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I. INTRODUCTION 

A stationary state of a molecule is described by a wave function that depends on the 

nuclear and electronic coordinates and satisfies the time-independent Schrödinger equation 

(TISE). Current methods for the Coulomb few-body problem are summarized in a review by 

Harris.1 These so-called nonadiabatic treatments yield the exact eigenstates of a system within 

nonrelativistic quantum mechanics. Numerical solution of the TISE without using 

approximations has only been possible for just a few systems, such as He,2 +
2H ,2,3,4 H2,5 

HeH+,6 +
3H ,7 and their isotopologues. 

Since the invention of quantum mechanics, chemical thinking has mostly been based 

on the Born−Oppenheimer (BO) approximation,8 which separates the motion of electrons 

from that of the nuclei. The BO approximation is based on the observation that nuclei are 

much heavier than electrons and move much more slowly, such that electrons see the 

instantaneous positions of nuclei, while nuclei see the average distribution of the electrons. 

Definition of many well-known chemical entities, such as equilibrium structures and potential 

energy and property curves and surfaces, relies upon the BO approximation. Within the BO 

approximation one can start the solution of the quantum mechanical problem with that of the 

electronic Schrödinger equation using clamped nuclei. By repeating the electronic energy 

calculations at different nuclear configurations a potential energy surface (PES) is obtained. It 

is important to note that different property surfaces can also be obtained the same way, such 

as the dipole moment surface (DMS). Then, the PES, depending on an appropriately chosen 

set of nuclear coordinates, is employed as the potential energy operator in the Schrödinger 

equation when solving for the motion of the nuclei. Solution of the nuclear motion problem 

results in (ro)vibrational energy levels and the corresponding wave functions. Employing the 

wave functions of two (ro)vibrational states and the DMS the intensity of the transition 

between the two states can be computed. For the last few years I have been working on high-

accuracy solution of the nuclear motion problem; therefore, I first briefly introduce the history 

of the theoretical determination of the rotational-vibrational spectra of (small) molecules. 

The foundation for the interpretation of molecular vibrations and rotations and 

computation of the related spectra was laid by the introduction of the quantum mechanical 

harmonic vibrational analysis (see, e.g., Refs. 9–12) and rigid rotor approximation. In the 

simple harmonic oscillator model N-atomic molecules are treated as multidimensional 

harmonic oscillators. Similarly to classical mechanics, the normal coordinates are introduced 



 8

by a unitary transformation between them and the Cartesian coordinates. This way the 

multidimensional harmonic oscillators are decoupled and the resulting one-dimensional 

Schrödinger equations have analytic solutions. The normal coordinates and the corresponding 

harmonic frequencies can be obtained employing the GF method developed independently by 

Wilson and Eliashevich.9,10  

Naturally, molecular vibrations are not harmonic; therefore, measured frequencies and 

those obtained within the harmonic approximation do not agree with each other. An important 

step toward obtaining a better agreement between harmonic vibrational frequencies computed 

by simple electronic structure techniques and experiment was the introduction of the scaled 

quantum mechanical (SQM) force field method.13,14,15 The SQM quadratic force field is 

obtained by adjusting, i.e., empirically scaling, the force constant obtained from ab initio 

electronic structure calculations. The scaled quadratic force field provides considerably more 

accurate vibrational frequencies. This is due not only to removal of systematic errors in the 

electronic structure treatment but also to incorporation of anharmonic effects into the 

quadratic force field. Within the SQM scheme the force constants corresponding to 

chemically similar coordinates are scaled with the same factor; thus, the scaling procedure can 

be done using only a modest number of scaling factors.   

Using the classical mechanical Hamiltonian derived for the vibrating-rotating 

molecule by Eckart,16 Watson developed the Hamiltonian into the quantum mechanical form 

which is used today.17,18 The Schrödinger equations corresponding to the Eckart–Watson 

Hamiltonians cannot be solved analytically. One possibility for the numerical solution of the 

(ro)vibrational Schrödinger equation is based on perturbation theory. Traditionally, 

vibrational perturbation theory carried out to second order (VPT2)19,20 became popular. 

Within VPT2 the anharmonic vibrational frequencies can be obtained using analytical 

formulae from a quartic force field expressed in normal coordinates. It is important to note 

that, unlike the harmonic vibrational analysis, VPT2 provides reasonable estimates not only 

for the fundamentals but also for vibrational overtones and combination bands. Nevertheless, 

VPT2 includes approximations. First, the kinetic energy operator employed is not exact. 

Second, the potential energy operator is a quartic force field, which is only a truncated 

representation of the PES. Third, the eigenvalue problem of the non-exact Hamiltonian is 

solved by using a second-order perturbation theory, which gives only an approximate solution 

of the related Schrödinger equation. VPT2 can be employed for medium-sized molecules, e.g. 

for L-proline;21 however, treatment of resonances is cumbersome in the perturbation 

approaches, which results in a considerable limitation of the application of VPT2.  
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  If one is interested in the first-principles computation of high-accuracy rovibrational 

energy levels or the determination of the complete rovibrational spectra of molecules, the use 

of methods based on the variational principle becomes necessary. Variational techniques are 

able to provide the “exact” (ro)vibrational energies corresponding to the given PES. 

During my PhD research I developed different variational or nearly variational 

strategies for the determination of (ro)vibrational eigenstates of (small) molecules. Therefore, 

in the following the variational technique is introduced. For a variational solution of the 

(ro)vibrational Schrödinger equation the following steps need to be considered: (a) selection 

of a suitable coordinate system; (b) the form of the kinetic energy operator expressed in the 

given coordinates; (c) determination of the PES; (d) choice of the proper basis functions, used 

for computing the integrals required to build the matrix representation of the Hamiltonian; (e) 

determination of the matrix representation of the Hamiltonian; and (f) computation of the 

required eigenvalues and eigenfunctions of the Hamiltonian matrix. 

In electronic structure calculations the Cartesian coordinate system is employed. 

However, this set of coordinates is not advantageous when the solution of the (ro)vibrational 

problem is the goal. If one wants to get rid of the continuous part of the spectrum occurring 

due to the translational motion of the molecule, an internal coordinate system should be used. 

In vibrational computations internal coordinate systems are used where, after exact separation 

of the three translational degrees of freedom, the vibrational motion can be described by 3N–

6(5) coordinates in the case of an N-atomic nonlinear(linear) molecule. If the rotational 

motion is also to be described, the body-fixed frame has to be embedded. As rotational 

coordinates it is advantageous to choose the three Euler angles.22 Let us next consider the 

internal coordinate choices for a three-particle system.  

One can of course use three distance-type coordinates. If the coordinates are the 

interatomic distances (R1, R2, R3) than the three coordinates are coupled due to the fact that 

they have to satisfy the triangular inequalities kji RRR ≥+ . Therefore, the integration limits 

have to be considered carefully.1 It is also possible to define coordinates as linear combination 

of interatomic distances. Hylleraas coordinates23 are defined as 211 RRt += , 212 RRt −= , and 

312 Rr = ; however, they are still coupled. Pekeris coordinates24 are defined as 

)( 3212
1

1 RRRu −+= , )( 2312
1

2 RRRu −+= , and )( 1322
1

3 RRRu −+= .  The advantage of the 

use of Pekeris coordinates is that they do not suffer from the interdependent range problem 

associated with interatomic distance coordinates. 
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Figure 1. Generalized internal coordinate system for three-particle systems described by 

Sutcliffe and Tennyson,25 where A, B, and C denote the particles. Definition of the coordinates is 

)(1 SBrR −= , )(2 PCrR −= , and BQCΘ ∠= . Definition of the parameters g1 and g2 of 

Table I: ( ) ( )BArPArg −−= /1  and ( ) ( )CArSArg −−= /2 . 

