM be a real matrix. The matrixM ′ =

(
M I

−I O

)
belongs to the class P0, column su�cient, P∗, P∗(κ), positive semide�nite or skew-symmetric,

if and only if M belongs to the same matrix class, respectively.

Let us consider the LCP as given by (1.1). We assume that all the entries of matrix M

and vector q are integral. The input length L of the LCP is de�ned as

L =
n∑

i=1

n∑
j=1

log2(|mij + 1|) +
n∑

i=1

log2(|qi|+ 1) + 2 log2 n,

and let

q̃ =
2L+1

n2
e.
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The embedding problem of Kojima et al. [51] is as follows:

−M ′x′ + s′ = q′

x′ s′ = 0

x′, s′ ≥ 0

 (LCP')

where

x′ =

(
x

x̃

)
, s′ =

(
s

s̃

)
, q′ =

(
q

q̃

)
, M ′ =

(
M I

−I O

)
.

An initial interior point for the embedding model (LCP') is readily available:

x =
2L

n2
e, x̃ =

22L

n3
e, s =

2L

n2
Me +

22L

n3
e + q, s̃ =

2L

n2
e.

The following lemma indicates the connection between the solutions of the embedding prob-

lem and the solutions of the original LCP.

Lemma 3.15 (Lemma 5.4 in [51]) Let (x′, s′) =

((
x

x̃

)
,

(
s

s̃

))
be a solution of the

problem (LCP').

(i) If x̃ = 0, then (x, s) is a solution of the original LCP.

(ii) If M is column su�cient and x̃ 6= 0, then the original LCP has no solution.

We will return to Lemma 3.15 in Chapter 6, where interior point algorithms for LCPs

with arbitrary matrices will be discussed.
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Chapter 4

The dual linear complementarity

problem

Let us now consider the dual linear complementarity problem (DLCP) [16]: �nd vectors

u, z ∈ Rn which satisfy the constraints

u +MTz = 0, qTz = −1, uz = 0, u, z ≥ 0. (4.1)

The set of feasible solutions of the DLCP is

FD = {(u, z) ≥ 0 : u +MTz = 0, qTz = −1}.

We show that the dual LCP can be solved in polynomial time if the matrix is row

su�cient, as in this case all feasible solutions are complementary (see Lemma 4.3). This

result yields an improvement compared to earlier known polynomial time complexity results,

according to which an LCP is solvable in polynomial time for P∗(κ)-matrices with known

κ ≥ 0. Due to the special structure of the DLCP, the polynomial time complexity of

interior point methods depends on the row su�ciency property of the coe�cient matrix M .

Furthermore, we present an EP theorem for the dual LCP with arbitrary matrix M . The

results of this chapter have been published in paper [43].

The concept of EP (existentially polynomial-time) theorems was introduced by Cameron

and Edmonds [5]. It is a theorem of the form:

[∀x : F1(x), F2(x), . . . , Fk(x)],

where Fi(x) is a predicate formula which has the form

Fi(x) = [∃yi such that ‖yi‖ ≤ ‖x‖ni and fi(x, yi)].
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Here ni ∈ Z+, ‖z‖ denotes the encoding length of z and fi(x, yi) is a predicate for which

there is a polynomial-size certi�cate.

The LCP duality theorem in an EP form was given by Fukuda, Namiki and Tamura [25]:

Theorem 4.1 Let a matrix M ∈ Qn×n and a vector q ∈ Qn be given. Then at least one of

the following statements holds:

(i) the LCP has a complementary feasible solution (x, s), whose encoding size is polyno-

mially bounded.

(ii) the DLCP has a complementary feasible solution (u, z), whose encoding size is polyno-

mially bounded.

(iii) the matrix M is not su�cient and there is a certi�cate whose encoding size is polyno-

mially bounded.

Fukuda and Terlaky [26] proved a fundamental theorem for quadratic programming in

oriented matroids. As they stated in their paper, the LCP duality theorem follows from

Theorem 4.5 of [26] for su�cient matrix LCPs.

Theorem 4.2 Let a su�cient matrix M ∈ Qn×n and a vector q ∈ Qn be given. Then

exactly one of the following statements holds:

(i) the LCP has a solution (x, s), whose encoding size is polynomially bounded.

(ii) the DLCP has a solution (u,v), whose encoding size is polynomially bounded.

A direct and constructive proof of the LCP duality theorem can be found in [16].

Now we show that if the matrix is row su�cient, then all feasible solutions of the DLCP

are not only nonnegative, but complementary as well. Based on this result we get an EP

theorem for the DLCP.

Lemma 4.3 Let the matrix M be row su�cient. If (u, z) ∈ FD, then (u, z) is a solution to

the DLCP.

Proof. The vector (u, z) is a feasible solution to the DLCP, therefore u, z ≥ 0 and u =

−MTz, so the complementarity gap is nonnegative

0 ≤ uz = −zMTz = −ZMTz.

From here, and by De�nition 2.9, if the matrixM is a row su�cient matrix, then ZMTz = 0,

thus uz = 0. �
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Corollary 4.4 Let the matrix M be row su�cient. Then the DLCP can be solved in poly-

nomial time.

Proof. By Lemma 4.3, if M is row su�cient, one only needs to solve the feasibility problem

of the DLCP, that is one needs to solve only a linear feasibility problem what can be solved

in polynomial time, e.g. by interior point methods [70]. �

We have already mentioned that there is no known polynomial time algorithm to check

whether a matrix is row su�cient or not. The following theorem presents the properties

which can be proved about an LCP problem with an arbitrary matrix using a polynomial

time algorithm.

Theorem 4.5 Let the matrix M ∈ Qn×n and the vector q ∈ Qn be given. Then it can be

shown in polynomial time that at least one of the following statements holds:

(i) the DLCP has a feasible complementary solution (u, z), whose encoding size is polyno-

mially bounded.

(ii) the LCP has a feasible solution, whose encoding size is polynomially bounded.

(iii) the matrix M is not row su�cient and there is a certi�cate whose encoding size is

polynomially bounded.

Proof. Apply a polynomial time algorithm to solve the feasibility problem of the DLCP,

i.e., to �nd a point in the set FD. This is a linear feasibility problem, thus it can be solved

in polynomial time with e.g. interior point methods using the self-dual embedding technique

(see [70]). If FD = ∅, then by the Farkas Lemma FP 6= ∅, and a primal feasible point can

be read out from the solution to the embedding problem, thus we get the second case in

polynomial time as well. Otherwise, we get a point (u, z) ∈ FD. If the complementarity

condition uz = 0 holds, too, then the point (u, z) is a solution to the DLCP, so we get the

�rst case. Finally, if the feasible solution (u, z) is not complementary, then according to

Lemma 4.3 vector z provides a certi�cate that the matrix M is not a row su�cient matrix.

As the encoding size of the solution to the self-dual embedding problem � after a proper

rounding procedure � is polynomially bounded, the third option holds. �

Observe that Theorem 4.5 is in an EP form. Both Theorems 4.1 and 4.5 deal with the

LCP, but Theorem 4.1 approaches the problem from the primal, while Theorem 4.5 from

the dual side. The advantage of Theorem 4.5 is that we determine certi�cates in polynomial

time. The proof of Theorem 4.1 is constructive, too, it is based on the criss-cross algorithm

(for details see [16, 25]). In the �rst two cases the LCP duality theorem gives not only a
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feasible, but also complementary solutions. We deal with the second case of Theorem 4.5 in

Chapter 6, where some modi�ed interior point methods are presented which either solve the

LCP with a given arbitrary matrix, or provide a polynomial size certi�cate in polynomial

time, that the matrix of the problem is not P∗(κ) with an a priori given, but an arbitrary

large κ.
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Chapter 5

Linear complementarity problems for

su�cient matrices

We analyze a version of the Mizuno�Todd�Ye predictor-corrector interior point algorithm for

LCPs for P∗(κ)-matrices in this chapter. We assume that there is a strictly positive feasible

solution, namely that the interior point assumption holds.

One of the �rst versions of the predictor-corrector interior point algorithms for linear

programming problems was introduced by Sonnevend, Stoer and Zhao [75]. This algorithm

needs more corrector steps after each predictor step in order to return to the appropriate

neighbourhood of the central path. Mizuno, Todd and Ye [56] published such a predictor-

corrector interior point method for the linear programming problem in which each predictor

step is followed by a single corrector step and whose iteration complexity is the best known

in the linear programming literature. Anstreicher and Ye [87] extended this result to LCPs

with a positive semide�nite matrix with the same iteration complexity.

In one of the best papers on interior point algorithms, Kojima, Mizuno and Yoshise

[52] o�ered a polynomial primal-dual interior point method for positive semide�nite matrix

LCPs. The properties of a more general matrix class can be formulated in a natural way

from the iteration complexity analysis of their algorithm. As we have already mentioned

in Chapter 2, this class is called P∗(κ) matrix class by Kojima et al. [51]. The primal-dual

interior point algorithm of Kojima, Mizuno and Yoshise is generalized to P∗(κ)-matrices.

This algorithm is also polynomial if such a κ̂ ≥ 0 is known, that the matrix of the problem

is P∗(κ̂)-matrix. The iteration complexity is a polynomial of κ̂, the dimension n and the bit

length L of the problem.

The natural outcome of the book on interior point methods for LCPs by Kojima et al.

[51] was the emergence of di�erent interior point algorithms for P∗(κ)-matrix LCPs in the

mid' 90s.

59



Several variants of the Mizuno�Todd�Ye type predictor-corrector interior point algorithm

are known in the literature. First Miao [55], later Potra and Sheng [67] gave a generalization

of Mizuno�Todd�Ye predictor-corrector algorithm for LCPs with a P∗(κ)-matrix assuming

the existence of a strictly positive solution. Miao updated the central path parameter µ in

such a way that the equality xT s/n = µ holds throughout. Therefore, the updating of µ is

more complicated than in the skew-symmetric case, where µ′ = (1−α)µ and θ is the length

of the Newton step in the predictor phase. Further generalization has been established: Ji,

Potra and Sheng [47] extended the algorithm to the infeasible LCP, Potra and Sheng [68, 69]

to the infeasible and degenerate problem. In these methods the parameter µ is updated by

µ′ = (1− θ)µ, thus generally xT s/n 6= µ in their cases.

The Mizuno�Todd�Ye type predictor-corrector algorithm for the skew-symmetric or pos-

itive semide�nite LCP (horizontal linear complementarity problem, HLCP) of [65] is the

basis of this chapter. As it is explained in [65] the Mizuno�Todd�Ye predictor-corrector

method is based on a very simple and elegant idea that is used in various other �elds of

computational mathematics � such as the numerical methods of di�erential equations and

continuation methods. We have already mentioned that there are NP-complete LCPs. The

NP-completeness of LCPs is related to the properties of the matrixM . Therefore, our aim is

to generalize the Mizuno�Todd�Ye algorithm � which is one of the most remarkable interior

point methods for linear programming and quadratic programming � for the widest possible

matrix class where the method is polynomial. This is the P∗ matrix class de�ned by Kojima

et al. [51].

When choosing the proximity measure we followed Potra (‖v−1−v‖) in contrast with the

previous works (‖v−e‖, where v =
√

xs/µ). The reason for this was that in practice interior

point algorithms make longer steps in a wide neighbourhood, therefore their practical per-

formance might be even better than the theoretical one. Furthermore, the Mizuno�Todd�Ye

algorithm for LCPs with a P∗(κ)-matrix was not generalized earlier for large neighbourhoods.

Summarizing the discussion above, in this chapter we present a new variant of the

Mizuno�Todd�Ye predictor-corrector algorithm for P∗(κ) LCPs that uses self-regular prox-
imity measure ‖v−1 − v‖, and therefore the iterates lies in a wider neighbourhood of the

central path than in the earlier published Mizuno�Todd�Ye type algorithms for this class of

problems. The iteration complexity of our algorithm is O((1 + κ)
3
2
√
nL).

The rest of the chapter is organized as follows. Section 5.1 describes the predictor-

corrector algorithm and the following sections analyze the method. Section 5.1.1 deals with

the predictor step and determines the length of the Newton-step. The next part examines

the corrector step and the relationship between the proximity parameters τ and τ̂ . The last

section provides the iteration complexity of the algorithm. The results of this chapter have
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been published in paper [40].

Throughout the chapter we make the following assumptions:

1. the initial point (x0, s0) ∈ F+, i.e., F+ 6= ∅ and an interior point is known;

2. the coe�cient matrix M is a P∗(κ)-matrix with an a priori known κ ≥ 0.

5.1 The predictor-corrector algorithm

We use the proximity measure δc and the central path neighbourhood Nc through the con-

struction and analysis of the algorithm (see Chapter 3 for the de�nitions). Let 0 < τ < τ̂

be the suitable proximity parameters de�ning the neighbourhood of the central path (their

relationship will be determined later).

In the predictor1 step we solve the Newton system (3.10) with a greedy µ = 0 choice

from a given initial point (x0, s0, µ0), which is in the smaller neighbourhood of the central

path, namely δc(x
0 s0, µ0) < τ . We denote the solution by (∆px,∆p s). Let our new point

be

xp = x0 + θp ∆px, sp = s0 + θp ∆p s, µp = (1− θp)µ0,

where θ ∈ (0, 1] is the maximal real number for which δc(x
p sp, µp) ≤ τ̂ is satis�ed, i.e., we

allow certain amount of deviation from the smaller neighbourhood after the predictor step.

The aim of the corrector step is to return to the τ -neighbourhood of the central path.

By solving the Newton system (3.10) with x = xp, s = sp, µ = µp, we get (∆cx,∆cs). Let

the new point be

xc = xp + ∆cx, sc = sp + ∆cs, µc = µp,

so in contrast with the predictor step we do a full Newton step here. The point (xc, sc, µc)

will be in the τ neighbourhood again, so we can continue the iteration with this point as an

initial point (x0, s0, µ0), until the duality gap is not small enough.

Accordingly, we will use the following notations in this chapter: in each iteration the

current initial point is (x, s). The predictor Newton direction is (∆px,∆p s) and x(θ) =

x+θ∆px, s(θ) = s+θ∆p s, µ(θ) = (1−θ)µ. We get the predictor point with the step length

θp, namely xp = x(θp), sp = s(θp), µp = µ(θp). The corrector Newton direction is (∆cx,∆cs)

and the corrector point is xc = xp + ∆cx, sc = sp + ∆cs. Similarly we use the superscripts

for the notations of scaling, i.e., without a superscript it is for the initial point (x, s, µ),

with superscript p it is for the predictor point (xp, sp, µp) and with superscript c it is for the

corrector point (xc, sc, µc), for example v =
√

x s/µ, vp =
√

xp sp/µp and vc =
√

xc sc/µc.

Furthermore, v(θ) =
√

x(θ)s(θ)/µ(θ).

1Sometimes this kind of predictor step is called the a�ne scaling step in the literature [70].
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Now let us outline the algorithm as it follows:

Mizuno�Todd�Ye predictor-corrector algorithm

Input:

an accuracy parameter ε > 0;

proximity parameters τ , τ̂ , 0 < τ < τ̂ ;

an initial point (x0, s0, µ0), δc(x
0 s0, µ0) ≤ τ ;

begin

x := x0, s := s0, µ := µ0

while xT s ≥ ε do

Predictor step

calculate the predictor Newton direction (∆px,∆p s) by solving (3.10) with µ = 0;

determine θp = max
{
θ > 0 :

(
x(θ), s(θ)

)
∈ F+ and δc

(
x(θ) s(θ), µ(θ)

)
≤ τ̂

}
;

xp = x + θp ∆px, sp = s + θp ∆p s, µp = (1− θp)µ;

Corrector step

calculate the corrector Newton direction (∆cx,∆cs)

by solving (3.10) with x = xp, s = sp, µ = µp;

xc = xp + ∆cx, sc = sp + ∆cs, µc = µp;

x = xc, s = sc, µ = µc;

end

end.