 

It is also possible to employ two distance-type coordinates and an angular coordinate. 

A general coordinate system with the above-mentioned coordinates was described by Sutcliffe 

and Tennyson.25 This general coordinate system includes the widely known nonorthogonal 

bond coordinates (two bond lengths and a bond angle), as well as the orthogonal Jacobi26 and 

Radau27 coordinates. The definition of these coordinates can be seen in Figure 1. 

Finally, a coordinate system can also be defined by two angles and a distance. These 

are the hyperspherical coordinates.28 I have not employed such coordinates in my research. 

While the kinetic energy operator can be simply given in Cartesian coordinates, it has 

a much more complicated form in internal coordinates. However, the exact kinetic energy 

operators can be expressed in all of the above described internal coordinates and the form of 

these operators can be found in the literature.23,24,25
 The kinetic energy operators in the 

generalized internal coordinates described by Sutcliffe and Tennyson are given in Table I. 
Unlike the kinetic energy operator, the potential energy operator of a molecule cannot 

be given exactly. As it has been mentioned earlier the converged results obtained from a 

variational treatment are the exact rovibrational energy levels corresponding to the given PES. 

Therefore, the precision of the PES determinates the accuracy of the rovibrational 

eigenenergies. 
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Table I. Vibrational kinetic energy operators, K̂ , of triatomic molecules in the generalized internal 

coordinate system described by Sutcliffe and Tennyson25 
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During the variational solution of the Schrödinger equation the wave function can be 

approximated by a linear combination of so-called basis functions. These basis functions have 

to be multidimensional functions if the eigenvalue problem of a multidimensional 

Hamiltonian is considered. A multidimensional basis can be either a direct product or a 

nondirect product basis. It is important to mention that a nondirect product basis function can 

also be a product of functions if these one-dimensional functions are coupled to each other. 

To move forward one has to set up the matrix representation of the Hamiltonian. There 

are different techniques for building the Hamiltonian matrix. The variational basis 

representation (VBR) method means that all the integrals defining the matrix elements are 

calculated analytically. A finite basis representation (FBR) means that the matrix elements are 
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not exact due to the use of approximate numerical techniques for the determination of the 

required integrals. A well-known numerical integration technique employs the Gaussian 

quadratures.29 In the past two decades grid techniques, in particular the discrete variable 

representation (DVR)30,31,32 methods, became popular in (ro)vibrational computations. The 

DVR via the so-called transformation method was introduced in 1965 by Harris et al.30 In 

1968 Dickinson and Certain31 showed its close relation to Gaussian quadratures, which 

explained its high accuracy in the case of a standard orthogonal polynomial basis. In 2003 

we33 extended the proof of Dickinson and Certain and showed that the transformation method 

gives matrix elements of Gaussian quadrature accuracy even in the case of general bases. The 

DVR has the advantage that the matrix of the potential energy operator is diagonal in this 

representation and these diagonal elements can be simply computed as the function values of 

the PES at the given quadrature points. This is an extremely important property since the PES 

is different for the different molecules and it cannot really be given efficiently with prescribed 

analytic functions. 

The final step of a variational method is the computation of the requested eigenvalues 

and eigenfunctions. This can be done by different methods. Direct diagonalization techniques 

can be used if the computation of all the eigenvalues is possible. These direct techniques have 

two disadvantages. First, the elements of the Hamiltonian matrix have to be stored, which 

may require a large amount of memory. Naturally, the memory requirement scales with 

O(N2), where N is the dimension of the Hamiltonian matrix. Second, the required computer 

time scales with O(N3). Direct diagonalization of matrices of dimension less than 10 000 by 

10 000 is viable on today’s PCs; however, the dimension of matrices of (ro)vibrational 

Hamiltonians can be substantially larger than this. Thus, more efficient techniques must be 

found for the determination of the requested eigenpairs. Different iterative eigensolvers have 

been developed for efficient computation of selected eigenpairs. The iterative methods require 

a limited number of matrix-vector products, thus they scale as O(N2). In (ro)vibrational 

calculations, where usually the computation of a couple of thousand eigenstates is the goal, 

the use of Lanczos-type methods34 became popular. It is useful to note that in electronic 

structure calculations the Davidson algorithm35 have been used, as there one usually requests 

just a few (e.g. one or two) eigenvalues.  

After this brief and simplified introduction to variational nuclear motion computations, 

the sections to follow describe my own research results. In Section II one of the simplest 

possible strategies for solving the nuclear motion problem of any triatomic molecules, termed 

DOPI,36 is presented, where DOPI stands for DVR of the Hamiltonian given in orthogonal 
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(O) internal coordinates employing direct product (P) basis functions and an iterative (I) 

eigensolver. DOPI was employed for variational vibrational calculations using high-order 

anharmonic force fields.36,37 Utility of the force field representations and the inclusion of 

high-order force constants is discussed. DOPI was also used for computing (ro)vibrationally 

averaged properties, such as effective structures and rotational constants.36,38,39 In particular, 

the equilibrium and temperature-dependent effective structures of the water molecule are 

given and compared to experiment.38,39 In Section III methods are discussed for treating the 

singularities in (ro)vibrational computations.40,41,42 A new efficient FBR is introduced which 

allows use of nondirect product basis functions having structure similar to that of spherical 

harmonics.41 In Section IV methods are considered that go beyond the BO approximation. A 

new adiabatic correction, the so-called adiabatic Jacobi correction (AJC)43 is introduced, 

which allows the determination of the potential energy curve using proper finite nuclear 

masses. The dissertation ends with copies of eight of my selected research articles. These 

papers contain almost all the details; therefore, in the following sections I will introduce only 

the key ideas and present the related conclusions of my PhD research. Although the detailed 

discussion of the developed algorithms and the tables and figures will not be repeated, new 

tables and figures are included in the dissertation containing the essence of my research 

papers and certain unpublished results. It is my sincere hope that my dissertation can be 

understood and enjoyed in itself. For more details, the interested reader can consult the 

original papers, which are referenced with Roman numbers. Correspondence between the 

usual references and the Roman numbers are as follows: Ref. I = Ref. 36, Ref. II = Ref. 37, 

Ref. III = Ref. 38, Ref. IV = Ref. 40, Ref. V = Ref. 41, Ref. VI = Ref. 42, Ref. VII = Ref. 43, 

and Ref. VIII = Ref. 44. Sections II–IV of the dissertation begin with historical discussions 

and all the subsections contain my own results.  
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II. VARIATIONAL CALCULATION OF VIBRATIONAL ENERGIES 

AND AVERAGED PROPERTIES OF TRIATOMIC MOLECULES 

The history of variational (ro)vibrational calculations of polyatomics started with the 

early papers of Handy and co-workers.45–49 They employed the Eckart–Watson Hamiltonian 

as well as a Hamiltonian given in the nonorthogonal bond coordinates (bond lengths and bond 

angle), and the matrix of the Hamiltonian was built using an FBR. In the 90s the use of 

orthogonal internal coordinate systems,25 e.g., Jacobi and Radau coordinates, and the DVR 

representation of the (ro)vibrational Hamiltonian became widespread.50,51,52 The orthogonal 

coordinate systems have the advantage that the kinetic energy operator expressed in them 

does not contain mixed derivatives; thus, internal coordinate Hamiltonians have the simplest 

form in these coordinates (see Table I). The main advantage of DVR in (ro)vibrational 

calculations is that the matrix representation of the potential energy operator is diagonal. 

However, the seemingly most simple algorithm, i.e. that where calculation of the matrix 

elements is done using a direct product basis, all Hamiltonian matrix elements are stored in 

the memory of the computer, and diagonalization is based on the stored Hamiltonian matrix, 

cannot be successful due to the dimensionality problem. Two solution strategies can then be 

followed. First, a successive direct diagonalization and truncation scheme can be used.51,53 

This way contracted basis sets are constructed and used to set up a matrix of modest size but 

without zero elements. Second, the Hamiltonian matrix is built using simple direct product 

basis functions. Thus, the Hamiltonian matrix is a sparse matrix of special structure. The 

required eigenvalues and eigenvectors can be computed efficiently using an iterative 

eigensolver. Due to the sparse structure of the matrix the storage of all the matrix elements of 

the Hamiltonian matrix is not necessary. It is necessary to store only the nonzero elements or 

the matrix-vector products, required by the iterative algorithm, are calculated “on-the-fly” (i.e. 

without storing all the nonzero elements of the matrix) by taking advantage of the special 

structure of the matrix. This second strategy has been followed during my doctoral research. 

 

II. 1. Simple variational solution of the triatomic vibrational motion 

         problem [Ref. I] 

The vibrational Hamiltonian of triatomic molecules using the orthogonal Jacobi26 or 

Radau27 coordinates {R1,R2,Θ} can be written in atomic units as25 
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where V̂  is the potential energy operator, μ1 and μ2 are well-defined25 mass-dependent 

constants, R1 and R2 denote two stretching-type coordinates, Θ is a bending-type coordinate, 

and the volume element for integration is dΘdRΘdR 21sin . The simple variational techniques 

employ direct product basis sets for the matrix representation of Ĥ . Let us define a general 

three-dimensional direct product basis as 
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0,0,021
21
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===
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llχχ ,         (2) 

where the number of R1-, R2-, and Θ-dependent functions is N1, N2, and L, respectively. One 

can now build the N1N2L×N1N2L-dimensional Hamiltonian as 

VKRIKIR

IKIIIKH

+⊗⊗+⊗⊗

+⊗⊗+⊗⊗=
××××××

××××××

LL
Θ

NNNNLL
Θ

NNNN

LL
Θ

NNNNLL
Θ

NNNN

22112211

22112211

2121

2121 ,                            (3) 

where 

( ) ( ) ( )jn
jj

jnnn

NN
j R

R
R

jjjj

jj
′′

× χ
∂
∂

μ
−χ= 2

2

, 2
1K    j = 1 or 2,                  (4) 

( ) ( ) ( )jn
jj

jnnn

NN
j R

R
R

jjjj

jj
′′

× χ
μ

χ= 2, 2
1R      j = 1 or 2,                  (5) 

( ) ( ) ( )Θ
Θ

Θ
Θ

ΘLL
Θ coscotcos 2

2

, llll ′′
× Φ⎟⎟

⎠

⎞
⎜⎜
⎝

⎛
∂
∂

+
∂
∂

−Φ=K  ,                   (6) 

and the elements of the N1N2L×N1N2L-dimensional potential energy matrix are 

( ) ( ) ( ) ( ) ( ) ( ) ( )ΘRRΘRRVΘRR nnnnnnnn cos)cos,,(cos 212121, 21212121 llll ′′′′′′ ΦΦ= χχχχV  .    (7) 

Furthermore, the matrices 11
1

NN ×I , 22
2

NN ×I , and LL
Θ
×I  mean N1×N1-, N2×N2-, and L×L-

dimensional unit matrices, respectively.  

Employing DVR functions for all three variables one can set up the DVR representation 

of Ĥ . The resulting procedure was termed DOPI in Ref. I, where the Hamiltonian is 

expanded in orthogonal (O) coordinates, its matrix is represented by the DVR (D) coupled 

with direct product (P) basis, and advantage is taken of the sparsity and the special structure 

of the resulting Hamiltonian matrix whose required eigenvalues can be determined by 

iterative (I) eigensolvers. Employing DOPI, all the matrices 11
1

NN ×K , 22
2

NN ×K  and LL
Θ
×K  have 

only nonzero elements and they are obtained by analytical formulae,54 while elements of 
11

1
NN ×R  and 22

2
NN ×R  are calculated using the quadrature approximation, which results in a 
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diagonal matrix representation. DOPI takes advantage of the DVR representation, namely that 

the matrix V is diagonal. The final Hamiltonian matrix is extremely sparse with 

( ) LNNLNN 2121 2−++  nonzero elements, e.g. with N1 = N2 = L = 30 more than 99.6 % of 

the matrix elements are zero. Its special structure can be seen in Figure 1 of Ref. I.  

I wrote a computer code in FORTRAN based on the above procedure. The DOPI code 

has been employed for computing vibrational energy levels for several molecules, such as 

H2O,36,38,39,55 CO2,36,56 N2O,36 CH2,57 CCl2,37 HCCl,37 +
3H ,42,56 and HCN/HNC.56 DOPI was 

also extended to describe the rotational-vibrational motion of triatomic molecules.57 This 

variational rotational-vibrational code was employed to compute the vibrational fundamentals 

and the rotational-vibrational levels of the 1
3~ BX  and 1

1~ Aa  electronic states of CH2.57    

 

II. 2. Vibrational band origins from force field representations [Refs. I, II] 

One old difficulty of nuclear motion calculations is the representation of the PES. 

Computation of (semi)global PESs is viable only for small molecules up to three or four 

atoms. If one is interested in the determination of the PES of larger molecules having a huge 

number of electrons one must go back to the traditional approach, the use of force field 

representations of the PES. The potential then is given by Taylor series, expanded about a 

reference, usually the equilibrium, structure. The expansion coefficients, the so-called force 

constants, can be computed for relatively large molecules, such as amino acids.21 

I have computed variationally the vibrational energy levels of the molecules H2O, 

CO2, and N2O using both ab initio and empirical high-order anharmonic force field 

representations. The published force fields were given in the usual {STRE, STRE, BEND} 

representation, where STRE stands for bond stretching and BEND for angle bending 

coordinates. The theoretical force fields have been transformed into the {SPF, SPF, BEND} 

representation, where SPF is the Simons–Parr–Finlan coordinate,58 defined as 

STRE

STRE
e

STRE
SPF

r
rrr −

=  ,          (8) 

where STRE
er  is the equilibrium bond length. Explicit analytic formulas for the transformation 

of the internal coordinate force fields up to sextic terms form {STRE, STRE, BEND} to 

{SPF, SPF, BEND} representation are given in the Appendix of Ref I. 