In the rest of the chapter we deal with the analysis of the previous algorithm. In the

analysis of the predictor step we will give conditions to the step length θ and at the corrector

step to the proximity parameters τ and τ̂ .

5.1.1 The predictor step

Let (x, s) ∈ F+ and δc(x s, µ) < τ . We solve the Newton system with parameter µ = 0 that

means we get the following scaled predictor system2

−M̄p dp
x + dp

s = 0

dp
x + dp

s = −v

}
2See the notations of scaling in Section 3.5.
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where

v =

√
x s

µ
, dp

x =
v∆px

x
, dp

s =
v∆p s

s
, d =

√
x

s
and M̄p = DMD.

We choose the step length θ so that the following two conditions are satis�ed:

1. (xp, sp) ∈ F+,

2. δc(x
p sp, µp) < τ̂ ,

namely, the positivity condition is satis�ed at the new point and we do not deviate from the

central path too much.

We can examine the �rst condition as it is usual in the interior point literature, thus

xpsp = µp v2 + θ2
p µdp

xd
p
s , and so (vp)2 =

xpsp

(1− θp)µ
= v2 +

θ2
p

1− θp
dp

xd
p
s > 0

is necessary for (xp, sp) ∈ F+. In details, it means if (dp
xd

p
s)i ≥ 0, then obviously vp

i > 0 is

true, but if (dp
xd

p
s)i < 0, then the condition θ2

p /(1− θp) < −v2
i /(d

p
xd

p
s)i has to hold for the

step length.

Let us denote ϕ̂ = min

{
− v2

i

(dp
xd

p
s)i

: (dp
xd

p
s)i < 0

}
. Let ϕ = θ2

1−θ
, so there is a one-to-one

correspondence between a positive ϕ and 0 < θ < 1. Then ϕ ∈ [0, ϕ̂) is the necessary

condition for (xp, sp) ∈ F+ to be satis�ed.

Let us now examine the second condition for choosing step length θ. For this purpose,

compute the proximity measure of vector v(θ)

δc(v(θ))2 = ‖v(θ)−1 − v(θ)‖2 = δc(v)2 + eT

(
e

v2 + ϕdp
xd

p
s
− e

v2
+ ϕdp

xd
p
s

)
.

Analogously to [65], let f : [0, ϕ̂) → R be the function of the ϕ de�ned as the di�erence

of the square of new and old proximity measures, therefore

f(ϕ) = δc(v(θ))2 − δc(v)2 = eT

(
e

v2 + ϕdp
xd

p
s
− e

v2
+ ϕdp

xd
p
s

)
.

It is easy to show that the function f is strictly convex and nonnegative on the interval

[0, ϕ̂), f(0) = 0 and lim
ϕ→ϕ̂

f(ϕ) = ∞. From the properties of function f , it follows that the

equation

f(ϕ) = τ̂ 2 − δc(v)2

has a unique solution on the interval [0, ϕ̂). Let it be ϕ∗ = (θ∗)2

1−θ∗
, and then the step length

can be computed as θ∗ =
−ϕ∗+

√
(ϕ∗)2+4ϕ∗

2
.
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Lemma 5.1 The θ∗ is the maximal feasible step length such that δc(v(θ)) ≤ τ̂ and the new

point (x(θ), s(θ)) ∈ F+ for all 0 < θ ≤ θ∗.

Proof. If θ > θ∗, then δc(v(θ)) > τ̂ holds by de�nition of θ∗. For the feasibility of the step

length θ∗ the following properties have to be satis�ed.

q +Mx(θ) = s(θ),

x(θ), s(θ) > 0, ∀ θ ∈ [0, θ∗].

Suppose on the contrary that ∃ θ′ ∈ [0, θ∗] : x(θ′)s(θ′) = 0. Then limθ→θ′ δc(v(θ)) = ∞. This

contradicts to δc(v(θ))2 = δc(v)2 + f(ϕ) <∞. �

5.1.2 The corrector step

In the predictor step the point (xp, sp, µp) is obtained. Our aim now is to return from the

τ̂ -neighbourhood to the τ -neighbourhood of the central path. For this, we solve the following

Newton system

−M∆cx + ∆cs = 0

xp∆cs + sp∆cx = µpe− xpsp

}
After scaling, one has

−M̄c d
c
x + dc

s = 0

dc
x + dc

s = (vp)−1 − vp

}
where

vp =

√
xp sp

µp

, dc
x =

vp∆cx

xp
, dc

s =
vp∆cs

sp
, dp =

√
xp

sp
, Dp = diag(dp), M̄c = DpMDp .

Since xc = xp + ∆cx, sc = sp + ∆cs, µc = µp = (1 − θp)µ, and vc =
√

xc sc/µc ,

we have (vc)2 = e + dc
xd

c
s. We will see that (vc)2 = e + dc

xd
c
s > 0, namely, the corrector

point is feasible if τ parameter is in the given interval (Proposition 5.3), because in that case

‖dc
xd

c
s‖∞ < 1.

By similar computation we get ((vc)−1)
2

=
e

e + dc
xd

c
s

. Then the proximity measure is

δc(v
c)2 = ‖vc − (vc)−1‖2 = eT (dc

xd
c
s)

2

e + dc
xd

c
s

.

Introducing rc = ∆cx∆cs/µp we get the following expression:

δc(v
c)2 = eT (rc)2

e + rc
=

n∑
i=1

(rc
i )

2

1 + rc
i

=
∑
i∈I+

(rc
i )

2

1 + rc
i

+
∑
i∈I−

(rc
i )

2

1− |rc
i |
,
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where I+ = {1 ≤ i ≤ n : rc
i > 0} and I− = {1 ≤ i ≤ n : rc

i < 0}.

As the matrix M is a P∗(κ)-matrix, the further analysis of the corrector step is di�erent

from the analysis of [65], since in our case κ > 0 is possible, too, but Potra dealt only with

the case κ = 0. Because M is a P∗(κ)-matrix by de�nition the following estimation holds:∑
i∈I−

|rc
i | ≤ (1 + 4κ)

∑
i∈I+

rc
i . (5.1)

From inequality (5.1) follows that maxj r
c
j > 0 (so maxj(∆cx)j(∆cs)j > 0). This consequence

will be used for example in Proposition 5.5.

We can estimate the distance of the new point and the central path by applying the

property of the in�nity norm and (5.1) as it follows:

δc(x
c sc, µc)

2 =
n∑

i∈I+

(rc)2
i

1 + rc
i

+
n∑

i∈I−

(rc)2
i

1− |rc
i |
≤

n∑
i∈I+

rc
i ‖rc‖∞

1 + ‖rc‖∞
+

n∑
i∈I−

|rc
i | ‖rc‖∞

1− ‖rc‖∞

≤ ‖rc‖∞
1 + ‖rc‖∞

∑
i∈I+

rc
i +

‖rc‖∞
1− ‖rc‖∞

(1 + 4κ)
∑
i∈I+

rc
i

=
2‖rc‖∞

1− ‖rc‖2
∞

(1 + 2κ+ 2κ‖rc‖∞)
∑
i∈I+

rc
i .

Applying the estimation of Newton directions in Lemma 3.13 with a = µpe− xp sp we have

‖rc‖∞ ≤ 1 + 4κ

4
δc(x

p sp, µp)
2 and

∑
i∈I+

rc
i ≤

1

4
δc(x

p sp, µp)
2. (5.2)

Now we can continue the estimation of δc(x
c sc, µc) as it follows:

δc(x
c sc, µc)

2 ≤ 2‖rc‖∞
1− ‖rc‖2

∞
(1 + 2κ+ 2κ‖rc‖∞)

∑
i∈I+

rc
i

≤ (1 + 4κ)δ4
c

16− (1 + 4κ)2δ4
c

(
2 + 4κ+ κ (1 + 4κ) δ2

c

)
,

where δc := δc(x
p sp, µp).

We would like to satisfy δc(x
c sc, µc)

2 < τ 2. To achieve this, we require a stronger condition,

i.e.,
(1 + 4κ)δ4

c

16− (1 + 4κ)2δ4
c

(
2 + 4κ+ κ(1 + 4κ)δ2

c

)
< τ 2.

After simple computation we get

κ(1 + 4κ)2δ6
c +

[
(2 + 4κ)(1 + 4κ) + (1 + 4κ)2τ 2

]
δ4

c < 16τ 2. (5.3)
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We know that δc = δc(x
p sp, µp) < τ̂ , therefore with a suitable choice of τ and τ̂ , inequality

(5.3) has a solution in terms of δc. Combining these results we can express the relationship

between τ and τ̂ as follows

κ(1 + 4κ)2τ̂ 6 +
[
(2 + 4κ)(1 + 4κ) + (1 + 4κ)2τ 2

]
τ̂ 4 < 16τ 2. (5.4)

Lemma 5.2 If

τ̂ <
2
√
τ

√
1 + 4κ 4

√
2 + τ 2

, (5.5)

then the inequality (5.4) is true for all τ̂ > τ > 0 and for all κ ≥ 0.

Proof. By inequality (5.5) one has

τ̂ 6 <
64τ 3

(1 + 4κ)3(2 + τ 2)
√

2 + τ 2
and τ̂ 4 <

16τ 2

(1 + 4κ)2(2 + τ 2)
.

Then applying inequality (5.4) we obtain

κ(1 + 4κ)2τ̂ 6 +
[
(2 + 4κ)(1 + 4κ) + (1 + 4κ)2τ 2

]
τ̂ 4

< 16τ 2 1

1 + 4κ

[
4τκ

(2 + τ 2)
√

2 + τ 2
+

2 + 4κ+ (1 + 4κ)τ 2

2 + τ 2

]
< 16τ 2 1

1 + 4κ

2(1 + 4κ) + (1 + 4κ)τ 2

2 + τ 2
= 16τ 2.

This completes the proof. �

Considering the relationship between corrector and predictor proximity parameters τ

and τ̂ given in Proposition 5.2, we can determine the suitable value of τ depending on the

parameter κ.

Lemma 5.3 If τ <

√
−1 +

√
1 + 16

(1+4κ)2
, then there exists a positive τ̂ that satis�es (5.5)

and the full Newton step is feasible in the corrector step.

Proof. By Proposition 5.2 we have

τ < τ̂ <
2
√
τ

√
1 + 4κ 4

√
2 + τ 2

,

which implies

τ 4 <
16τ 2

(1 + 4κ)2(2 + τ 2)
.
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After rearrangement we get

(1 + 4κ)2τ 4 + 2(1 + 4κ)2τ 2 − 16 < 0.

The zero points of the quadratic expression on the left side of the previous inequality are

(τ 2)1,2 =
−2(1 + 4κ)2 ±

√
4(1 + 4κ)4 + 4 · 16(1 + 4κ)2

2(1 + 4κ)2
= −1±

√
1 +

16

(1 + 4κ)2
.

Considering the signs, we get the �rst statement.

The condition (xc, sc) ∈ F+, namely that xc sc > 0 is equivalent with (vc)2 = e + dc
xd

c
s > 0.

From inequality (5.2) follows

‖dc
xd

c
s‖∞ = ‖rc‖∞ ≤ 1 + 4κ

4
δc(x

p sp, µp)
2 ≤ 1 + 4κ

4
τ 2.

Using the given upper bound on τ

‖dc
xd

c
s‖∞ <

1 + 4κ

4

(
−1 +

√
1 +

16

(1 + 4κ)2

)
<

1 + 4κ

4

√
16

(1 + 4κ)2
= 1.

�

Obviously the value of κ e�ects the size of the neighbourhood parameters τ and τ̂ . The

larger the value of κ is, the smaller the τ and τ̂ neighbourhoods are which ensures that the

Mizuno�Todd�Ye predictor-corrector algorithm takes one predictor and one corrector step

alternately.

5.2 Iteration complexity analysis

Thereafter we deal with the iteration complexity of the algorithm following the analysis of

[65]. For this purpose, we need a lower bound on the maximal feasible step length of the

predictor Newton step θ∗. We determine it in three steps. At �rst we give an upper bound

on the range of function f and using this we determine a lower bound on ϕ∗. Finally, a

bound on θ is computed.

We will use the following lemma in our estimations.

Lemma 5.4 ([65]) Let x, s ∈ Rn
+ and µ > 0 number and let δ2

c(x s, µ) ≤ 2η. Then

1

1 + η +
√

2η + η2
≤ xisi

µ
≤ 1 + η +

√
2η + η2, for all i = 1, . . . , n.
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Now the application of Lemma 5.4 with η = τ2

2
gives

1

m(τ)
≤ min

i
v2

i ≤
∥∥v2
∥∥
∞ ≤ m(τ), where m(τ) = 1 +

τ 2

2
+

√
τ 2 +

τ 4

4
. (5.6)

First, we divide the feasible set of ϕ into two parts:[
0 ,

3

8

mini xisi

maxj (∆px)j(∆ps)j

]
and

(
3

8

mini xisi

maxj (∆px)j(∆ps)j

, ϕ̂

]
.

We give a lower bound on ϕ∗ on the two intervals separately. In the second interval
3
8
m(τ)/‖rp‖∞ is a trivial lower bound (where rp = ∆px∆p s/µ). In the �rst interval the

function f is �nite because 3
8

mini xisi

maxj(∆x)j(∆s)j
≤ ϕ̂ (the constant 3/8 will be analyzed in the

Section 5.3). Therefore, we can get an upper bound on the function value of f on the �rst

interval.

Lemma 5.5 For any ϕ ∈
[
0, 3

8
mini xisi

maxj (∆p x)j(∆p s)j

]
one has

f(ϕ) ≤ (1 + 4κ)ϕh(τ)
∑
i∈I+

rp
i , (5.7)

where h(τ) = 8
(

m2(τ)
5

− 1
11m2(τ)

)
and rp = ∆p x∆p s

µ
.

Proof. Using the properties of the in�nity norm and P∗(κ)-matrices one has

f(ϕ) =
n∑

i=1

(
1

v2
i + ϕ rp

i

− 1

v2
i

+ ϕ rp
i

)
=

n∑
i=1

ϕ rp
i

(
1− 1

v2
i (v

2
i + ϕ rp

i )

)

=
∑
i∈I+

ϕ rp
i

(
1− 1

v2
i (v

2
i + ϕ rp

i )

)
−
∑
i∈I−

ϕ |rp
i |
(

1− 1

v2
i (v

2
i − ϕ |rp

i |)

)

≤
∑
i∈I+

ϕ rp
i

(
1− 1

‖v‖2
∞(‖v‖2

∞ + ϕ‖rp‖∞)

)

+
∑
i∈I−

ϕ |rp
i |
(

1

mini v2
i (mini v2

i − ϕ ‖rp‖∞)
− 1

)

≤
∑
i∈I+

ϕ rp
i

(
1− 1

‖v‖2
∞(‖v‖2

∞ + ϕ‖rp‖∞)

)

+
∑
i∈I+

ϕ rp
i (1 + 4κ)

(
1

mini v2
i (mini v2

i − ϕ ‖rp‖∞)
− 1

)
.

Considering the domain of function f and applying estimation (5.6)

ϕ‖rp‖∞ ≤ 3

8
min

i
v2

i ≤
3

8
‖v‖2

∞ ≤ 3

8
m(τ) and min

i
v2

i ≥
1

m(τ)

68



holds and we can continue the estimation using previous inequalities:

f(ϕ) ≤ ϕ
∑
i∈I+

rp
i

[
1− 1

11
8
m2(τ)

+ (1 + 4κ)

(
1

5
8

1
m2(τ)

− 1

)]

= ϕ
∑
i∈I+

rp
i

[
8
m2(τ)

5
− 8

11m2(τ)
+ 4κ

(
8m2(τ)

5
− 1

)]
,

where m2(τ) ≥ 1, therefore 8m2(τ)
5

− 1 ≤ 8m2(τ)
5

− 8
11m2(τ)

. �

Corollary 5.6 If ϕ ∈
[
0, 3

8
mini xisi

maxj (∆p x)j(∆p s)j

]
, then

ϕ ≥ f(ϕ)

(1 + 4κ)h(τ)
∑

i∈I+

rp
i

. (5.8)

Therefore, for the uniquely determined ϕ∗ one has

ϕ∗ ≥ ϕ̃ = min
i

{
τ̂ 2 − δ2

c(x s, µ)

(1 + 4κ)h(τ)
∑

i∈I+
rp
i

,
3

8m(τ)‖rp‖∞

}
.