 For all three molecules studied the ab initio force fields have been obtained at non-

stationary reference geometries, corresponding to the best available estimates of the empirical 
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equilibrium geometries of the molecules at the time. Therefore, nonzero forces appear in the 

force fields. There is no difficulty in using forces in the expansion of the potential during the 

variational solution of the vibrational problem. Nevertheless, my results show that these 

remaining forces should also be neglected in variational vibrational calculations. 

 Significant differences between the results obtained from quadratic or quartic force 

fields corresponding to STRE and SPF representations have been observed, while this 

difference becomes insignificant when the full sextic force fields are employed. This means 

that in the usual STRE representation it is worth using the quintic and sextic force constants; 

however, it is considerably more advantageous to employ a simple quartic force field in the 

SPF representation. Another reason for choosing the SPF representation is due to the observed 

difficulties due to the breakdown of the potential during the use of sextic force fields. These 

breakdown problems can be avoided if they occur, as usual, at high energies. However, in the 

case of H2O the onset of the breakdown is at 7 500 cm–1 above the minimum of the PES (see 

Fig. 2 of Ref. I), thus it has compromised the levels having more than three bending quanta. 

I have also found that the use of empirical quartic and sextic force fields results in a 

much better reproduction of experimental vibrational energies than that of ab initio force 

fields. However, it is clear that especially at higher (fifth- and sixth-) order the empirical force 

constants, obtained through different refinement procedures, do not correspond to the 

associated derivatives of the PES. 

Finally, related results on the CCl2 and HCCl systems should be mentioned (see Ref. 

II). I have computed vibrational energy levels of mono- and dichlorocarbenes using ab initio 

quartic force fields given in the {SPF, SPF, BEND} representation.37 The vibrational energy 

levels of singlet HCCl and DCCl show excellent agreement with experimentally observed 

levels up to 3 000 cm–1. Above 3 000 cm–1 the situation is quite different. The vibrational 

states involving small bending quantum numbers still agree very well with the experimental 

data, while highly excited bending modes show significant deviation from the experimental 

observations. Therefore, I have rerun the variational calculation using an augmented quartic 

force field, when the quintic and sextic diagonal bending internal coordinate force constants 

have been included in the representation of the PES. The results for highly excited bending 

modes obtained from the augmented quartic force field are 15–40% closer to the experimental 

values than the corresponding ones obtained without the use of the quintic and sextic bending 

constants. As expected, the calculated vibrational levels of singlet CCl2 show an even better 

agreement with the experimental observations than it was found for HCCl and DCCl. 
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II. 3. Equilibrium structures of the water molecule [Ref. III] 

Molecular structures are fundamental entities in chemistry. However, the definition of 

the structural parameters is not so trivial if a molecule is considered as a vibrating system. The 

use of the BO approximation provides a way to define a molecular structure. The so-called 

equilibrium structure corresponds to a minimum of the PES. Strictly speaking one can 

distinguish between the mass-independent BO PES and the mass-dependent so-called 

adiabatic PES, which contains the diagonal BO correction (DBOC)59–63 (see more details 

about DBOC in Sec. IV). Therefore, two different ab initio equilibrium structures can be 

defined. First, the well-known BO equilibrium structure means mass-independent structural 

parameters, thus they are the same for the different isotopologues of a molecule. Second, the 

adiabatic equilibrium structure distinguishes between the isotopologues. 

I have determined the equilibrium structure of the water molecule. The ground 

electronic state BO PES and the adiabatic PESs were taken from Ref. 64 and these PESs were 

analyzed in order to obtain the BO and adiabatic bond length and bond angle of the water 

molecule. The purely ab initio adiabatic PESs are termed CVRQD, which means that a PES, 

computed at the valence-only (V) internally contracted multireference configuration 

interaction (ICMRCI) level and extrapolated to the complete basis set limit, is augmented 

with small correction surfaces such as the core correlation (C) correction surface, relativistic 

(R) correction surface, correction surface due to effects from quantum electrodynamics (Q), 

and the DBOC (D) surface. The best mass-independent BO equilibrium bond length and bond 

angle of the water molecule is 0.95782 Å and 104.485°, respectively. The adiabatic 

equilibrium parameters are different for H2
16O and D2

16O. The bond lengths are 0.95785 Å 

and 0.95783 Å and the bond angles are 104.500° and 104.490° for H2
16O and D2

16O, 

respectively. Note that the adiabatic equilibrium parameters of D2
16O are closer to the BO 

values due to the fact that D is heavier than H. These results show that the concept of an 

isotope-independent equilibrium geometry holds to about 3 × 10–5 Å and 0.02° for the water 

molecule. Due to the fact that the equilibrium structures were obtained by finding the minima 

of related PESs, the accuracy of the structural parameters derived can be checked by 

analyzing the quality of the PES. Measurable entities do not provide direct information about 

the minima of PESs due to the existence of the vibrational zero-point energy. The best one 

can do to ascertain the quality of the lowest part of the PES is to compute the rotational levels 

for the ground vibrational state. These variationally computed rotational terms can be 

compared to the experimentally determined energy levels. The computed J = 1 and J = 2 
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rotational levels employing the CVRQD PESs are given in the Table III of Ref. III. The 

purely ab initio results agree with the measured values to within 0.002 cm–1 for all the 

investigated isotopologues of water. This excellent agreement proves the high accuracy of the 

low-energy part of the PESs; therefore, we are confident in the equilibrium structural 

parameters of the water molecule. Furthermore, this is a nice demonstration of the expected 

precision of high-accuracy first-principles techniques.  
 

II. 4. (Ro)vibrationally averaged properties [Ref. I] 

Equilibrium properties of a molecule cannot be measured due to the internal motions 

of the molecule. Experiments provide only effective molecular properties, which are 

(ro)vibrationally averaged values. Naturally, these effective structural parameters can also be 

obtained using first-principles techniques. Traditionally, computation of vibrationally 

averaged molecular properties, e.g., averaged distances or effective rotational constants, 

involves a harmonic or anharmonic vibrational analysis, employing normal coordinates. I 

wanted to follow a different route, namely the variational computation of the averaged 

properties. Therefore, I improved my DOPI code so that it can perform variational averaging 

(see Eq. (7) of Ref. I). 

The variational technique to deduce (ro)vibrationally averaged properties is based on 

expectation value computations, where the (ro)vibrational wave function obtained from 

variational (or nearly variational) nuclear motion computations is employed for determining 

expectation value of the given molecular property. The variational technique has several 

advantages. The function f, used to describe a molecular property, can be given as a general 

function of internal coordinates. It is not required to give the form of f in Taylor series. The 

variational vibrational computations provide converged energy levels with the corresponding 

accurate wave functions. These numerically exact wave functions can be employed for 

expectation value computations providing exact vibrationally averaged properties.  It must be 

stressed that the variational technique allows computation of properly rovibrationally 

averaged properties, separation of the vibrational and rotational degrees of freedom is not 

necessary.   

Determination of the expectation value of an arbitrary function requires the computation 

of the integral 
ττ vJvJ f ΨΨ , where v and J (with an ordering parameter τ) are the vibrational 

and rotational quantum numbers, respectively. Computation of this multidimensional integral 

becomes especially simple when one works in the DVR of the rovibrational Hamiltonian. For 
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a triatomic molecule, computation of expectation values of a function )cos,,( 21 ΘRRf  in a 

DVR representation is given as  

 ( )∑
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Knn
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where matrix C contains the eigenvectors of the Hamiltonian matrix, (0/1) refers to 

(odd/even) parity, N1, N2, and L are the number of the R1-, R2-, and Θ-dependent basis 

functions, respectively, and 
1nr , 

2nr , and Kql  are the grid points (see Ref. 57). It is important 

to note that during rovibrational averaging one can take advantage of the fact that the 

)cos,,( 21 ΘRRf  function does not depend on the Euler angles that describe the overall 

rotation of the molecule.   

The rg distance parameter, which is the thermally average value of the internuclear 

distance, can be computed employing the variational technique. The temperature dependent rg 

is defined as 
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where Evs are the vibrational energies and E0 is the vibrational zero-point energy, computed 

variationally. I have computed the temperature-dependent rg structure of the water molecule.39 

Related unpublished results are given in Tables II and III. Due to the availability of gas 

electron diffraction (GED) results, the ab initio and experimental rg structures can be  

 

Table II. Vibrationally averaged rg structures of two water isotopologues, H2
16O and D2

16O, at 300 K. 

All the distances are given in Å. 

 H2
16O D2

16O 

 rg(OH) rg(HH) rg(OD) rg(DD) 

ab initio 0.97566 1.53823 0.97077 1.53128 

GEDa 0.9763 1.567 0.9700 1.526 

adiabatic re 0.95785 1.51472 0.95783 1.51459 

rg–re 0.01781 0.02351 0.01294 0.01669 

a Gas electron diffraction (GED) data are taken from Ref. 65. 
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compared. My results show that the OH and OD effective distances agree much better with 

experiment than the HH and DD distances. This is due to the fact that the accuracy of GED 

drops substantially for the determination of a distance of two light nuclei. Therefore, this is a 

nice example where the computed results are apparently more accurate than the measured 

values. It is important to note that in the case of the O-H distances the difference between the 

vibrationally averaged rg values at 300 K and the equilibrium distances are 0.01781 Å and 

0.01294 Å for H2
16O and D2

16O, respectively. Thus, the isotope effect is large for the effective 

distance unlike for the equilibrium geometries. 

The variational technique provides a way to deal with the rotational contribution 

exactly, through exact rovibrational computations.  Therefore, the formula given in Eq. (10) 

can be augmented by the rovibrational terms as follows:  
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where 
τvJE s are the rovibrational energies and 

τvJ
r s are rovibrationally averaged 

internuclear distances, which can be calculated by expectation value computations as 

discussed above. The rg(OH) values for H2
16O are given in Table III at different temperatures. 

At 300 K the rg – re value for the OH distance is 0.01838 Å, which contains an about 3 % 

rotational contribution. Therefore, the rotational contribution cannot be neglected if high- 

 

Table III. Temperature dependence of the rg structures of H2
16O. All the distances are given in Å. 

 rg(OH) δrg(OH) 

T / K J ≠ 0 J = 0 (J ≠ 0) – (J = 0) 

0 0.97565 0.97565 0.00000 

100 0.97584 0.97565 0.00019 

200 0.97605 0.97565 0.00039 

300 0.97625 0.97566 0.00060 

400 0.97646 0.97566 0.00080 

500 0.97668 0.97568 0.00101 

600 0.97692 0.97571 0.00121 

700 0.97716 0.97577 0.00140 
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accuracy computation of effective structures is the goal. Furthermore, the numerical results 

presented in Table III show that the rotational contribution has a linear temperature 

dependence. 

Vibrationally averaged effective rotational constants are the principal structural results 

obtained from fitting of appropriate rovibrational Hamiltonians to usually microwave (MW) 

and millimeterwave (MMW) spectroscopic data. The average rotational constants Av, Bv, and 

Cv correspond to the vth vibrational state. One can determine these constants from theoretical 

computations basically in two ways. 

The traditional route goes through VPT2 formulas. The effective rotational constants, 

for example the constant B of a triatomic molecule, in the v-th vibrational state, having 

(n1 n2 n3) quanta in the three vibrational modes, are given by expressions of the form  
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B
iji
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where α denote the vibration-rotation interaction constants, which can be obtained from a 

cubic force field expansion of the potential.  There are only very few cases where the γ 

constants have been determined. It is generally assumed that the α constants are reliable if the 

γ constants are about two orders of magnitude smaller.  

The second route computes the effective rotational constants as expectation values 

employing vibrational wave functions from variational calculations. I have employed this 

second route for computing effective rotational constants for H2O, CO2, and N2O using force 

fields to represent the PESs (see Ref. I). I wanted to test the two ways which can be employed 

to obtain the rotational constant functions which can be averaged variationally. First, one can 

set up the inertia tensor in the principal axes coordinate system (PAS) and the rotational 

constant functions can simply be obtained as the inverse of the elements of the diagonal 

matrix of the inertia tensor. Second, the inertia tensor can be set up in the Eckart coordinate 

system and the rotational constant functions are derived from the diagonal matrix elements of 

the inverse of the inertia tensor. Consideration of the Coriolis contribution results in a 

different inertial tensor but in the triatomic case only one of the rotational constants changes.66 

My results show (see Tables VII–IX in Ref. I) that the agreement between the computed 

and experimental effective rotational constants, especially in case of the light H2O molecule, 

is significantly better when the rotational constant functions employed refer to the Eckart and 

not the PAS coordinate system. It is thus clear that the Eckart coordinates have to be 

employed to compute vibrationally averaged rotational constants as they have been employed 

in the derivation of the effective rovibrational Hamiltonians employed for the fitting of the 



 23

experimental spectra. It is also important to note that better agreement was obtained between 

computed and experimental data using the rotational constant C that contains the Coriolis 

contribution.66 Furthermore, in the case of the linear molecules, CO2 and N2O, the computed 

averaged B and C constants are not equal if either PAS or the Eckart system neglecting the 

Coriolis contribution is used. Due to the fact that linear molecules have only one rotational 

constant, B, which is equal to C by symmetry, the effective constant C of linear triatomics 

should be calculated without neglecting the Coriolis contribution, because this can ensure the 

equality of B and C. 
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III. TREATING SINGULARITIES IN TRIATOMIC VARIATIONAL 

(RO)VIBRATIONAL CALCULATIONS   

Singularities are always present in Hamiltonians given in an internal coordinate 

system.67 Treatment of the singularities is essential if the singular point is accessible in the 

energy region of interest. 

The Hamiltonian given in Eq. (1) is singular at 01 =R , 02 =R , and 0sin =Θ . 