The lower bound on ϕ∗ is obtained by using the �rst statement of Corollary 5.6 with

substituting the maximal value of f(ϕ), considering the restricted domain of function f .

The next lemma gives estimations for further reordering of inequality (5.8).

Lemma 5.7 Let rp = ∆p x∆p s

µ
. Then

∑
i∈I+

rp
i ≤

n

4
m

(
τ√
n

)
and ‖rp‖∞ ≤ 1 + 4κ

4
nm

(
τ√
n

)
.

Proof. If δc(x s, µ)2 ≤ 2η, then based on Lemma 5.4 and [65]

1

m
(√

2η
n

) =
1

1 + η
n

+
√

2η
n

+ η2

n2

≤ xT s

nµ
≤ 1 +

η

n
+

√
2η

n
+
η2

n2
= m

(√
2η

n

)
.

By applying Lemma 3.13 on the vector a = −xs one has

∑
i∈I+

∆xi∆si ≤
1

4

∥∥√xs
∥∥2

=
xT s

4
and

∑
i∈I+

rp
i ≤

xT s

4µ
≤ n

4
m

(
τ√
n

)
.

The statement on ‖rp‖∞ can be deduced similarly. �
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Now by Lemma 5.7 one has

ϕ∗ ≥ ϕ̃ ≥ 4

nm
(

τ√
n

) min

{
τ̂ 2 − τ 2

(1 + 4κ)h(τ)
,

3

8m(τ) (1 + 4κ)

}

=
4

nm
(

τ√
n

)
(1 + 4κ)

min

{
τ̂ 2 − τ 2

h(τ)
,

3

8m(τ)

}
=

4γ

nm
(

τ√
n

)
(1 + 4κ)

,

where γ = min
{

τ̂2−τ2

h(τ)
, 3

8 m(τ)

}
.

By rearranging the inequality on ϕ∗ to θ∗ we get a lower bound on the maximal feasible

step length θ∗.

Theorem 5.8 In the predictor step the maximal feasible step length θ∗ satis�es θ∗ ≥ χn√
n
,

where

χn = 2

√
γ

m
(

τ√
n

)
(1 + 4κ)

√ γ

nm
(

τ√
n

)
(1 + 4κ)

+ 1−
√

γ

nm
(

τ√
n

)
(1 + 4κ)

 (5.9)

is a bounded quantity.

Proof.

θ =
−ϕ+

√
ϕ2 + 4ϕ

2

≥ 1

2

− 4γ

nm
(

τ√
n

)
(1 + 4κ)

+

√√√√ 16γ2

n2m2
(

τ√
n

)
(1 + 4κ)2

+
16γ

nm
(

τ√
n

)
(1 + 4κ)


= 2

√
γ

nm
(

τ√
n

)
(1 + 4κ)

−√ γ

nm
(

τ√
n

)
(1 + 4κ)

+

√
γ

nm
(

τ√
n

)
(1 + 4κ)

+ 1


=

χn√
n
.

The χn expression (5.9) is bounded because lim
n→∞

m

(
τ√
n

)
= 1, namely lim

n→∞
χn = 2

√
γ

1 + 4κ
is �nite. �

It is easy to show that the expression χn monotonically increases in size n of the problem.

The χn expression (5.9) is introduced in [65] for positive semide�nite matrices, corresponding

to the case κ = 0.

We derive the iteration complexity of the algorithm by applying the previous bound of

θ∗. At �rst a lower and an upper bound of the duality gap are determined.
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Theorem 5.9 Denote the length of the predictor Newton step in the i th iteration by θi.

Then the duality gap of the point obtained in step k satis�es

n

(
k∏

i=1

(1− θi)

)
µ0

[
1− κτ̂ 2

n

]
≤ xkT

sk ≤ n

(
k∏

i=1

(1− θi)

)
µ0

[
1 +

τ̂ 2

4n

]
.

Proof. Denote the point where we arrive by the predictor step from point (xk−1, sk−1)

applying the Newton step with step length θk and direction (∆px,∆p s) by (xp, sp). Let

(∆cx,∆cs) be the direction of the corrector Newton step. Then

xksk = (xp + ∆cx)(sp + ∆cs) = µke + ∆cx∆cs.

Thus xkT
sk = µkn + ∆cx

T ∆cs. Estimate the scalar product ∆cx
T ∆cs using Lemma 3.13

(a = µke− xpsp)

∆cx
T ∆cs =

n∑
i=1

(∆cx)i(∆cs)i ≤
∑
i∈I+

(∆cx)i(∆cs)i ≤
1

4

∥∥∥µke− xpsp

√
xpsp

∥∥∥2

=
1

4
µk

∥∥∥√ µk

xpsp
−
√

xpsp

µk

∥∥∥2

≤ 1

4
µkτ̂

2,

where I+ = {1 ≤ i ≤ n : (∆cx)i(∆cs)i > 0}. Because of the properties of P∗(κ)-matrices

∆cx
T ∆cs =

n∑
i∈I+

(∆cx)i(∆cs)i +
n∑

i∈I−

(∆cx)i(∆cs)i ≥ −4κ
n∑

i∈I+

(∆cx)i(∆cs)i

≥ −κ
∥∥∥µke− xpsp

√
xpsp

∥∥∥2

≥ −κµkτ̂
2.

Substituting the bounds and considering µk = µ0

∏k
i=1(1− θi) completes the proof. �

Using the estimation of the duality gap we derive the iteration complexity of the algo-

rithm.

Theorem 5.10 Let the LCP for any P∗(κ)-matrix M be given, where κ ≥ 0 and let µ0 = 1.

Then the Mizuno�Todd�Ye algorithm generates an (x, s, µ) point satisfying xT s < ε in at

most ⌈ √
n

χ1

log
4n+ τ̂ 2

4ε

⌉
iterations.

Proof. The Mizuno�Todd�Ye algorithm takes only one step both in the predictor and the

corrector steps, so it is su�cient to count the updates of parameter µ. Since µ0 = 1, therefore
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after iteration k the duality gap is certainly smaller than ε if

n

(
k∏

i=1

(1− θi)

)[
1 +

τ̂ 2

4n

]
< ε.

Consider the given lower bound of θ∗ for each iteration(
1− χn√

n

)k

<
ε

n
[
1 + τ̂2

4n

] ,
with a simple computing we get

k >

log
ε

n
[
1 + τ̂2

4n

]
log
(
1− χn√

n

) =
log

n
[
1 + τ̂2

4n

]
ε

− log
(
1− χn√

n

) .
Using properties of the logarithm − log(1− θ) ≥ θ, θ ∈ (0, 1) and monotonicity of χn

log
n
[
1 + τ̂2

4n

]
ε

− log
(
1− χn√

n

) ≤ √
n

χn

log
n
[
1 + τ̂2

4n

]
ε

≤
√
n

χ1

log
n
[
1 + τ̂2

4n

]
ε

.

�

In Theorem 5.10 the determined number of steps are independent from κ only at �rst

sight, because both χ1 and τ̂ depend on κ.

Corollary 5.11 Let an LCP with a P∗(κ)-matrix M be given, where κ ≥ 0 and let µ0 = 1,

τ = 1
1+4κ

and τ̂ =
√

2
1+4κ

. Then the Mizuno�Todd�Ye algorithm generates an (x, s, µ) point

satisfying xT s < ε in at most O((1 + κ)
3
2
√
n log n

ε
) iterations.

Proof. It is easy to verify that the given value of parameter τ and τ̂ are feasible, namely,

they satisfy inequality (5.5). After that we estimate the result of Theorem 5.10. For a lower

estimation of χ1 examine the value of m(τ), h(τ) and γ:

1 ≤ m(τ) = 1 +
τ 2

2
+

√
τ 2 +

τ 4

4
< (1 + τ)2,

h(τ) =
8

5
m2(τ)− 8

11m2(τ)
<

8

5
m2(τ) <

8

5
(1 + τ)4,

γ = min

{
τ̂ 2 − τ 2

h(τ)
,

3

8m(τ)

}
> min

{
τ 2

8/5(1 + τ)4
,

3

8(1 + τ)2

}
>

τ 2

8(1 + τ)4
,
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and γ < 3
8 m(τ)

< 3
8
. Thus

χ1 = 2

√
γ

m(τ)(1 + 4κ)

(√
γ

m(τ)(1 + 4κ)
+ 1−

√
γ

m(τ)(1 + 4κ)

)
= 2

√
γ

m(τ)(1 + 4κ)

1√
γ

m(τ)(1+4κ)
+ 1 +

√
γ

m(τ)(1+4κ)

>

√
γ

m(τ)(1 + 4κ)

1√
γ

m(τ)(1+4κ)
+ 1

>

√
τ 2

[3 + 8(1 + 4κ)](1 + τ)6

>

√
τ 2

11(1 + 4κ)(1 + τ)6
=

√
(1 + 4κ)6

11(1 + 4κ)3(2 + 4κ)6
>

1

8
√

11
(1 + 4κ)−

3
2 .

Substitute the lower bound of χ1

√
n

χ1

log
n
[
1 + τ̂2

4n

]
ε

< 8
√

11(1 + 4κ)
3
2
√
n log

2n

ε
.

So the iteration complexity of the algorithm is O((1 + κ)
3
2
√
n log n

ε
). �

5.3 Conclusion

We showed that a Mizuno�Todd�Ye type predictor-corrector algorithm can solve LCPs with

a P∗(κ)-matrix, too. The τ and τ̂ neighbourhood parameters can be chosen in such a way that

after each predictor step only one corrector step is needed to return into the pre-established

neighbourhood of the central path.

We generalized the analysis of [65] for LCP problems with P∗(κ)-matrices. Since we

are working with P∗(κ)-matrices our analysis is more complicated, because the acceptable

values of parameters τ and τ̂ depend on κ. For larger values of κ the values of τ and τ̂

decrease quickly, therefore the constant in the iteration complexity increase. For example if

κ = 0.3274, then the feasible values of parameters τ and τ̂ are less than one, but if κ = 0

the maximal value of τ is
√
−1 +

√
17.

In the analysis we used 3/8 as the constant (Proposition 5.5, Corollary 5.6) which can

be replaced with an arbitrary number 0 < c < 1. Looking for the best choice of c would

make the analysis of the algorithm more complicated without any notable improvement. The

c = 3/8 choice (�rst used by Potra) can be considered as quite close to the upper bound on

the optimal value of c in case κ = 0. (A slightly better choice is c = 0.27975 but that would

make the computation in several proofs much more complicated.)

The update strategy of the central path parameter µ is the same µ′ = (1− θ)µ as in [65],

but it is di�erent from Miao's, because he updated the parameter µ in such a way that the
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equation xT s/n = µ must hold. Suppose we take a step from point (x0, s0) to (x, s) with

vector (∆x,∆s). Let µ := (x0)T s0

n
and denote µM Miao's and µP Potra's updated value of

parameter µ. Then µM = xT s
n

and µP = (1− θ)µ, so

µM =
xT s

n
= (1− θ)µ+ θ2 ∆xT ∆s

n
= µP + θ2 ∆xT ∆s

n
.

Using the result of Lemma 3.13 we obtain the following connection

µM − 1

4
θ2µ ≤ µP ≤ µM + κθ2µ.

Therefore, Potra's way of updating is always better in the case κ = 0 (the matrix is a positive

semide�nite) and sometimes it is better and sometimes it is worse than Miao's in the case

κ > 0, but the algorithm and its analysis is easier.

Let us note that we can hope for further improvements by using some other self-regular

proximity measures [63] in the algorithm.
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Chapter 6

Linear complementarity problems for

arbitrary matrices

In the previous chapter we made two assumptions: 1. an initial interior point is known; 2. the

coe�cient matrix is a P∗(κ)-matrix with an a priori known κ ≥ 0. The �rst assumption is

mainly technical, as we can use either an infeasible IPM, or the problem of an initial interior

point can be handled by an embedding technique (see Section 3.7). We will deal with the

latter one. However, the second assumption, the a priori knowledge of the parameter κ is

too strong. In contrast with the positive semide�niteness of a matrix � which can be checked

in strongly polynomial time [60] � the best known test to check whether a matrix is P∗(κ)
or not, introduced by Väliaho [81], is not polynomial (see Chapter 2). Potra et al. relaxed

this assumption [66], they modi�ed their IPM in such a way, that we only need to know

the su�ciency of the matrix. However, this is still a condition, that can not be veri�ed in

polynomial time. Indeed, Tseng [78], proved that the decision problem `whether a square

matrix with rational entries is a column su�cient matrix' is co-NP-complete, suggesting that

it can not be decided in polynomial time whether there is a �nite nonnegative κ with which

matrix M is P∗(κ) (see Theorem 2.24). Furthermore, while a lot of applications can be

formed as an LCP, in most cases the coe�cient matrix is not su�cient as we have pointed

out in Section 1.2.

The LCP belongs to the class of NP-complete problems (see Chapter 2, Theorem 2.21).

Therefore, we can not expect an e�cient (polynomial time) solution method for LCPs with-

out requiring some special property of the matrixM . Consequently, there is a need to design

such an algorithm, that can handle any LCP with an arbitrary matrix. Therefore, in this

chapter we give a general schema how to modify interior point algorithms for P∗(κ)-matrix

LCPs, with the goal to process general LCPs in polynomial time.

Another motivation of the results of this chapter was the paper of Csizmadia and Illés
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[16]. The criss-cross algorithm for su�cient matrix LCPs was introduced by Hertog, Roos

and Terlaky [18]. The �rst criss-cross type pivot algorithm in EP form, which does not use a

priori knowledge of su�ciency of the matrix M , was given by Fukuda, Namiki and Tamura

[25]. They utilized the LCP duality theorem of Fukuda and Terlaky [26] (see Chapter 4).

Csizmadia and Illés [16] extended this method to several �exible �nite pivot rules. These

variants of the criss-cross method solve LCPs with an arbitrary matrix. They either solve

the primal LCP or give a dual solution, or detect that the algorithm may begin cycling (due

to lack of su�ciency) and in this case, they give a polynomial size certi�cate for the lack of

su�ciency. However, there is not yet any EP theorem for LCPs based on an interior point

algorithm.

To sum up, our aim is to construct such interior point algorithms, that according to the

duality theorem of LCPs in EP form either give a solution for the original LCP or for the

dual LCP, or detect the lack of property P∗(κ̃) (where κ̃ is an arbitrary large, but a priori

given parameter), and give a polynomial sized certi�cate in all cases in polynomial time.

Throughout the �rst part of this chapter, we assume that a feasible interior point of the

LCP is known. According to Corollary 3.4, it means that the LCP has a solution. Thus in

this situation the EP theorem has only two cases, either we �nd a solution of the LCP or

detect the lack of P∗(κ̃)-property. After that we deal with the problem of the initial interior

point and present an EP theorem for the general case.

We have to note that we speak about solutions, but these are only ε-optimal solutions,

where ε is an arbitrary small positive number and it is an upper bound of the duality gap of

an ε-optimal solution. We touch upon the question of the rounding procedure in the chapter

Open problems.

The rest of the chapter is organized as follows. In Section 6.1 we describe the general

idea of modi�ed IPMs and then present the modi�cation of three well-known IPMs: the

long-step path-following, the a�ne scaling and the predictor-corrector algorithms. Section

6.2 addresses the question how the interior point assumption can be eliminated by using

the embedding technique. For the ease of understanding and to be self contained, in each

subsection of the algorithms we introduce the necessary results of the original papers [63],

[37] and [66] �rst and then present the modi�ed algorithms and their analysis.