Treatment of the angular singularity is essential because its onset is at linear geometries, thus 

converged (ro)vibrational energies cannot be computed around or above the barrier to 

linearity of any molecule without handling properly the bending-type singularity. This is the 

reason why the Legendre-DVR basis is used in DOPI for describing the bending motion. The 

Legendre polynomials are analytic eigenfunctions of the Θ-dependent part of the kinetic 

energy operator, thus they cancel the angular singularity. Unlike the angular singularity, the 

radial singularities do not occur in physically relevant regions for most molecules. Therefore, 

a program based on the DOPI algorithm, which does not treat the radial singularities, can be 

employed to compute the complete (ro)vibrational spectra of many molecules, expect, for 

example, X3-type species.  

Let us overview briefly the recent history of the radial singularity problem occurring in 

first-principles spectroscopic applications. In 1993 Henderson, Tennyson, and Sutcliffe 

(HTS)68 reanalyzed their50 3D DVR vibrational calculations in Jacobi coordinates for the +
3H  

molecular ion to find the source of the nonvariational behavior highlighted by Carter and 

Meyer.69 The discrepancy was traced back to the failure of the quadrature approximation in 

certain integrals used in the DVR calculation. Different solution strategies of the radial 

singularity problem observed in Jacobi coordinates were proposed. One a priori solution to 

avoid the problem is to use a different coordinate system, and one can go all the way back to 

the use of nonorthogonal bond coordinates (i.e., two bond lengths and a bond angle). 

However, in comparison with Jacobi coordinates, bond coordinates are evidently less well 

adapted to the potential, and despite their effective lack of singularities, they are a poor choice 

for very floppy molecules, like +
3H .52 Along the same line, Watson advocated the use of 

hyperspherical coordinates70 to avoid the radial singularity problem. Another strategy is based 

on the use of orthogonal coordinates but with the proper treatment of the radial singularities. 

Two types of strategies should be mentioned. First, direct product basis functions having the 

proper boundary conditions are used and the matrix elements of the singular oparators are 



 25

computed analytically, thus avoiding the use of the quadrature approximation. This strategy 

was followed by HTS.68 Second, appropriate nondirect product bases can be used for avoiding 

the consequences of the radial singularities. It is important to note that the radial singularity is 

coupled to the angular singularity, because when one of the radial coordinates becomes zero 

the Θ coordinate becomes undefined. Therefore, an optimal basis is always a nondirect 

product of functions depending on the coupled coordinates. Nevertheless, to the best of my 

knowledge there are only two techniques available that treat the singularities using a nondirect 

product basis. Bramley et al. (BTCC)71 advocated an approach that treats the radial singularity 

in a triatomic vibrational problem by using two-dimensional nondirect product polynomial 

basis functions, which are the analytic eigenfunctions of the spherical harmonic oscillator 

Hamiltonian. In 2005 we published40 a similar nondirect product basis method employing a 

generalized finite basis representation (GFBR) method72 for the triatomic vibrational problem, 

whereby Bessel-DVR functions, developed by Littlejohn and Cargo,73 were coupled to 

Legendre polynomials.  

In the next subsections the algorithms developed during my PhD work will be 

described, based on the use of both nondirect product and direct product basis functions. 

Suitability of the algorithms and computer codes based on these new methods are tested by 

compute (ro)vibrational energy levels of the +
3H  molecular ion.  

 

III. 1. Treating singularities using a nondirect product basis [Refs. IV–VI] 

Let us consider the vibrational Hamiltonian of a triatomic molecule in orthogonal 

coordinates: 
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BTCC added a quadratic radial potential to the operator defined in Eq. (14). The resulting 

two-dimensional model Hamiltonian contains the singular centrifugal term, 

     ( ) 2

2
,ˆ

jjj RfΘRK +  ,         (15) 

and it has analytic eigenfunctions, which contain the nondirect product of associated Laguerre 

polynomials depending on the radial coordinate with Legendre polynomials depending on the 
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angular coordinate. Employing this nondirect product basis the matrix of the modified kinetic 

energy operator is diagonal. The matrix elements of the potential energy operator can be 

obtained using the corresponding Gauss quadrature. Naturally, the extra term in the kinetic 

energy operator, namely 2)2/( jRf , where f is a variational parameter, must be subtracted from 

the PES. 

 Another choice to obtain a nondirect product basis is offered by the analytic solution 

of Schrödinger equation of the ( )ΘRK jj ,ˆ  operator. The eigenfunctions of ( )ΘRK jj ,ˆ  are  

( ) ( )ΘPRJR jj cos2/1 ll+ ,      (16) 

where ( )jRJ 2/1+l  are Bessel functions and ( )ΘP cosl  are Legendre polynomials. In 2002 

Littlejohn and Cargo73 developed a Bessel-DVR basis defined as 
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where 
jnz ,2/1+l  is the nj

th zero of ( )jRJ 2/1+l . I have used a nondirect product basis formed by 

Bessel-DVR functions coupled to Legendre polynomials for treating the singularities present 

in the kinetic energy operators expressed in orthogonal coordinates. Unlike the basis functions 

of BTCC, these nondirect product basis functions are not polynomials; therefore, the well-

known Gauss quadratures cannot be employed to evaluate the matrix elements of the potential 

energy operator. Thus the so-called generalized FBR (GFBR)74,75 has to be used to set up the 

matrix representation of the potential. GFBR has the considerable advantage that it can be 

employed using arbitrary quadrature points and weights. Employing the GFBR, the matrix 

representation of a Hamiltonian can be written as75 
1diag −+−+ dd SVSK ,       (18) 

where K is the matrix of the kinetic energy operator,  contains the function values of the 

basis functions in the quadrature points multiplied by the corresponding weights, +=S , 

and Vdiag is a diagonal matrix with the function values of the potential at the quadrature 

points. Different GFBRs can be set up varying the real parameter d. Setting d = 1 and d = 1/2, 

an asymmetric (AS-FBR)75 and a symmetric (S-FBR)74 representation can be defined, 

respectively. AS-FBR has the advantage that it is the optimal GFBR among the infinite 

number of GFBR representations.75 
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III. 1. 1. Treating singularities in triatomic vibrational calculations [Ref. IV] 

 The N1N2L nondirect product basis functions that treat all the singularities are 
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while the corresponding (N1L)(N2L)L  quadrature points are 
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Employing this basis the matrix elements of the kinetic energy operator can be obtained 

analytically, thus all the singularities in the kinetic energy operator are treated. For 

computation of the matrix of the potential energy operator either the AS-FBR or the S-FBR is 

used. The developed algorithms have been tested by computation of the vibrational energy 

levels of +
3H . 

The results obtained show that the two different FBR representations provide similar 

vibrational energies even if the basis is too small to yield converged eigenvalues. This can be 

explained by the use of N1N2L3 quadrature points, much higher than the number of basis 

functions, N1N2L. Naturally, after increasing the number of basis functions the two 

representations result in the same converged energies. It is important to note that the 

computation of the potential energy matrix costs a large amount of CPU time. Therefore, this 

mathematically rigorous FBR treatment of the singularity problem results in practically 

unfeasible solution. 