The notations are the same as in the previous chapter, namely the current point is

(x, s) ∈ F+ and (∆x,∆s) is the corresponding Newton direction, the solution of system

(3.11). The new point with step length θ is given by (x(θ), s(θ)) = (x + θ∆x, s + θ∆s).

We use the notations for scaling de�ned in Section 3 by (3.12), where in the a�ne scaling

algorithm for the purpose of scaling we have µ ≡ 1, otherwise µ > 0.
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6.1 Interior point algorithms in EP form

Our goal is to modify interior point algorithms in such a way, that they either solve LCPs

with any arbitrary matrix, or give a certi�cate, that the matrix is not P∗(κ̃), where κ̃ is a

given (arbitrary big) number. Potra et al. [66] gave the �rst interior point algorithm, where

we do not need to know a priori the value of κ � it is enough to know that the matrix is

P∗. Their algorithm initially assumes that the matrix is P∗(1). At each iteration they check

whether the new point is in the appropriate neighbourhood of the central path or not. In

the latter case they double the value of κ. We use this idea in a modi�ed way. The larger

κ is, the worse the iteration complexity estimate becomes, thus we only take the necessary

enlargement of κ (until it reaches κ̃). The inequality in the de�nition of P∗(κ)-matrices gives

the following lower bound on κ for any vector x ∈ Rn:

κ ≥ κ(x) = −1

4

xTMx∑
i∈I+

xi(Mx)i

.

In IPMs the P∗(κ) property needs to hold only for the actual Newton direction ∆x in various

ways, for example, this property ensures that with a certain step size the new iterate is in an

appropriate neighbourhood of the central path and/or the complementarity gap is su�ciently

reduced. Consequently, if the desired results do not hold with the current κ value, we update

κ to the lower bound determined by the Newton direction ∆x, i.e.,

κ(∆x) = −1

4

∆xT ∆s∑
i∈I+

∆xi∆si

(∆s = M∆x). (6.1)

The following two lemmas are immediate consequences of the de�nition of P∗(κ) and P∗-
matrices.

Lemma 6.1 LetM be a real n×n matrix. If there exists a vector x ∈ Rn such that κ(x) > κ̃,

then the matrix M is not P∗(κ̃) and x is a certi�cate for this fact.

Lemma 6.2 Let M be a real n × n matrix. If there exists a vector x ∈ Rn such that

I+(x) = {i ∈ I : xi(Mx)i > 0} = ∅, then the matrix M is not P∗ and x is a certi�cate for

this fact.

Therefore, if there exists such a vector ∆x for which I+(∆x) = ∅, and thus κ(∆x) is

not de�ned, then the matrix M of the LCP is not a P∗-matrix. In this case we stop the

algorithm, and the output will be ∆x as a certi�cate to prove that M is not a P∗-matrix.

There is another point where IPMs may fail if the matrix of the LCP is not P∗. If the

matrix is not P0, then the Newton system may not have a solution, or the solution may not
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be unique (see Corollary 3.10). If this is the case, then the actual point (x, s) is a certi�cate

which proves that the matrix is not P0, so it is not P∗ either.
To summarize, we make three tests in our algorithms. In each test the property of the

LCP matrixM is examined indirectly. When we inquire about the existence and uniqueness

of the solution of the Newton system, we check whether the matrix is P0 or not. When we test

some properties of the new point, for example whether it is in the appropriate neighbourhood

of the central path or not, we examine the P∗(κ) property for the current value of κ. Finally,
if the κ(∆x) value given by (6.1) is not de�ned, then the matrix is not P∗. We note that

at each step all the properties are checked locally, only for one vector of Rn. Consequently,

it is possible, that the matrix is neither a P0 nor a P∗-matrix, but the algorithm does not

discover it and solves the LCP in polynomial time, because those properties are true for the

vectors x and ∆x that were generated by the algorithm. It may also occur that the matrix

is not P∗, but the algorithm does not detect it. It only increases the value of κ if κ < κ(∆x)

and then it proceeds to the next iterate. This is the reason why we need the threshold κ̃

parameter that enables us to get a �nite algorithm.

Hereafter we modify the following three popular IPMs:

• Long-step path-following algorithm [63]:

The Newton direction is the solution of the system (3.11) with a = µe − xs, where

µ =
xT s

n
.

The choice of a implies

∥∥∥∥ a√
xs

∥∥∥∥2

= µ

∥∥∥∥√xs

µ
−
√

µ

xs

∥∥∥∥2

.

• A family of a�ne scaling algorithms [37]:

The Newton direction is the solution of the system (3.11) with µ = 1 and a = −v2ρ+2

‖v2ρ‖
,

where ρ ≥ 0 is the degree of the algorithm.

The choice of a implies

∥∥∥∥ a√
xs

∥∥∥∥2

=
‖v2ρ+1‖2

‖v2ρ‖2 .

• Predictor-corrector algorithm [66]:

The predictor Newton direction is the solution of the system (3.11) with a = −xs (the

a�ne scaling direction with ρ = 0).

The choice of a implies

∥∥∥∥ a√
xs

∥∥∥∥2

= xT s;

The corrector (centering) Newton direction is the solution of the system (3.11) with

a = µe− xs, where µ =
xT s

n
.

The choice of a implies

∥∥∥∥ a√
xs

∥∥∥∥2

= µ

∥∥∥∥√xs

µ
−
√

µ

xs

∥∥∥∥2

.
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The following lemma is our main tool to verify when the P∗(κ) property does not hold.

Furthermore, the concerned vector ∆x is a certi�cate, whose encoding size is polynomial

when it is computed as the solution of the Newton system (3.11). We use this lemma during

the analysis. The �rst statement is simply the negation of the de�nition. We point out in

Lemma 6.7 that if Theorem 10.5 of [63] does not hold, then the second or the third statement

is realized. Furthermore, we claim in Lemma 6.13 that if Lemma 4.3 of [45] does not hold,

then the second statement is realized. Finally, we show in Lemma 6.22 and Lemma 6.23

that if Theorem 3.3 of [66] does not hold, then the second, the third or the fourth statement

is realized.

Lemma 6.3 Let M be a real n×n matrix, κ ≥ 0 be a given parameter, and (x, s) ∈ F+. If

one of the following statements holds, then the matrix M is not a P∗(κ)-matrix.

1. There exists a vector y ∈ Rn such that

(1 + 4κ)
∑

i∈I+(y)

yiwi +
∑

i∈I−(y)

yiwi < 0,

where w = My and I+(y) = {i ∈ I : yiwi > 0}, I−(y) = {i ∈ I : yiwi < 0}.

2. There exists a solution (∆x,∆s) of the system (3.11) such that

‖∆x∆s‖∞ >
1 + 4κ

4

∥∥∥∥ a√
xs

∥∥∥∥2

.

3. There exists a solution (∆x,∆s) of the system (3.11) such that

max

∑
i∈I+

∆xi∆si, −
∑
i∈I−

∆xi∆si

 >
1 + 4κ

4

∥∥∥∥ a√
xs

∥∥∥∥2

.

4. There exists a solution (∆x,∆s) of the system (3.11) such that

∆xT ∆s < −κ
∥∥∥∥ a√

xs

∥∥∥∥2

.

Proof. The �rst statement is the negation of the de�nition of P∗(κ) matrices. Now we prove

that the �rst statement follows from the others. By Lemma 3.12, one has

∑
i∈I+

∆xi∆si ≤
1

4

∥∥∥∥ a√
xs

∥∥∥∥2

, (6.2)

79



so ∆xi∆si ≤ ‖ a/
√

xs ‖2/4 for all i ∈ I+. Accordingly, if the inequality of the second

statement holds, let j ∈ I such that ‖∆x∆s‖∞ = |∆xj ∆sj|, then j ∈ I−, i.e., ∆xj∆sj < 0.

Therefore,

(1 + 4κ)
∑
i∈I+

∆xi∆si +
∑
i∈I−

∆xi∆si ≤ (1 + 4κ)
∑
i∈I+

∆xi∆si + ∆xj∆sj

< (1 + 4κ)
1

4

∥∥∥∥ a√
xs

∥∥∥∥2

− 1 + 4κ

4

∥∥∥∥ a√
xs

∥∥∥∥2

= 0. (6.3)

This is the same as the �rst statement with y = ∆x, w = ∆s.

From the assumption of statement 3 and inequality (6.2), the second term is greater in

the maximum, hence one has

∑
i∈I−

∆xi∆si < −1 + 4κ

4

∥∥∥∥ a√
xs

∥∥∥∥2

.

Therefore, (∆x,∆s) satis�es inequality (6.3), so y = ∆x, w = ∆s proves that the �rst

statement holds.

The proof of the last statement, by using inequality (6.2) comes from the following

inequality

(1 + 4κ)
∑
i∈I+

∆xi∆si +
∑
i∈I−

∆xi∆si = 4κ
∑
i∈I+

∆xi∆si +
∑
i∈I

∆xi∆si

< κ

∥∥∥∥ a√
xs

∥∥∥∥2

− κ

∥∥∥∥ a√
xs

∥∥∥∥2

= 0,

where we can use y = ∆x, w = ∆s again to get the �rst statement. �

6.1.1 The long-step path-following interior point algorithm

In this section we deal with the algorithm proposed in [63]. The long-step algorithm has

two loops. In the inner loop one takes steps towards the central path and in the outer loop

the parameter µ is updated. The original algorithm for LCPs with P∗(κ)-matrix is as follows:

Long-step path-following IPM for P∗(κ)-matrix LCPs

Input:

a proximity parameter τ ≥ 2;

an accuracy parameter ε > 0;
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a damping parameter θ > 0;

a �xed barrier update parameter γ ∈ (0, 1);

an initial point (x0, s0) ∈ F+, and µ0 > 0 such that δc(x
0s0, µ0) ≤ τ .

begin

x := x0, s := s0, µ := µ0;

while xT s ≥ ε do

µ = (1− γ)µ;

while δc(xs, µ) ≥ τ do

calculate the Newton direction (∆x,∆s) by solving (3.11) with a = µe− xs;

x = x + θ∆x, s = s + θ∆s;

end

end

end.

We use the notations of [63]:

σ+ =
1

µ

∑
i∈I+

∆xi∆si, σ− = − 1

µ

∑
i∈I−

∆xi∆si, σ = max(σ+, σ−).

Furthermore, let

θ∗` = θ∗`(κ) :=
2

(1 + 4κ)δ2
c(xs, µ)

.

To simplify the notation we often write δ and δ∗ instead of δc(xs, µ), δc(x(θ∗`)x(θ∗`), µ), re-

spectively.

For self-containedness, here we present those results from [63] that are needed for our

developments. All theorems are converted to our notation.

The following three theorems are the main steps of the complexity analysis of the above

algorithm. Due to the de�nition of σ, it is easy to see that the new point is certainly strictly

feasible, if the step length θ is less than 1/σ. First, an upper bound on the proximity measure

of the new point is given.

Theorem 6.4 (Theorem 10.2 in [63]) Let M be an arbitrary matrix and (x, s) ∈ F+.

Furthermore, let (∆x,∆s) be the Newton direction of the long-step path-following algorithm

and δ+ := δc(x(θ)s(θ), µ). Then for all 0 ≤ θ ≤ 1/σ, one has

δ+ ≤ (1− θ)δ2 +
2 θ3σ2

1− θ2σ2
.
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When the matrix of the LCP is a P∗(κ)-matrix with a known κ, then we can give a

feasible step length, namely the step length θ∗` de�nes a feasible point because it is less than

1/σ. Furthermore, in this case the decrease of the proximity measure has the following lower

bound.

Theorem 6.5 (Theorem 10.5 in [63]) Let M ∈ P∗(κ), (x, s) ∈ F+ and (∆x,∆s) be the

Newton direction of the long-step path-following algorithm. Then

(δ∗)2 − δ2 ≤ − 5

3(1 + 4κ)
. (6.4)

Based on the above estimation, an upper bound on the number of inner iterations can be

determined between two updates of the parameter µ. The number of outer iterations is well

known from the theory of the long-step IPMs, it is
⌈
1/γ log

(
(x0)

T
s0/ε

)⌉
. Multiplication of

these bounds provides the following complexity result.

Theorem 6.6 (From Theorem 10.10 and the subsequent remarks in [63])

Let the matrix M ∈ P∗(κ), τ = 2, γ = 1/2 and (x0, s0) be a feasible interior point such that

δc(x
0s0, µ0) ≤ τ . Then the long-step path-following algorithm produces a point (x̂, ŝ) such

that δc(x̂ŝ, µ̂) ≤ τ and x̂T ŝ ≤ ε in at most

O
(

(1 + 4κ)n log
(x0)T s0

ε

)
iterations.

Now, after introducing the original algorithm, let us discuss the modi�ed algorithm. In

this algorithm we check the decrease of the centrality measure after one inner step and if it

is too small, then κ is updated by (6.1), or a certi�cate is obtained showing that M is not a

P∗(κ̃) matrix. As stated in the previous subsection, if κ(∆x) is not de�ned, then the matrix

is not P∗ and ∆x is a certi�cate for it. Furthermore, if κ(∆x) > κ̃, then matrix M is not

P∗(κ̃) and the Newton direction ∆x is a certi�cate for this fact. The modi�ed algorithm is

as follows:

Modi�ed long-step path-following IPM

Input:

an upper bound κ̃ > 0 on the value of κ;

a proximity parameter τ ≥ 2;

an accuracy parameter ε > 0;
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a �xed barrier update parameter γ ∈ (0, 1);

an initial point (x0, s0) ∈ F+, and µ0 > 0 such that δc(x
0s0, µ0) ≤ τ .

begin

x := x0, s := s0, µ := µ0, κ := 0;

while xT s ≥ ε do

µ = (1− γ)µ;

while δc(xs, µ) ≥ τ do

calculate the Newton direction (∆x,∆s) by solving (3.11) with a = µe− xs;

if (the Newton direction does not exist or it is not unique) then

return the matrix is not P0; % see Corollary 3.10

θ̄ = argmin {δc(x(θ)s(θ), µ) : (x(θ), s(θ)) > 0} ;

if
(
δ2

c(xs, µ)− δ2
c(x(θ̄)s(θ̄), µ) < 5

3(1+4κ)

)
then

calculate κ(∆x); % see (6.1)

if (κ(∆x) is not de�ned) then

return the matrix is not P∗; % see Lemma 6.2

if (κ(∆x) > κ̃) then

return the matrix is not P∗(κ̃); % see Lemma 6.1

κ = κ(∆x);

x = x(θ̄), s = s(θ̄);

end

end

end.

Peng et al. [63] proved that for P∗(κ) LCPs the step length θ∗` is feasible, and taking

this step, the decrease of the proximity measure is su�cient to ensure the polynomiality of

the algorithm (see the above theorems). The following lemma shows that if the speci�ed

su�ciently large decrease does not take place, then the matrix of the problem is not P∗(κ).

Lemma 6.7 If after an inner iteration the decrease of the proximity is not su�cient, i.e.,

δ2(xs, µ)− δ2(x(θ̄)s(θ̄), µ) < 5
3(1+4κ)

, then the matrix of the LCP is not P∗(κ) with the actual

κ value, and the Newton direction ∆x is a certi�cate for this fact.

Proof. By Theorem 6.5, if the matrix is P∗(κ) we achieve the su�cient decrease of the

centrality measure with step length θ∗` . Therefore, if the maximum decrease is smaller, then
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either (x∗, s∗) is not feasible or the decrease of the proximity with step size θ∗` is not su�cient,

i.e., δ2(xs, µ)−δ2(x∗s∗, µ) < 5
3(1+4κ)

. We prove in both cases that the matrix of the problem

is not P∗(κ) and ∆x is a certi�cate for it.

If the point (x∗, s∗) is not feasible, then µe + θ∗`∆x∆s ≯ 0, so there exists such an index

k, that µ + θ∗`∆xk∆sk ≤ 0. It means, that ∆xk∆sk ≤ −µ/θ∗` = −µ
2
(1 + 4κ)δ2 < 0. Since

(∆x,∆s) is a solution of the system (3.11) with a = µe− xs, therefore

‖∆x∆s‖∞ >
1 + 4κ

4
µ δ2 =

1 + 4κ

4

∥∥∥∥ a√
xs

∥∥∥∥2

,

but this contradicts the P∗(κ) property by the second statement of Lemma 6.3.

Now let us analyze the case when the decrease of the proximity measure is not su�cient

with step length θ∗` . According to the condition of Theorem 6.4, let us consider the cases

θ∗` < 1/σ and θ∗` ≥ 1/σ separately. If θ∗` < 1/σ, by the de�nition of θ∗` and Theorem 6.4, one

has

(δ∗)2 − δ2 ≤ − 2

1 + 4κ
+

2(θ∗`)
3σ2

1− (θ∗`)
2σ2

. (6.5)

Since δ ≥ 2, we can write

− 2

1 + 4κ
+

4

3(1 + 4κ)δ2 ≤ − 5

3(1 + 4κ)
. (6.6)

Therefore, by inequalities (6.5) and (6.6) and by the assumption of the lemma, the following

inequalities hold

− 2

1 + 4κ
+

4

3(1 + 4κ)δ2 ≤ − 5

3(1 + 4κ)
< (δ∗)2 − δ2 ≤ − 2

1 + 4κ
+

2(θ∗`)
3σ2

1− (θ∗`)
2σ2

.

Using the de�nition of θ∗` we get

4

3(1 + 4κ)δ2 <
2(θ∗`)

2σ2

1− (θ∗`)
2σ2

2

(1 + 4κ)δ2 .

After reordering one has 1
2
< θ∗`σ. Substituting the de�nition of θ∗` we get the following lower

bound on σ

max(σ+, σ−) = σ >
1 + 4κ

4
δ2. (6.7)

By the de�nitions of σ and the proximity measure, one has

max

∑
i∈I+

∆xi∆si,−
∑
i∈I−

∆xi∆si

 >
1 + 4κ

4
µ δ2 =

1 + 4κ

4

∥∥∥∥µe− xs√
xs

∥∥∥∥2

.

By the third statement of Lemma 6.3 this implies that matrixM is not P∗(κ) and the vector

∆x is a certi�cate for it.
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If θ∗` ≥ 1/σ, then by the de�nition of θ∗` one has σ ≥ (1 + 4κ)δ2/2, therefore inequality

(6.7) holds, so the lemma is true in this case, too. �

The following lemma proves, that the long-step path-following IPM is well de�ned.

Lemma 6.8 At each iteration when the value of κ is updated, the new value of κ satis�es

the inequality δ2(xs, µ)− δ2(x(θ̄)s(θ̄), µ) ≥ 5
3(1+4κ)

.

Proof. In the proof of Theorem 6.5 we use the P∗(κ) property only for the vector ∆x.

When parameter κ is updated, we choose the new value such that the inequality in the

de�nition of P∗(κ)-matrices (2.1) holds for the vector ∆x. Therefore, the new point de�ned

by the updated value of step size θ∗` is strictly feasible and δ2(xs, µ)− δ2(x∗s∗, µ)) ≥ 5
3(1+4κ)

.

Thus the new value of θ∗` is considered in the de�nition of θ̄ as δ2(xs, µ)− δ2(x(θ̄)s(θ̄), µ) ≥
δ2(xs, µ)− δ2(x∗s∗, µ) ≥ 5

3(1+4κ)
. �

Now we are ready to state the complexity result for the modi�ed long-step path-following

interior point algorithm for a general LCP in case an initial interior point is given.

Theorem 6.9 Let τ = 2, γ = 1/2 and (x0, s0) be a feasible interior point such that

δc(x
0s0, µ0) ≤ τ . Then after at most O

(
(1 + 4κ̂)n log (x0)T s0

ε

)
steps, where κ̂ ≤ κ̃ is the

largest value of parameter κ throughout the algorithm, the long-step path-following interior

point algorithm either produces a point (x̂, ŝ) such that x̂T ŝ ≤ ε and δc(x̂ŝ, µ̂) ≤ τ or it gives

a certi�cate that the matrix of the LCP is not P∗(κ̃).

Proof. The algorithm at each iteration either takes a step, or detects that the matrix is not

P∗(κ̃) and stops. If we take a Newton step, then by the de�nition of the algorithm and by

Lemma 6.8 the decrease of the squared proximity measure is at least 5/[3(1 + 4κ)]. We can

see that a larger κ means a smaller lower bound on the decrease of the proximity measure.

Therefore, if the algorithm stops with an ε-optimal solution, then after each Newton step

the decrease of the squared proximity measure is at least 5/[3(1 + 4κ̂)]. Thus at each outer

iteration we take at most as many inner iterations as in the original long-step algorithm

with a P∗(κ̂)-matrix is done, or the algorithm stops earlier with a certi�cate that M is not

a P∗(κ̃)-matrix. By the complexity theorem of the original algorithm (see Theorem 6.6) we

proved our statement. �

6.1.2 The a�ne scaling interior point algorithm

Now we deal with a�ne scaling IPMs. We modify the family of the algorithms proposed in

[37], where the particular algorithms correspond to the degree ρ ≥ 0 of the algorithm, where
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ρ = 0 gives the classical primal-dual a�ne scaling algorithm, while ρ = 1 gives the primal-

dual Dikin a�ne scaling algorithm [19]. Furthermore, there is a step length parameter ν,

that depends on the degree ρ (de�ned among the inputs of the algorithm), and µ ≡ 1 in

scaling (3.12). The original a�ne scaling algorithm for LCPs with P∗(κ)-matrix is as follows:

A�ne scaling IPM for P∗(κ)-matrix LCPs

Input:

an accuracy parameter ε > 0;

a centrality parameter τ ;

the degree of scaling ρ > 0;

a step size θ > 0;

a strictly feasible initial point (x0, s0) ∈ F+ such that δa(x
0 s0) ≤ τ ;

ν :=

{
2/
√

n, if 0 < ρ ≤ 1

2τ2−2ρ/
√

n, if 1 ≤ ρ.

begin

x := x0, s := s0;

while xT s ≥ ε do

calculate the Newton direction (∆x,∆s) by solving (3.11) with a = −v2ρ+2/‖v2ρ‖;
x = x + θ∆x, s = s + θ∆s;

end

end.

We will use the following results of [45, 37] in the analysis of the modi�ed a�ne scaling

IPM. Jansen et al. gave an upper bound on the complementarity gap of the new point. This

upper bound is true for all matrices in general, because only an upper bound is used on

∆xT ∆s, which is independent of κ, see Lemma 3.12.

Lemma 6.10 (Lemma 4.3 in [45]) Let M be an arbitrary real matrix, δa(xs) < τ and

(∆x,∆s) is the a�ne scaling direction.

(i) If 0 ≤ ρ ≤ 1 and θ ≤ 2/
√
n, then

x(θ)T s(θ) ≤
(

1− θ

2
√
n

)
‖v‖2.

(ii) If 1 ≤ ρ and θ ≤ 2τ 2−2ρ
/√
n, then

x(θ)T s(θ) ≤
(

1− θτ 2−2ρ

2
√
n

)
‖v‖2.
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Illés et al. set a feasible interval of step lengths, namely step lengths which determine

strictly feasible points in the τ neighbourhood of the central path according to δa proximity

measure. The �rst term in the minimum is due to the feasibility of the new point, while the

third is due to the neighbourhood restriction. The second term is a kind of technical bound.

Theorem 6.11 (Theorem 6.1 in [37]) Let M be a P∗(κ)-matrix, ρ > 0, τ > 1 and let

(∆x,∆s) be the a�ne scaling direction. If (x, s) ∈ F+, δa(xs) ≤ τ and

0 ≤ θ ≤ min

{
2

(1 + 4κ)τ

(√
1 + 4κ+

1

τ 2 n
− 1

τ
√
n

)
,

√
n

(ρ+ 1)τ 2ρ
,

4(τ 2ρ − 1)

(1 + 4κ)(1 + τ 2)τ 2ρ
√
n

}
,

then (x(θ), s(θ)) is strictly feasible and δa(x(θ)s(θ)) ≤ τ .

The last referred result in connection with a�ne scaling IPMs for LCPs with P∗(κ)-
matrices is the complexity of the algorithm. This is a direct consequence of the two previous

statements, Lemma 6.10 and Theorem 6.11.

Theorem 6.12 (Corollary 6.1 in [37]) Let M ∈ P∗(κ) and (x0, s0) ∈ F+ such that

δa(x
0s0) ≤ τ =

√
2.

• If 0 < ρ ≤ 1 and n ≥ 4, then we may choose θ = 4(1−2−ρ)
3(1+4κ)

√
n
, hence the complexity of

the a�ne scaling algorithm is O
(

n(1+4κ)
1−2−ρ log (x0)T s0

ε

)
.

• If ρ = 1 and n ≥ 4, then we may choose θ = 1
2(1+4κ)

√
n
, hence the complexity of the

a�ne scaling algorithm is O
(
n(1 + 4κ) log (x0)T s0

ε

)
.

• If ρ > 1 and n is su�ciently large, then we may choose θ = 1
2ρ(1+4κ)

√
n
, hence the

complexity of the a�ne scaling algorithm is O
(
22ρ−2n(1 + 4κ) log (x0)T s0

ε

)
.

Similarly to the long-step path following IPMs in the previous subsection, we check the

solvability and uniqueness of the Newton system in each iteration. Furthermore, here we

verify the su�cient decrease not of the proximity measure, but of the complementarity gap

after each step. For the actual value of κ we determine θ∗a(κ), which is a theoretical lower

bound for the maximal feasible step length in the speci�ed neighbourhood if the matrix M

satis�es the P∗(κ) property. Therefore, if after a step the decrease of the complementarity

gap is not large enough, it means that the matrix M is not P∗(κ) with the actual value of

κ, so either we update κ or exit the algorithm with a corresponding certi�cate. If the new

value of κ can not be de�ned by (6.1), then the matrix M is not P∗, so we stop and the

Newton direction ∆x is a certi�cate. If the new value of κ is larger than κ̃, then the matrix

is not P∗(κ̃), therefore the algorithm stops as well and ∆x is a certi�cate. In the rest of this
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subsection we consider the case ρ > 0. The modi�ed algorithm is as follows.

Modi�ed a�ne scaling IPM

Input:

an upper bound κ̃ > 0 on the value of κ;

an accuracy parameter ε > 0;

a centrality parameter τ ;

the degree of scaling ρ > 0;

a strictly feasible initial point (x0, s0) ∈ F+ such that δa(x
0 s0) ≤ τ ;

ν :=

{
2/
√

n, if 0 < ρ ≤ 1

2τ2−2ρ/
√

n, if 1 ≤ ρ;

θ∗a(κ) := min

{
2

(1 + 4κ)τ

(√
1 + 4κ +

1
τ2 n

− 1
τ
√

n

)
,

√
n

(r + 1)τ2ρ
,

4(τ2ρ − 1)
(1 + 4κ)(1 + τ2)τ2ρ

√
n

, ν

}
.

begin

x := x0, s := s0, κ := 0;

while xT s ≥ ε do

calculate the Newton direction (∆x,∆s) by solving (3.11) with a = −v2ρ+2/‖v2ρ‖;
if (the Newton direction does not exist or it is not unique) then

return the matrix is not P0; % see Corollary 3.10

θ̄ = argmin
{
x(θ)Ts(θ) : δa (x(θ), s(θ)) ≤ τ , (x(θ), s(θ)) ≥ 0

}
;

if
(
x(θ̄)T s(θ̄) > (1− 0.25 ν θ∗a(κ))x

T s
)
then

calculate κ(∆x); % see (6.1)

if (κ(∆x) is not de�ned) then

return the matrix is not P∗; % see Lemma 6.2

if (κ(∆x) > κ̃) then

return the matrix is not P∗(κ̃); % see Lemma 6.1

κ = κ(∆x);

update θ∗a(κ); % it depends on κ

x = x(θ̄), s = s(θ̄);

end

end.

Illés et al. proved [37] that if the matrix M is a P∗(κ)-matrix, then the step length θ∗a(κ)

is feasible; with this step size the new iterate stays within the speci�ed neighbourhood and
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it provides the required decrease of the complementarity gap. The following lemma shows

that if the decrease of the complementarity gap is not su�cient, then the matrix M does

not belong to the class of P∗(κ)-matrices.

Lemma 6.13 If x(θ̄)T s(θ̄) > (1− 0.25 ν θ∗a(κ))x
T s, that is, the decrease of the complemen-

tarity gap within the δa ≤ τ neighbourhood is not su�cient, then the matrix M of the LCP

is not P∗(κ) with the actual value of κ. The Newton direction ∆x serves as a certi�cate.

Proof. Based on Lemma 6.10 the complementarity gap at θ∗a(κ) is smaller than (1− 0.25 ν

θ∗a(κ))x
T s, furthermore by Theorem 6.11, if M is a P∗(κ)-matrix, then the point (x∗, s∗) =

(x(θ∗a(κ)), s(θ
∗
a(κ))) is feasible. Therefore, if x(θ̄)T s(θ̄) > (1− 0.25 ν θ∗a(κ))x

T s, then because

the step length θ∗a(κ) is not considered in the de�nition of θ̄ (see the a�ne scaling algorithm),

either (x∗, s∗) is not feasible, or this point is not in the τ neighbourhood of the central path,

namely δa(x
∗s∗) > τ . We show that both cases imply that the matrix M is not P∗(κ) with

the actual κ value.

Let us denote the �rst three terms in the de�nition of θ∗a(κ) by θ1, θ2, and θ3, respectively.

We follow the proof of Theorem 6.1 in [37] (see Theorem 6.11). We need to reconsider

only the expressions depending on κ. Therefore, the function ϕ(t) = t − θ tρ+1

‖v2ρ‖ remains

monotonically increasing for θ ≤ θ2, and there exist positive constants α and β such that
β
α

= τ 2 and αe ≤ v2 ≤ βe. Additionally, inequalities (17) in [37] hold for θ ≤ θ2, thus for

θ∗a(κ), too:

min(v∗2) ≥ α− θ∗a(κ)
αρ+1

‖v2ρ‖
− (θ∗a(κ))

2‖r‖∞, (6.8)

max(v∗2) ≤ β − θ∗a(κ)
βρ+1

‖v2ρ‖
+ (θ∗a(κ))

2‖r‖∞, (6.9)

where r is de�ned by (3.12).

Let us �rst consider the case δa(x
∗s∗) > τ , i.e., max(x∗s∗) > τ 2 min(x∗s∗). From the

inequalities (6.8) and (6.9) one has

τ 2

(
α− θ∗a(κ)

αρ+1

‖v2ρ‖
− (θ∗a(κ))

2‖r‖∞
)
< β − θ∗a(κ)

βρ+1

‖v2ρ‖
+ (θ∗a(κ))

2‖r‖∞,

βρ − αρ

‖v2ρ‖
< θ∗a(κ)

(
1

α
+

1

β

)
‖r‖∞. (6.10)

If θ∗a(κ) is substituted by θ3 = 4(τ2ρ−1)
(1+4κ)(1+τ2)τ2ρ

√
n
, the right hand side of inequality (6.10)

increases, so the inequality is still true. After substitution one has

1 + 4κ

4
β < ‖r‖∞. (6.11)
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Since v2 ≤ βe and r = ∆x∆s, inequality (6.11) gives

‖v‖2
∞ ≤ β <

4

1 + 4κ
‖r‖∞ =

4

1 + 4κ
‖∆x∆s‖∞. (6.12)

One can check that

‖v2ρ+1‖2 ≤ ‖v‖2
∞‖v2ρ‖2. (6.13)

Since (∆x,∆s) is the solution of the system (3.11) with a = −v2ρ+2/‖v2ρ‖, by inequalities

(6.12) and (6.13) we have ∥∥∥∥ a√
xs

∥∥∥∥2

=

∥∥∥∥v2ρ+1

‖v2ρ‖

∥∥∥∥2

≤ ‖v‖2
∞.