 I have also used the following basis of N1N2L functions 

           ( ) ( ) ( ){ } 1,1,1

0,,21
21

2121
cos −−−

=

LNN

nnnn ΘPRFR
lllχ       (21) 

with the corresponding N1(N2L)L quadrature points 
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where ( )11
Rnχ  is a one-dimensional DVR basis function. This basis treats the coupled R2- and 

Θ-dependent singularities. If one employs the Jacobi coordinate system, where R1 represents a 

diatomic distance, the R1
 = 0 singularity does not occur in physically relevent cases; therefore, 

complete vibrational spectra can be computed using the above defined basis. The matrix of 

the kinetic energy operator is calculated analytically except the term containing the 2
1
−R  

operator, whose elements are obtained employing the diagonal DVR approach. Following the 

former conclusions only the S-FBR has been used to set up the matrix of the potential energy 
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Figure 2. One-dimensional cut of the PES76 of +
3H  showing selected vibrational energy levels. The 

computed energies corresponding to these states are given in Table IV. This slice of the PES was 

created by varying the R1 and Θ Jacobi coordinates to minimize the energy for each value of the Jacobi 

coordinate R2. 

 

operator. Due to the application of the ( )11
Rnχ  DVR functions, the potential energy matrix 

becomes block diagonal containing LNLN 22 × -dimensional blocks. Furthermore, each 

nonzero matrix element is computed using only N2L2 quadrature points instead of N1N2L3. The 

requested eigenvalues of the final sparse Hamiltonian matrix of special structure have been 

computed using an iterative Lanczos algorithm. Employing the computer code based on this 

  

Table IV. Selected vibrational energy levels shown in Fig. 2, in cm–1, of +
3H  computed by different 

methods in Jacobi coordinate systema  

  (20 20 20)  (30 30 30)  

Number Symmetry BESSELb DOPIc  BESSELb DOPIc Accurated 

0 A1   4362.28   4362.28    4362.30   4362.30   4362.30 
1 E   2521.14   2521.14    2521.19   2521.19   2521.19 
2 E   2521.19   2521.19    2521.19   2521.19   2521.19 
3 A1   3179.15   3179.15    3179.20   3179.20   3179.20 
4 A1   4777.67   4777.67    4777.63   4777.63   4777.63 

42 E 12078.77 12077.24  12078.19 12077.72 12078.20 
46 E 12301.12 12149.79  12300.51 12225.71 12300.47 
68 A1 14191.60 14116.99  14190.97 14158.10 14190.93 
72 E 14474.97 14315.00  14473.54 14426.67 14473.51 
80 A1 14943.71 14942.70  14943.01 14942.93 14943.01 

a The PES of H3
+ is taken from Ref. 76. m(H) = 1.0075372 u is used during the computations. The number of 

basis functions is given as (N1 N2 L), see Eq. (21). 
b BESSEL, results obtained by the algorithm described in Sec. III.1.1. using the basis given in Eq. (21). 
c DOPI, results obtained by DOPI algorithm as described in Sec. II.1. The values given in italics are 

compromised by the radial singularity. 
d Converged results obtained by a large BESSEL computation. 
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technique, converged vibrational energy levels of +
3H  above its barrier to linearity have been 

computed. Figure 2 shows selected vibrational levels below and above the barrier to linearity 

and the corresponding energies are given in Table IV computed using different methods. It is 

clear from Table IV that both the DOPI and Bessel-DVR algorithms converge to the same 

value if a state well below the barrier is considered. However, above the barrier to linearity 

only the Bessel technique provides converged energy levels. This example demonstrates the 

importance of the proper treatment of the radial singularity in Jacobi coordinates.    

 

III. 1. 2. An efficient finite basis representation [Ref. V] 

After the development of the above described Bessel-DVR approaches I tried to 

improve the efficiency of the evaluation of the matrix elements of the potential energy 

operator. I found a useful modification of the GFBR method which can be applied for 

nondirect product bases having structure similar to that of spherical harmonics.  

Consider the following orthonormal nondirect product basis: 
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functions and NL2 points and weights. The GFBR defined in Eq. (18) can be used to set up the 

matrix of a potential energy operator employing these functions, points, and weights. 

However, the use of this robust method is computationaly inefficient because there are many 
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0,
−

=

N
jjs l  points corresponding to l  are used to calculate the integrals 

with the bra function )()( ufsn l
lφ . To demonstrate this let us consider the integral 
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Note that each matrix element is computed with NL points instead of NL2. If one chooses the 

basis functions )(sn
lφ  such that they have the property 

jnjjn ws ,
2/1

,, )( δφ −= ll
l  ,       (25) 

then the quadrature formula simplies further: 
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Similar equations can be derived if a three-dimensional basis like 
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is considered. If functions )(sn
lφ  satisfy Eq. (25) and functions )(tm

lχ  are assumed to satisfy 

similar equations, one can write 
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It is important to note that using either Eq. (26) or Eq. (28) the integrals are obtained by a 

single summation over L points. 

The proposed quadrature schemes were applied to compute the eigenvalues of a two-

dimensional model Hamiltonian using spherical oscillator functions. The numerical results 

show that the modification of the robust GFBR technique does not compromise the accuracy 

of the computed eigenvalues while it makes the code significantly faster.  

 At this point it is time to recognize that the basis defined in Eq. (19) is similar to that 

defined in Eq. (27). Furthermore, the Bessel-DVR functions have the property 

jnjjn wrF ,
2/1

,, )( δ−= lll , thus an equation similar to Eq. (28) can be employed to set up the matrix 

representation of the potential energy operator. The vibrational calculation for +
3H  has been 

repeated using 1000 and 4096 basis functions and the new FBR. The new FBR, based on Eq. 

(28), proved to be much faster than the original GFBR. The computational details as well as 

the CPU times of the different methods are given in Table V. 

 

Table V. Numerical details of vibrational calculations for +
3H  employing different methods to 

evaluate the matrix elements of the potential energy operator 

Basis ( ) ( ) ( ){ } 9,9,9

0,0,021
2121

cos
=== llll nnnn ΘPRFRF  ( ) ( ) ( ){ } 15,15,15

0,0,021
2121

cos
=== llll nnnn ΘPRFRF  

Number of basis functions 1000 4096 

Method GFBR  New FBR  GFBR New FBR  

Number of points 100 000 100 000 1 048 576 1 048 576 

Number of terms to be added for 
each integral 100 000 10 1 048 576 16 

Approximate CPU time for 
evaluating the potential matrix hours seconds days seconds 
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III. 1. 3. Treating singularities in triatomic rotational-vibrational calculations [Ref. VI] 

As described in Section III.1.1., in 2005 I developed a technique to solve the radial 

singularity problem occuring in variational vibrational computations using a nondirect 

product basis (Ref. IV). This technique is based on the use of a non-polynomial nondirect 

product basis, thus the well-known Gauss quadratures can not be employed to set up the 

matrix representation of the potential energy operator. Therefore, I employed a generalized 

FBR to build the potential matrix. In 2006 we published (Ref. V) a modified GFBR method, 

which improved the efficiency of the evaluation of the matrix elements of the potential energy 

operator. 

To the best of my knowledge methods have not yet appeared in the literature which treat 

all the important radial singularities in the full six-dimensional rotational-vibrational 

Hamiltonian of triatomic molecules using nondirect product bases.  Therefore, I wanted to 

extend my nondirect product technique and code based on Bessel-DVR functions and GFBR 

so that it could be used to obtain the full rotational-vibrational eigenspectrum of triatomic 

molecules. At the same time, the use of a non-polynomial nondirect product basis is a good 

test of the utility of the GFBR methods. 