Therefore, by the second statement of Lemma 6.3, we get that inequality (6.12) contradicts

the P∗(κ) property and vector ∆x is a certi�cate for this fact.

Now we consider the case when (x∗, s∗) is not feasible, so there exists such an index i,

that either x∗i < 0 or s∗i < 0. Let us consider the maximum feasible step size θ̂ < θ∗a(κ), for

which (x(θ̂), s(θ̂)) = (x̂, ŝ) ≥ 0 holds and at least one of its coordinates is 0. For this point

x̂ ŝ 6= 0, else θ̄ = θ̂ by the de�nition of θ̄, and the new point would be an exact solution,

so the decrease of the complementarity gap would be xT s contradicting the assumption of

the lemma. Therefore, 0 6= max(x̂ ŝ) > τ 2 min(x̂ ŝ) = 0, so inequality (6.10) holds with θ̂.

Because of θ3 ≥ θ∗a(κ) > θ̂, inequality (6.11) holds as well, and as we have already seen, this

means that the matrix M is not P∗(κ) and the vector ∆x is a certi�cate for this fact. �

The following lemma claims that the algorithm is well de�ned.

Lemma 6.14 At each iteration, when the value of κ is updated, the new value of θ∗a(κ)

satis�es the inequality x(θ̄)T s(θ̄) ≤ (1− 0.25 ν θ∗a(κ))x
T s.

Proof. In the proof of Theorem 6.11 we use the P∗(κ) property only for the vector ∆x.

When parameter κ is updated, we choose the new value in such a way that the inequality

in the de�nition of P∗(κ)-matrices (2.1) would hold for vector ∆x. Therefore, the new point

de�ned by the updated value of step size θ∗a(κ) is feasible and it is in the τ -neighbourhood

of the central path. Thus the new value of θ∗a(κ) is considered in the de�nition of θ̄, so

x(θ̄)T s(θ̄) ≤ (1− 0.25 ν θ∗a(κ))x
T s. �

Now we are ready to state the complexity result for the modi�ed a�ne scaling algorithm

for general LCPs in case an initial interior point is given.

Theorem 6.15 Let (x0, s0) ∈ F+ such that δa(x
0s0) ≤ τ =

√
2. Then after at most

O
(

n(1+4κ̂)
1−2−ρ log (x0)T s0

ε

)
, if 0 < ρ ≤ 1 and n ≥ 4

O
(
n(1 + 4κ̂) log (x0)T s0

ε

)
, if ρ = 1 and n ≥ 4

O
(
22ρ−2n(1 + 4κ̂) log (x0)T s0

ε

)
, if 1 < ρ and n su�ciently large
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iterations the a�ne scaling algorithm either yields a vector (x̂, ŝ) such that x̂T ŝ ≤ ε and

δa(x̂ŝ) ≤ τ , or it gives a polynomial size certi�cate that the matrix is not P∗(κ̃), where κ̂ ≤ κ̃

is the largest value of parameter κ.

Proof. The algorithm at each iteration either takes a step, or detects that the matrix is

not P∗(κ̃) and stops. If we take a Newton step, then by the de�nition of the algorithm

and by Lemma 6.14 the decrease of the complementarity gap is at least 0.25 ν θ∗a(κ)x
T s.

One can see from the de�nition of θ∗a(κ) that a larger κ means a smaller θ∗a(κ), so a smaller

lower bound on the decrease of the complementarity gap. Therefore, if the algorithm stops

with an ε-optimal solution, then each Newton step decreases the complementarity gap by

more than 0.25 ν θ∗a(κ̂)x
T s. It means that after at most as many steps as in the original

method the complementarity gap decreases below ε � when we realize su�cient decrease

of the complementarity gap according to the P∗(κ̂)-property for each vector during the

algorithm � or at an earlier iteration the lack of P∗(κ̃)-property is detected. This observation,
combined with the complexity theorem of the original algorithm (see Theorem 6.12), proves

our statement. �

At the end of this subsection let us note that the case ρ = 0 can be treated analogously.

6.1.3 The predictor-corrector interior point algorithm

In this section we modify the algorithm proposed in [66]. In this predictor-corrector algorithm

we take a�ne and centering steps alternately. The original predictor corrector algorithm by

Potra et al. is as follows:

Predictor-corrector algorithm for P∗(κ)-matrix LCPs

Input:

an accuracy parameter ε > 0;

a proximity parameter γ ∈ (0, 1);

t = (1− γ)
/
[(1 + 4κ)n+ 1];

an initial point (x0, s0) ∈ D(γ);

begin

x := x0, s := s0, µ := (x0)T s0/n;

while xT s ≥ ε do

Predictor step
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calculate the a�ne Newton direction (∆x,∆s) by solving (3.11) with a = −xs;

θ̄ = sup
{
θ̂ > 0 : (x(θ), s(θ)) ∈ D

(
(1− t)γ

)
, ∀ θ ∈ [0, θ̂]

}
;

x̄ = x(θ̄), s̄ = s(θ̄), µ̄ = x̄T s̄/n;

if µ̄ = 0 then STOP: (x̄, s̄) is an optimal solution;

if (x̄, s̄) ∈ D(γ) then

x = x̄, s = s̄, µ = µ̄ and go to Predictor step;

Corrector step

calculate the centering Newton direction (∆x̄,∆s̄) by solving (3.11) with a = µe− x̄s̄;

θ+ = argmin {µ̄(θ) : (x̄(θ), s̄(θ)) ∈ D(γ)} ;

x+ = x̄ + θ+∆x̄, s+ = s̄ + θ+∆s̄, µ+ = (x+)T s+/n;

x = x+, s = s+, µ = µ+;

end

end.

Potra and Liu [66] determined the maximum feasible predictor step length as the mini-

mum of n+ 1 real numbers. This is a direct deduction from the de�nition of the new point

without any assumptions on the matrix of the problem. The �rst number is the upper bound

which comes from the feasibility of the new point, and the other n bounds warrant the new

point to be in the appropriate neighbourhood1.

Lemma 6.16 (From expressions (3.16), (3.17) in [66]) Let M be an arbitrary matrix,

(x, s) ∈ D(γ), (∆x,∆s) be the predictor direction in the predictor-corrector algorithm and

let the predictor step length be

θ̄ = sup
{
θ̂ > 0 : (x(θ), s(θ)) ∈ D

(
(1− t)γ

)
, ∀ θ ∈ [0, θ̂]

}
.

Furthermore, let θ̄0 =
2

1 +
√

1− 4eT r/n
and

θ̄i =


∞ if ∆i ≤ 0

1 if ri − (1− t)γeT r/n = 0
2(v2

i−(1−t)γ)

v2
i−(1−t)γ+

√
∆i

if ∆i > 0 and ri − (1− t)γeT r/n 6= 0,

where

∆i = (v2
i − (1− t)γ)2 − 4(v2

i − (1− t)γ)
(
ri − (1− t)γeT r/n

)
, for each 0 < i ≤ n.

Then we have

θ̄ = min
{
θ̄i : 0 ≤ i ≤ n

}
.

1The vector r is a notation of scaling, see (3.12).
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Since the current point is in the γ neighbourhood of the central path, the following lower

bound can be proved on θ̄i for all 1 ≤ i ≤ n.

Lemma 6.17 (From the proof of Theorem 3.3 in [66]) Let the assumptions of Lemma

6.16 hold, and θ̄i, 1 ≤ i ≤ n be as it is given in Lemma 6.16, then

θ̄i ≥
2

1 +
√

1 + (tγ)−1(4‖r‖∞ + 4eT r/n)
.

By the de�nition of the proximity measure δc and considering the fact that the point

given by a predictor step is in the (1 − t)γ neighbourhood, the following upper bound can

be veri�ed on the proximity measure after a predictor step.

Lemma 6.18 (From the proof of Theorem 3.3 in [66]) Let M be an arbitrary matrix

and let the point after the predictor step in the predictor-corrector algorithm satisfy (x̄, s̄) ∈
D((1− t)γ). Then

δc(x̄ s̄, µ̄)2 ≤ 1− (1− t)γ

(1− t)γ
n.

When the matrix of the LCP is a P∗(κ)-matrix with a known κ value, the following

feasible predictor and corrector step length can be determined.

Lemma 6.19 (From Theorem 3.3 in [66]) Let M be a P∗(κ)-matrix and (x, s) ∈ D(γ).

Then the predictor step length satis�es

θ∗p(κ) :=
2
√

(1− γ)γ

(1 + 4κ)n+ 2
≤ sup

{
θ̂ > 0 : (x(θ), s(θ)) ∈ D

(
(1− t)γ

)
, ∀ θ ∈ [0, θ̂]

}
,

and the corrector step length

θ∗c(κ) :=
2γ

(1 + 4κ)n+ 1

determines a point in the D(γ) neighbourhood, i.e., (x̄(θ∗c(κ)), s̄(θ
∗
c(κ))) ∈ D(γ), where

(x̄, s̄) = (x(θ∗p(κ)), s(θ
∗
p(κ))) ∈ D((1− t)γ).

Using the predictor and corrector step length given in Lemma 6.19, a lower bound can

be provided on the decrease of the complementarity gap after each iteration.

Lemma 6.20 (From Theorem 3.3 in [66]) Let M be an arbitrary matrix, (x, s) ∈ D(γ),

µg = xT s/n, the de�nition of parameters θ∗p(κ) and θ∗c(κ) be the same as in Lemma 6.19, θ̄

be the predictor and θ+ be the corrector step length, (∆x,∆s) be the predictor and (∆x̄,∆s̄)

the corrector Newton direction in the predictor-corrector algorithm. If θ̄ ≥ θ∗p(κ) and the step
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length θ∗c(κ) determines a point in the D(γ) neighbourhood, i.e., (x̄(θ∗c(κ)), s̄(θ
∗
c(κ))) ∈ D(γ),

where (x̄, s̄) = (x(θ̄), s(θ̄)), then

µ+
g ≤

(
1−

3
√

(1− γ)γ

2((1 + 4κ)n+ 2)

)
µg,

where µ+
g = (x+)T s+/n = x̄(θ+)T s̄(θ+)/n.

The complexity of the predictor-corrector IPM for LCPs with a P∗(κ)-matrix is a direct

consequence of the previous lemma.

Theorem 6.21 (Corollary 3.4 in [66]) LetM be a P∗(κ)-matrix and (x0, s0) be a feasible

interior point such that (x0, s0) ∈ D(γ). Then in at most

O
(

(1 + κ)n log
(x0)T s0

ε

)
steps the predictor-corrector algorithm produces a point (x̂, ŝ) such that (x̂, ŝ) ∈ D(γ) and

x̂T ŝ ≤ ε.

In a predictor step θ∗p(κ) (see the de�nition in Lemma 6.19) is a theoretical feasible step

length if the matrix M is P∗(κ). Therefore, if the maximal feasible step length is smaller

than θ∗p(κ), then the matrix is not P∗(κ) with the actual value of κ, so κ should be increased.

In a corrector step we return to the smaller D(γ) neighbourhood with the step size θ∗c(κ) (see

the de�nition in Lemma 6.19) if the matrix is P∗(κ). Accordingly, if the new point with step

length θ∗c(κ) is not in D(γ), then the matrix M is not P∗(κ) with the actual value of κ, so κ

should be updated. Similarly to the previous two algorithms, if in a predictor or corrector

step the new value of κ is not de�ned by (6.1), then the matrix is not P∗ and the current

Newton direction is a certi�cate for it. Furthermore, if the new value of κ is larger than κ̃,

then the matrix is not P∗(κ̃) and the Newton direction is a certi�cate for it. Of course, in

this algorithm we also check the existence and uniqueness of the Newton direction in each

iteration. The modi�ed algorithm is as follows:

Modi�ed predictor-corrector algorithm

Input:

an upper bound κ̃ > 0 on the value of κ;

an accuracy parameter ε > 0;

a proximity parameter γ ∈ (0, 1);

an initial point (x0, s0) ∈ D(γ);
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begin

x := x0, s := s0, µ := (x0)T s0/n, κ := 0;

while xT s ≥ ε do

Predictor step

t = 1−γ
(1+4κ)n+1

;

calculate the a�ne Newton direction (∆x,∆s) by solving (3.11) with a = −xs;

if (the Newton direction does not exists, or it is not unique) then

return the matrix is not P0; % see Corollary 3.10

θ̄ = sup
{
θ̂ > 0 : (x(θ), s(θ)) ∈ D

(
(1− t)γ

)
, ∀ θ ∈ [0, θ̂]

}
;

if
(
θ̄ < θ∗p(κ)

)
then

calculate κ(∆x); % see (6.1)

if (κ(∆x) is not de�ned) then

return the matrix is not P∗; % see Lemma 6.2

if (κ(∆x) > κ̃) then

return the matrix is not P∗(κ̃); % see Lemma 6.1

κ = κ(∆x);

update θ∗p(κ) and θ
∗
c(κ);

x̄ = x(θ̄), s̄ = s(θ̄), µ̄ = x̄T s̄/n;

if µ̄ = 0 then STOP: (x̄, s̄) is an optimal solution;

if (x̄, s̄) ∈ D(γ) then

x = x̄, s = s̄, µ = µ̄ and go to Predictor step;

Corrector step

calculate the centering Newton direction (∆x̄,∆s̄) by solving (3.11) with a = µe− x̄s̄;

if (the Newton direction does not exists, or it is not unique) then

return the matrix is not P0; % see Corollary 3.10

if
(
(x̄(θ∗c(κ)), x̄(θ∗c(κ))) /∈ D(γ)

)
calculate κ(∆x̄); % see (6.1)

if (κ(∆x̄) is not de�ned) then

return the matrix is not P∗; % see Lemma 6.2

if (κ(∆x) > κ̃) then

return the matrix is not P∗(κ̃); % see Lemma 6.1

κ = κ(∆x̄);

update θ∗p(κ) and θ
∗
c(κ);

θ+ = argmin {µ̄(θ) : (x̄(θ), s̄(θ)) ∈ D(γ)} ;

x+ = x̄ + θ+∆x̄, s+ = s̄ + θ+∆s̄, µ+ = (x+)T s+/n;

x = x+, s = s+, µ = µ+;
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end

end.

The following lemmas show that if θ∗p(κ) or θ∗c(κ) is not a feasible step length (for the

de�nitions see Theorem 6.19), then the matrix is not a P∗(κ)-matrix.

Lemma 6.22 If there exists an index i (0 ≤ i ≤ n) such that

θ̄i ≤ θ∗p(κ),

then the matrix M is not a P∗(κ)-matrix and the a�ne Newton direction is a certi�cate for

this.

Proof. For any κ ≥ 0 and n ≥ 1

θ∗p(κ) <
2

1 +
√

1 + 4κ
,

therefore if θ̄0 ≤ θ∗p(κ), then by the de�nition of θ̄0 one has

2

1 +
√

1− 4eT r/n
= θ̄0 <

2

1 +
√

1 + 4κ
,

implying eT r/n < −κ, thus
∑

i∈I ∆xi∆si < −κnµ = −κxT s. Therefore, by Lemma 6.3 the

matrix M is not a P∗(κ)-matrix and the a�ne Newton direction ∆x is a certi�cate for this.

If θ̄i ≤ θ∗p(κ), where 0 < i ≤ n, then let us consider the following inequality, which was

proved by Potra and Liu in [66] on p.158:√
(1− γ)γ +

√
((1 + 4κ)n+ 1)2 + γ(1− γ) < (1 + 4κ)n+ 2. (6.14)

Using Lemma 6.17, Lemma 3.13 and the de�nition of t, one has

2
√

(1− γ)γ

(1 + 4κ)n+ 2
= θ∗p(κ) ≥ θ̄i ≥

2

1 +
√

1 + (tγ)−1(4‖r‖∞ + 4eT r/n)

≥ 2

1 +
√

1 + (tγ)−1(4‖r‖∞ + 1)

=
2
√

(1− γ)γ√
(1− γ)γ +

√
((1 + 4κ)n+ 1)(4‖r‖∞ + 1) + γ(1− γ)

. (6.15)

From inequality (6.15) and (6.14) we get

4‖r‖∞ + 1 > (1 + 4κ)n+ 1. (6.16)
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Since (∆x,∆s) is a solution of the system (3.11) with a = −xs, and using inequality (6.16)

with µn = xT s, one has

‖∆x∆s‖∞ >
(1 + 4κ)

4
xT s =

1 + 4κ

4

∥∥∥∥ a√
xs

∥∥∥∥2

,

so by the second statement of Lemma 6.3 one has M /∈ P∗(κ), and ∆x is a certi�cate for

this. �

Now let us analyze the corrector step.

Lemma 6.23 If θ∗c(κ) is such a corrector step length that (x̄(θ∗c(κ)), s̄(θ
∗
c(κ))) /∈ D(γ), then

the matrix M is not a P∗(κ)-matrix and the corrector Newton direction is a certi�cate for

this.

Proof. Note that

x̄(θ)s̄(θ) = (1− θ)x̄s̄ + θµ̄ e + θ2∆x̄∆s̄

and

µ̄(θ) = µ̄+ θ2 ∆x̄T ∆s̄

n
.

From Lemma 3.12 and Lemma 6.18 we get

∆x̄T ∆s̄ ≤
∑
I+

∆x̄i∆s̄i ≤
1

4

∥∥∥∥ µ̄e− x̄s̄√
x̄s̄

∥∥∥∥2

=
1

4
µ̄

∥∥∥∥∥
√

x̄s̄

µ̄
−
√

µ̄

x̄s̄

∥∥∥∥∥
2

≤ 1

4
µ̄

1− (1− t)γ

(1− t)γ
n,

therefore

µ̄(θ) ≤
(

1 +
1− (1− t)γ

4(1− t)γ
θ2

)
µ̄. (6.17)

Since θ∗c(κ) is an infeasible step length, there exists an index i such that

x̄(θ∗c(κ))i s̄(θ
∗
c(κ))i < γµ̄(θ∗c(κ)), namely

(1− θ∗c(κ))x̄is̄i + θ∗c(κ)µ̄ + (θ∗c(κ))
2∆x̄i∆s̄i < γµ̄(θ∗c(κ)).

The predictor point (x̄, s̄) ∈ D((1 − t)γ), so x̄is̄i ≥ (1 − t)γµ̄. Furthermore, by inequality

(6.17) one has

(1− θ∗c(κ))(1− t)γµ̄+ θ∗c(κ)µ̄+ (θ∗c(κ))
2∆x̄i∆s̄i < γ

(
1 +

1− (1− t)γ

4(1− t)γ
(θ∗c(κ))

2

)
µ̄,
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which implies

(θ∗c(κ))
2 ∆x̄i∆s̄i

µ̄
< tγ − θ∗c(κ)(1− (1− t)γ) +

1− (1− t)γ

4(1− t)
(θ∗c(κ))

2. (6.18)

One can check the following equality by substituting the values of t and θ∗c(κ)

0 ≤ (1− γ)γ2

((1 + 4κ)n+ 1)2
= −tγ + θ∗c(κ)(1− (1− t)γ)− 1− (1− t)γ

4(1− t)γ

[
(1 + 4κ)n+ γ

]
(θ∗c(κ))

2.

Therefore,

−1− (1− t)γ

4(1− t)γ
(1 + 4κ)n (θ∗c(κ))

2 ≥ tγ − θ∗c(κ)(1− (1− t)γ) +
1− (1− t)γ

4(1− t)
(θ∗c(κ))

2.

Combining this with inequality (6.18) and then considering Lemma 6.18, we get

∆x̄i∆s̄i < −1− (1− t)γ

4(1− t)γ
(1 + 4κ)nµ̄ ≤ −(1 + 4κ)µ̄

4

∥∥∥∥∥
√

x̄s̄

µ̄
−
√

µ̄

x̄s̄

∥∥∥∥∥
2

. (6.19)

Since (∆x̄,∆s̄) is a solution of the system (3.11) with a = µ̄e− x̄s̄, using inequality (6.19),

one get

‖∆x̄∆s̄‖∞ >
(1 + 4κ)µ̄

4

∥∥∥∥∥
√

x̄s̄

µ̄
−
√

µ̄

x̄s̄

∥∥∥∥∥
2

=
1 + 4κ

4

∥∥∥∥ a√
x̄s̄

∥∥∥∥2

.

Thus, by the second statement of Lemma 6.3, the matrix M is not a P∗(κ)-matrix and the

corrector Newton direction ∆x̄ is a certi�cate for this. �

The following lemma proves that the predictor-corrector algorithm is well de�ned.

Lemma 6.24 At each iteration when the value of κ is updated, the new value of θ∗p(κ)

satis�es inequality θ̄ ≥ θ∗p(κ) and the new point (x̄(θ∗c(κ)), s̄(θ
∗
c(κ))) determined by the new

value of the corrector step size θ∗c(κ) is in the D(γ) neighbourhood.

Proof. In the proof of Lemma 6.19 we use the P∗(κ) property only for the vector ∆x or ∆x̄.

When parameter κ is updated we choose the new value in such a way that the inequality

in the de�nition of P∗(κ)-matrices (2.1) holds for the vectors ∆x and ∆x̄. Therefore, the

new value of θ∗p(κ) satis�es the inequality θ̄ ≥ θ∗p(κ) and the new value of θ∗c(κ) determines

a point in the D(γ) neighbourhood. �

Now we are ready to state the complexity result for the modi�ed predictor-corrector

algorithm for general LCPs in case an initial interior point is available.

Theorem 6.25 Let (x0, s0) ∈ F+ such that (x0, s0) ∈ D(γ). Then after at most

O
(

(1 + κ̂)n log
(x0)T s0

ε

)
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steps, where κ̂ ≤ κ̃ is the largest value of parameter κ throughout the algorithm, the predictor-

corrector algorithm generates a point (x̂, ŝ), such that x̂T ŝ ≤ ε and (x̂, ŝ) ∈ D(γ) or provides

a certi�cate that the matrix is not P∗(κ̃).

Proof. We follow the proof of the previous complexity theorem (see Theorem 6.15). If we

take a predictor and a corrector step, then by Theorem 6.20 and Lemma 6.24 the decrease

of the complementarity gap is at least

3
√

(1− γ)γ

2((1 + 4κ)n+ 2)

xT s

n
.

This expression is a decreasing function of κ, so at each iteration when we make a predictor

and a corrector step, the complementarity gap decreases at least by

3
√

(1− γ)γ

2((1 + 4κ̃)n+ 2)

xT s

n
.

We take at most as many iterations as in the original predictor-corrector IPM with a P∗(κ̂)-
matrix. Thus, referring to the complexity theorem of the original algorithm (see Theorem

6.21) we have proved the theorem. �

6.1.4 An EP theorem for LCPs based on interior point algorithms

We know that if we assume F+ 6= ∅ and the matrix of the LCP is su�cient, then the LCP

has a solution by Corollary 3.4. According to this result, by making use of the complexity

theorem of the previous sections (Theorem 6.9, 6.15, 6.25) and the rounding procedure of

[36], we can now present the following EP type theorem. We assume that the data are

rational (since problems are solved with computers, this is reasonable), ensuring polynomial

encoding size of certi�cates and polynomial complexity of the algorithm.

Theorem 6.26 Let an arbitrary matrix M ∈ Qn×n, a vector q ∈ Qn, a point (x0, s0) ∈ F+

with δc(x
0s0, µ0) ≤ τ and ε > 0 be given. Then one can verify in polynomial time that at

least one of the following statements holds

(1) the LCP has an ε-optimal solution2 (x, s) whose encoding size is polynomially bounded.

(2) the matrix M is not in the class of P∗(κ̃) and there is a certi�cate whose encoding size

is polynomially bounded.

2Here we preserve the designation of linear programming theory, namely, a point (x, s) is called ε-optimal

solution of the LCP, if it is a feasible solution and xT s ≤ ε.
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6.2 Solving general LCPs without having an initial inte-

rior point

When for an LCP no initial interior points are known, then we have two possibilities: (i)

we apply an infeasible interior point algorithm, or (ii) we use an embedding technique (for

example see Section 3.7). Let us consider here the second one.

We dealt with the dual of the LCP in Chapter 4. Based on Lemma 4.3, let us approach

the problem from the dual side. First, we try to solve the feasibility problem of DLCP . It

is a linear optimization problem, therefore we can solve it in polynomial time. We have the

following cases:

(a) FD 6= ∅ and uz = 0 holds for the computed (u, z) ∈ FD : then we solved the DLCP .

(b) FD 6= ∅ and for the computed (u, z) ∈ FD : uz 6= 0 holds, then by Lemma 4.3 we know

that M is not a row su�cient matrix, therefore it is not a su�cient matrix either and

vector z is a certi�cate for this.

(c) FD = ∅, then the DLCP has no solution.

In cases (a) and (b) we have solved the LCP in the sense of Theorem 4.1. In case (c) we try

to solve the embedded problem LCP' with using one of the above presented modi�ed IPMs.

The modi�ed algorithm either shows that matrix M ′ � and thus by Lemma 3.15 matrix M

as well � is not in the class of P∗(κ̃) or solves the problem (LCP ′). In the latter case we

have two subcases:

(i) x̃ = 0, then by Lemma 3.15 the LCP has a solution.

(ii) x̃ 6= 0.

When x̃ 6= 0 and FD = ∅, if matrix M is su�cient, then it is also column su�cient, so the

LCP has no solution by Lemma 3.15. But this contradicts the Fukuda-Terlaky LCP duality

theorem [16, 25, 26], therefore in this case matrix M can not be su�cient and the vector x̃

is an indirect certi�cate for this.

We can state our main result combining the dual side approach with the complexity

result Theorem 6.26 (an interior point of the problem (LCP ′) is known by construction).

Theorem 6.27 Let an arbitrary matrix M ∈ Qn×n, a vector q ∈ Qn, and ε > 0 be given.

Then one can verify in polynomial time that at least one of the following statements holds

(1) the LCP problem (1.1) has an ε-optimal solution (x, s) whose encoding size is polyno-

mially bounded.
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(2) the DLCP problem (4.1) has a feasible complementary solution (u, z) whose encoding

size is polynomially bounded.

(3) matrix M is not in the class P∗(κ̃).

Theorem 6.27 is a generalization of Theorem 6.26. Since the interior point assumption

is eliminated, it can occur that the LCP has no solution while matrix M is su�cient. This

is the second statement of Theorem 6.27. On the other hand, as we see in case (ii) in the

dual side approach, when the matrix is not su�cient, we only have an indirect certi�cate

x̃. This is the reason why in the last case of Theorem 6.27 we can not ensure an explicit

certi�cate. Therefore, Theorem 6.27 is stronger than Theorem 6.26, because the interior

point assumption is eliminated, however only an indirect certi�cate is provided in the last

case.

It is interesting to note that Theorem 6.27 and Theorem 4.1 (a result of Fukuda et al.

[25]) are di�erent in two aspects: �rst, our statement (3) is weaker in some cases than theirs

(there is no direct certi�cate in one case), but on the other hand, our constructive proof is

based on polynomial time algorithms and a polynomial size certi�cate is provided in all the

other cases in polynomial time.

6.3 Computational results

We would like to demonstrate the e�ciency of the modi�ed interior point algorithms. Unfor-

tunately, there is not such a set of test problems for LCP algorithms as in the case of linear

programming problems (like NETLIB). Ye and his colleagues [88] published computational

results of their algorithms for a special class of LCPs, which comes from an economical

problem, the Leontief economy equilibrium problem, as we introduced in Section 1.2.5. In

this section we summarize our computational experiences of two modi�ed IPMs (the long-

step path-following and the predictor-corrector algorithm) and compare our computational

results with Ye's results.

Ye et al. dealt with the following LCP:

ATu + v = e, uv = 0, u,v ≥ 0, (6.20)

where A is a nonnegative matrix, the Leontief coe�cient matrix. It is easy to see, that

u = 0, v = e is a trivial solution of the problem. However, this solution has no meaning in

economy, because u represents the utility of traders. Therefore, the following system has to

be solved:

ATu + v = e, uv = 0, u,v ≥ 0, u 6= 0, (6.21)
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which is equivalent with the Leontief economy equilibrium problem if A is a positive matrix

(see Theorem 1.1).

Ye et al. proved that the solvability of this problem is equivalent with the co-positive

plus property of the matrix −A, if the matrix A is symmetric.

Theorem 6.28 ([88]) Let A be a real symmetric matrix. Then, it is NP-complete to decide

whether or not the problem (6.21) has a solution.

On the other hand, if the matrix A is nonnegative, namely all elements are nonnegative,

then the problem has a solution.

Ye and his colleagues constructed two algorithms to solve the problem (6.21) with a

symmetric nonnegative matrix. HOMOTOPY is a homotopy based interior point path-

following algorithm [17], while QP is a quadratic programming based potentional reduction

algorithm, which is a fully polynomial approximation schema (FPTAS) [88].

Ye et al. proved that the problem (6.21) can be reformulated as an LCP in the following

way:

−Mx + s = q, xs = 0, x, s ≥ 0, (6.22)

where

M =

(
AT −e

−eT 0

)
and q =

(
0

−1

)
.

They randomly generated sparse symmetric matrices, whose elements are uniform in

[0, 1]. They also tried to solve the test problems in form (6.20) with solvers PATH and

MILES, which use a Lemke type algorithm. In their experiments, these solvers always

returned the trivial solution. Furthermore, MILES could solve none of their test problems

in form (6.22), and PATH could only solve a few problems.

We could not acquire this test set of matrices, therefore we also generated such matrices;

for each size (10, 20, 40, 60, 80, 100, 200) we created 10 matrices. For each matrix we

solve the problem from 1000 randomly generated initial points. The special structure of the

problem enables us to neglect the embedding and directly construct an initial point. Since

the matrix A is nonnegative, if the �rst n element of the vector x are arbitrary positive

numbers and the last coordinate of the vector x is large enough, then the corresponding

vector s = q +Mx will also be positive.

The two modi�ed IPMs are coded in MATLAB and were run on a desktop computer

(1.54 GHz CPU, Windows XP and 1 GB RAM). We set the following parameter values:

• For both IPMs we choose κ̃ = 100, so we either solve the problem, or give a certi�cate,

that M is not a P∗(κ̃)-matrix.
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• In the modi�ed predictor-corrector IPM the proximity parameter γ is chosen such that

the initial point (x0, s0) will be in the neighbourhoodD(γ), i.e., γ = n/2 min (x0
i s

0
i )
/

(x0)
T
s.

• We use a larger centrality parameter in the modi�ed long-step path-following IPM than

the theoretical value, because the computational experience shows a better e�ciency

for a larger value (the same as for linear programming problems), so we choose τ = 500.

• The barrier update parameter in the long-step path-following IPM: γ = 0.5.

• The step length in the long-step path-following IPM is determined by line search (at

most 20 iterations).

• The accuracy parameter ε is 10−8 in both modi�ed IPMs.

• We allow maximum 1000 iterations per run, because as experience shows, when a

solution is found, the number of iterations is less than 1000 (see the tables below).

The following tables show the e�ciency of the algorithms. The �rst table contains the

average computing time of runs in seconds (mean T), the average number of iterations (mean

it), the maximum time of runs (max T), the maximum number of iterations (max it) for each

dimension for the modi�ed long-step path-following IPM (LS). Here we consider all runs, so

each element of the table is computed from 1000 runs for 10 matrices, i.e., from 10000 value.

n mean T mean it max T max it

10 0.0143 36.93 0.343 48

20 0.0231 35.87 0.765 49

40 0.0542 32.16 7.000 50

60 0.1119 28.33 8.360 50

80 0.2248 27.59 19.922 51

100 0.4093 24.75 23.313 51

200 3.4648 22.49 470.969 52

Table 6.1: Results of the LS considering all runs.

Table 6.2 contains the previous values, but only for the successful runs, namely when

the algorithm returns a solution. Furthermore, �# sol� means how many times we have

found a solution from the 1000 runs, and �# di� solution� is the number of the di�erent

solutions we found. Both of them are an average value for the appropriate ten matrices for
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n #sol #di� sol s.mean T s.mean it s.max T s.max it mean sup

10 856.0 11.6 0.0139 39.58 0.328 48 3.22

20 728.5 79.8 0.0208 41.36 0.313 49 5.20

40 493.3 228.9 0.0450 42.94 2.094 50 7.81

60 312.7 241.6 0.0860 43.57 3.265 50 10.02

80 261.9 217.3 0.1651 44.33 5.766 51 12.18

100 152.9 148.4 0.3036 44.63 19.687 51 14.15

200 19.4 19.4 3.1757 45.76 34.875 52 26.07

Table 6.2: Results of the LS for runs which return a solution.

each dimension. The last column of the table (mean sup) contains the average support size

of the found solutions.

Similarly, the computational e�ciency of the modi�ed predictor-corrector IPM (PC) is

presented by the following two tables. (Here an iteration consists of a predictor and a

corrector step.)

n mean T mean it max T max it

10 0.0112 14.14 0.641 913

20 0.0243 17.67 1.078 803

40 0.0711 23.01 2.203 688

60 0.1715 27.24 6.297 1000

80 0.4224 32.55 13.453 1000

100 0.7378 34.75 21.859 1000

200 8.1261 54.62 155.343 1000

Table 6.3: Results of the PC considering all runs.

When we compare the above tables, we can see that the LS algorithm is faster for

problems with size more than 20, if we account all runs. There is an interesting phenomena:

the average iteration number decreases for the LS algorithm when the dimension increases.

The reason of this is maybe that for a larger problem we may �nd with larger probability a

bad point, namely a point where the LS algorithm stops with a certi�cate, that the matrix is

not P∗(κ̃). For larger sizes, the PC algorithm always has some bad cases, when the iteration

number reaches the threshold, but it happens only for a few instances, as the average iteration

number is much smaller.
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n #sol #di� sol s.mean T s.mean it s.max T s.max it mean sup

10 839.2 10.6 0.0117 14.89 0.188 240 3.09

20 707.4 67.3 0.0274 20.13 0.485 356 5.03

40 509.1 197.1 0.0916 29.83 2.203 688 7.21

60 335.6 241.3 0.2481 39.68 3.157 479 9.09

80 282.1 225.3 0.6225 48.38 5.344 436 10.79

100 166.5 159.5 1.2625 59.98 14.844 621 12.26

200 28.6 28.6 16.2489 110.22 51.282 346 22.49

Table 6.4: Results of the PC for runs which return a solution.

When the dimension is over 40, the PC algorithm returns a solution in a bit more cases

than the LS, and the ratio of number of di�erent solutions is almost the same for both

algorithms. On average, the LS algorithm is faster if a solution is found. The average

necessary iteration number to �nd a solution increases slightly for the LS algorithm, while

for the PC algorithm it increases rapidly. The average support size of the found solutions is

almost the same for the two algorithms.

The computational results show that one run of the modi�ed interior point methods is

faster for each dimension than of HOMOTOPY, or QP. But this comparison is not absolutely

correct, because the modi�ed IPMs do not give a solution in all runs. Therefore, a more

sophisticated comparison is when we evaluate the average time to determine a solution of

the problem. Accordingly, we divide time sum for all runs with the number of �successful�

runs, namely when a solution is given. In this case we can see that the modi�ed algorithms

are better from the point of e�ciency if the dimension is less than 80 (see Table 6.5)3.

To summarize our computational experience, the modi�ed IPMs �nd a solution less often

as the problem size increases. They are suitable for solving small scale problems (dimension

is less than 100). They can be used to solve larger problems, but the computational time is

worse by orders of magnitude than for QP or HOMOTOPY. The most important advantage

of the modi�ed IPMs is that they can determine di�erent solutions � because of randomly

generated initial points � in contrast to HOMOTOPY and QP. Furthermore, we do not

use the special structure of the problem, only at generating initial points, but it can be

substituted by an embedding.

Finally, let us note, that the generated matrices are not su�cient matrices, moreover not

even P0-matrices, so the solution sets of the problems are not convex and not even connected.

3Ye and his colleagues coded their algorithms (HOMOTOPY and QP) also in MATLAB, but run their

solvers on a desktop computer with a 2.8 GHz CPU.
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n PC LS QP HM PATH

10 0.01 0.02

20 0.03 0.03 0.1 0.2 0.1004

40 0.14 0.11 0.1 0.4 0.3406

60 0.51 0.36 0.1 0.8 fail

80 1.50 0.86 0.2 1.4

100 4.43 2.68 0.3 2.2

200 284.13 178.60 1.2 14

Table 6.5: The average computational time for all algorithms.

Furthermore, it is an interesting observation, that the value of κ is almost always 0 through

the runs when the algorithm returns a solution.

In Chapter 7 we discuss some ideas how the modi�ed algorithms could be improved.
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Chapter 7

Open problems

Here we collect some open problems related to the topic of the thesis.

• The set P0 \ P can be considered as the boundary of the set P0 (see the seventh

statement of Lemma 2.5). There are su�cient and not su�cient matrices as well.

Furthermore, the boundary of the P∗ matrix class is a subset of P0 \P . Is there a good
characterization of su�cient matrices which are not P-matrices, namely which are on

the boundary of P∗?
Kojima et al. gave an upper bound on the handicap of a matrix in P (see Theorem

2.10). Is there a reasonable upper bound on the handicap of a su�cient but not a P
matrix?

• Conjecture: κ̂(M) is a continuous function of the entries of M for su�cient matrices.

• Conjecture: The determination of the handicap of a su�cient matrix is NP-hard prob-

lem.

• We have seen that if the matrix M is su�cient and the interior point assumption

holds, then the complementarity level sets of the LCP are nonempty and compact

(Proposition 3.3). Furthermore, the existence and uniqueness of the central path is a

corollary of the compactness and nonemptyness of the complementarity level sets. Is

the reverse is true? Namely, if the central path exists and it is unique, then should the

complementarity level sets be nonempty and compact?

• Give an EP type theorem for the existence and uniqueness of the central path, namely

for Theorem 3.6.

• Give a classi�cation of LCPs (with non su�cient matrices) according to the number

of central paths.
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• Construct an LCP, which has no central path, if it is possible. (At the end of this

chapter we present a problem, which has a solution without a central path, namely,

there is no central path which tends to this solution.)

• We proved that the DLCP can be solved in polynomial time if the matrix M is row

su�cient (Corollary 4.4). Contrarily, for the primal problem, so for the LCP there

is no similar result. Although, when the matrix M is su�cient, there are polynomial

time algorithms, but their complexity depends on the handicap of the matrixM , which

can be arbitrary large for su�cient matrices, and it can be in�nite for a row su�cient

matrix. Is there a matrix class � wider than PSD � for which the LCP can be solved

in polynomial time with interior point methods?

• The Rounding procedure � from an ε-optimal solution determines an exact solution

of the LCP � is proved only for the su�cient matrix class. Generalize it for LCPs

with arbitrary matrices, and give an EP type theorem. Based on such a result, the

�ε-optimal solution� could be changed to �optimal solution� in Theorem 6.26 and 6.27.

• Possibilities to improve the e�ciency of the modi�ed interior point methods:

� Generate initial points in a more sophisticated way.

� Utilize information of the previous runs.

� What can we do if the algorithm terminates with a certi�cate? Does the algorithm

have to stop by all means if it �nds a certi�cate? Can we �nd another point or

Newton direction in this case, which is suitable to continue the algorithm in a

proper way? (Note that we use the special properties of the matrix only locally.)

Maybe a proper perturbation of the problem can help.

We �nish the thesis with a small example, which illustrates well the di�culties of the

modi�ed interior point methods at the solution of LCPs with arbitrary matrices . Let us

consider the following LCP

x+ y ≤ 1

y ≤ 1

x, y ≥ 0

x y = 0

 (7.1)

It is easy to see, that this problem has three solutions: (0, 0), (1, 0) and (0, 1), and the

second condition is redundant. Figure 7 shows that there are only two central paths. The
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blue curve tends to the solution (0, 0), while the green one to the point (1, 0). We try

to solve the problem with the modi�ed predictor-corrector interior point algorithm from

di�erent initial points. Figure 7 illustrates how the algorithm terminates starting from a

given point. When we start from a point in the blue area, the algorithm �nds the solution

(0, 0). Similarly, the algorithm determines the solution (1,0) starting from the green area.

When the initial point is on the red line, the algorithm terminates with a certi�cate, that

the matrix is not P0, and �nally, starting from a red point (beside the red lines) we get a

certi�cate that the matrix is not su�cient. Thus the algorithm never �nds the third solution

(0, 1).

Figure 7.1: Regions of attraction for modi�ed predictor-corrector algorithm on problem (7.1).

Let us perturb the problem (7.1). We decrease the right hand side of the second condition

to 0.9, thus the second condition is not redundant any more. The perturbed problem has

four solutions: (0, 0), (1, 0), (0, 0.9) (0.1, 0.9), and there are four central paths. However,

the two new solutions have very short central paths, which lie very close to the boundary

of the set of feasible solutions. It means, that these two solutions could be determined by

the modi�ed predictor-corrector algorithm, but the initial point has to be very close to these

solutions.

109



Figure 7.2: Central paths for the perturbed problem of (7.1).
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Summary

The thesis is concerned with the interior point methods for linear complementarity prob-

lems (LCP). The LCP is an NP-complete problem, when we have no information about the

coe�cient matrix of the problem. In the literature there are e�cient algorithms to solve the

LCP, but only when the matrix of the problem belongs to a certain special matrix class.

An arbitrary LCP problem can not be solved in polynomial time, not even if the coe�cient

matrix belongs to the su�cient matrix class, since it can not be decided in polynomial time.

Our aim was to construct an algorithm, which provides some kind of information about

the LCP problem in polynomial time � it gives a solution in the best case. We take well-known

interior point methods (for LCPs with P∗(κ)-matrices) for the basis of the new algorithm.

The modi�ed algorithms are polynomial time methods. Our motivation was not only to

handle the LCP problems in applications e�ciently, but it was also theoretical. Based on

the modi�ed interior point methods we gave constructive proofs for new EP theorems.

The thesis can be divided into two parts. In the �rst part we mainly collect well-known

results according to the LCPs and interior point methods. At the end of the Introduction

we collect some well known problems, which can be reformulated as an LCP to illustrate

how important an e�cient algorithm for handling LCPs with arbitrary matrices will be in

practice. Then we deal with some matrix classes related to LCPs, which are important for

our purposes. Finally, we give an overview of the theory of interior point methods.

In the second part of the thesis �rst the dual of the LCP is considered. We show that

the dual LCP can be solved in polynomial time if the matrix is row su�cient, and we give

an EP type theorem based on this complexity result.

We generalize the Mizuno�Todd�Ye predictor-corrector algorithm for LCPs with P∗(κ)-
matrices and show that the algorithm preserves its nice property, that is, if the two used

neighbourhoods are well chosen, then after each predictor step we can return to the smaller

neighbourhood of the central path with only one corrector step. Then we take a further step

in the generalization of interior point methods. As we have already pointed out, usually we

do not know anything about the matrix of a real life problem, moreover, in most cases it is

not a P∗(κ)-matrix. Therefore, we construct modi�ed interior point methods (a long step

path-following, an a�ne scaling and a predictor-corrector one), which can handle any LCPs.

These algorithms either solve the problem or its dual (in the latter case proving that the

problem has no solution), or give a polynomial size certi�cate that the matrix is not a P∗(κ̃)-
matrix with an arbitrary but a priori chosen κ̃. We present preliminary computational results

of the modi�ed long-step path-following and predictor-corrector interior point methods on a

special variant of the Arrow�Debreu market equilibrium problem.
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Összefoglalás

A doktori értekezés a lineáris komplementaritási feladatokra (LCP) kidolgozott bels®pon-

tos algoritmusokkal foglalkozik. Az LCP feladat egy NP-teljes probléma ha nem áll ren-

delkezésünkre semmilyen információ a feladat mátrixáról. Csak abban az esetben ismertek

hatékony megoldó módszerek, ha a feladat mátrixa valamilyen speciális tulajdonsággal bír.

Egy tetsz®leges LCP feladatot nem tudunk polinom id®ben megoldani, még abban az esetben

sem, ha az együtthatómátrix elégséges, ugyanis ezt nem tudjuk polinom id®ben leellen®rizni.

Célunk olyan algoritmus megalkotása volt, mely polinom id®ben szolgáltat információt

az LCP feladatról � a legjobb esetben egy megoldását kapjuk. Az új algoritmus jól ismert,

P∗(κ) mátrixú LCP feladatokra kidolgozott bels®pontos algoritmusokon alapszik. A mó-

dosított algoritmusok polinomiálisak. A motivációnk nem csak a gyakorlati problémákból

származó LCP feladatok hatékony kezelése, hanem elméleti jelleg¶ is. A módosított bel-

s®pontos algoritmusok segítségével konstruktív bizonyítást adunk új EP típusú tételekre.

A doktori dolgozat két részre bontható. Az els® részben f®ként az LCP feladatokkal

és a bels®pontos algoritmusokkal kapcsolatos már ismert eredményeket gy¶jtöttük össze. A

Bevezetés végén néhány jól ismert, LCP feladatra visszvezethet® feladatot mutatunk be, ezzel

is alátámasztva egy hatékony, tetsz®leges LCP feladatokat kezel® algoritmus fontosságát.

Ezt követ®en néhány, az LCP feladatokkal kapcsolatos, számunkra fontos mátrixosztályt

tárgyalunk. Végül a bels®pontos algoritmusok elméletér®l adunk egy áttekintést.

A dolgozat második felében el®ször az LCP feladat duálját vizsgáljuk. Megmutatjuk,

hogy a duál LCP feladat polinom id®ben megoldható, ha a feladat mátrixa sorelégséges.

Továbbá ezen komplexitási eredményre támaszkodva egy EP típusú tételt fogalmazunk meg.

A Mizuno�Todd�Ye prediktor-korrektor algoritmust P∗(κ) mátrixú LCP feladatokra ál-

talánosítjuk, megmutatjuk, hogy az algoritmus meg®rzi azon szép tulajdonságát, miszerint

a két környezet megfelel® összehangolása esetén minden prediktor lépés után egyetlen kor-

rektor lépéssel visszatérhetünk a sz¶kebb környezetbe. Ezután egy további lépést teszünk a

bels®pontos algoritmusok általánosításában. Egy valós gyakorlati probléma esetén általában

nem tudunk semmit a feladat mátrixáról, s®t legtöbbször az nem is P∗(κ) mátrix. Ezért úgy

módosítottuk a bels®pontos algorimusokat (hosszúlépéses útkövet®, a�n skálázású, illetve

prediktor-korrektor algoritmusokat), hogy tetsz®leges LCP feladatokon fussanak. Ezen algo-

ritmusok vagy megoldják a feladatot, vagy megoldják a duál feladatot (bizonyítva ezzel, hogy

az eredeti feladatnak nincs megoldása), vagy pedig egy polinom méret¶ tanút szolgáltatnak,

mely igazolja, hogy a mátrix nem P∗(κ̃) mátrix, ahol κ̃ tetsz®leges, de el®re rögzített. Végül

ismertetjük a módosított hosszúlépéses útkövet®, illetve prediktor-korrektor algoritmusok

futási eredményeit az Arrow�Debreu piaci egyensúlyi probléma egy speciális feladatán.
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positive semide�nite, 25, 31

row su�cient, 27, 56
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Newton step
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Newton system, 47

(p,q)-scaling, 33
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proximity measure, 48
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quadratic programming, 15

scaling, 50

solution set, 9
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