The triatomic rotatonal-vibrational Hamiltonian given in Jacobi coordinates (see Fig. 3) 

and the R1-embedding is77 

VKKVKH ˆˆˆˆˆˆ
vib-rotvibvib-rot ++=+=  ,        (29a) 
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where μ1 and μ2 are the reciprocal reduced masses given in Table I, Ĵ  is the total angular 

momentum, and ĵ  refers to the rotational angular momentum of the diatom.   

C

BA
R1

R2

Θ

 
Figure 3. The Jacobi coordinate system of triatomic molecules, where R1 is the distance between 

atoms A and B, R2 is the distance of atom C from the center of the mass of the atoms A and B, 

and Θ is the Jacobi angle. 
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The singular term related to the diatom-type coordinate, R1, is deemed to be 

unimportant for spectroscopic applications. Therefore, it is not given any special attention. 

The basis set to be used for the variational calculation is obtained by taking the direct product 

of a one-dimensional DVR basis, related to R1, with a five-dimensional nondirect product 

basis, the latter formed by coupling Bessel-DVR functions depending on the distance-type 

coordinate causing the singularity, associated Legendre polynomials depending on the Jacobi 

angle, and rotational functions depending on the three Euler angles. The matrix elements of 

the differential operators as well as those of the singular radial term present in the kinetic 

energy operator are obtained analyitically. In the matrix representation of the potential energy 

operator, advantage can be taken of the fact that the potential does not depend on the Euler 

angles. I employed both the S-FBR and the modified GFBR to set up the potential matrix. The 

S-FBR results in a symmetric matrix, whose requested eigenvalues can be computed using an 

iterative Lanczos algorithm. The modified GFBR results in a nonsymmetric matrix. The 

robust implicitly restarted Arnoldi method78 within the ARPACK package79 has been used for 

the determination of a number of eigenvalues of the nonsymmetric Hamiltonian matrix. A 

particularly straightforward test of the algorithm is offered by the computation of the 

rotational-vibrational energy levels of X3 species, +
3H  in my study, somewhat above their 

barrier to linearity. Convergence of the eigenvalues in the case of +
3H  can be checked with a 

particularly simple direct product DVR computation utilizing the orthogonal Radau 

coordinates. The advantage of the Radau coordinates is that they minimize the problem of a 

radial coordinate going to zero with low-energy linear structures. Of course, the Radau 

coordinate Hamiltonian is not devoid of the singularity problem but it shows up only at 

considerably higher energies. Convergence characteristics and computer resource utilization 

of the drastically different approaches used to determine rotational-vibrational eigenenergies 

of +
3H  allow for interesting and useful comparisons. The results can be summarized as 

follows: 

(i)   If one works in Jacobi coordinates, only the Bessel approach ensures that all the 

rovibrational energy levels are convereged above the barrier to linearity of +
3H . 

(ii)   Though the modified GFBR described in Ref. V results in an asymmetric matrix, it is 

worth to use an FBR, which couples different grid points to each basis function because 

it needs a negligble amount of CPU time for setting up the matrix representation of the 

potential energy operator. 
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(iii) The DOPI algorithm utilizing the Radau coordinates can be employed if the 

determination of the rovibrational energy levels of +
3H  up to about 30 000 cm–1 above 

the vibrational zero point energy is the goal. However, the complete rovibrational 

spectrum of the ground electronic state of +
3H  cannot be computed in Radau coordinate 

system without the correct treatment of the radial singularities. 

  

III. 2. Treating singularities using a direct product basis 

 After Tennyson and co-workers recognized the effect of the radial singularity using 

the Jacobi coordinate system in variational vibrational calculations, they proposed the 

following solution strategy.68 They employed a direct product basis utilizing the spherical 

oscillator functions depending on the R2 Jacobi coordinate. These functions have the proper 

boundary condition at R2
 = 0. Then, the matrix of the 2

2
−R  operator is determinated using an 

analytic formula and the resulting VBR matrix is transformed to DVR. The same strategy was 

followed by Bramley and Carrington52 for the calculation of vibrational energy levels of +
3H  

using an iterative Lanczos approach. Although an optimal basis for the problem is a nondirect 

product basis, the use of a direct product basis can also have advantages. First, the matrix 

elements of the potential energy operator can be computed more easily using a direct product 

basis. Second, the structure of the Hamiltonian matrix is simpler if a direct product basis is 

employed. Therefore, after publishing three papers (Refs. IV–VI) based on the use of a 

nondirect product basis, I have tried to reconsider the possibility of treating singularities using 

a direct product basis approach. Furthermore, I tried to employ the Bessel-DVR basis in 

multidimensional variational computation, because to the best of my knowledge no one has 

formed a direct product basis using the Bessel-DVR functions. 

 Let us go back to Sec. II.1., where the matrix elements of a triatomic vibrational 

Hamiltonian are given using a general direct product basis defined in Eq. (2). Choose the 

radial and angular basis functions as  

( ) ( )
( )

( ) ( ) ( )jj
jjj

jjjn
jn RKJ

nRK

RnK
R j

j 2/1222
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1

21
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π+−

π+
−=χ +              (30) 

and ( ) ( )ΘPΘ coscos ll =Φ , respectively. In Eq. (30), ( )jj RKJ 2/1  is a Bessel function and 

max/ jjj RNK π= . The sets of Bessel grid points are defined as jjn Knr
j

/)1( π+= . Thus, all the 

grid points are in the interval max0 jn Rr
j
≤< , where max

jR  is a free parameter used to define the 
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ranges of the R1 and R2 coordinates. Employing this basis the analytic matrix elements of the 

matrices defined in Eqs. (4)–(6) are obtained as follows: 
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( ) ( ) llll
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× += ,, 1 δLL
ΘK  .                          (33) 

It is important to note that using the DVR approach one would write 

( )
jjjj

jj
nnjjjnn

NN
j nK ′′

× δπ+μ≅ ,
222

,
])1/[()2/(1R . However, this expression fails when the 

singularities come into play. The formula given in Eq. (32) is exact, thus the radial 

singularities are treated. The matrix elements of V defined in Eq. (7) can be calculated using a 

Gauss−Legendre quadrature as 

2211212121 ,,
1

, )(),,()()( nnnnkknnk

L

k
knnnn δδqPqrrVqPw ′′′

=
′′′ ∑≅ llllV  ,           (34) 

where wk are the Gauss−Legendre quadrature weights corresponding to the quadrature points 

qk. The points 
1nr  and 

2nr  correspond to the R1- and R2-dependent Bessel-DVR bases, 

respectively. The matrix of the Hamiltonian can be set up as given in Eq. (3) employing 

matrices defined in Eqs. (31)–(34). 

I have also employed the so-called potential optimized (PO) DVR80 functions for 

describing the stretching motions. First, the eigenvalue problems of the following one-

dimensional Hamiltonians 

( )[ ]j
jj

j RV
R

H ˆmin
2

1ˆ
2

2
D1 +

∂
∂

−=
μ

, j = 1, 2      (35) 

are solved using a huge number of Bessel-DVR functions defined in Eq. (30). The one-

dimensional effective potential functions, ( )[ ]jRV̂min , are obtained by optimizing the R2 (R1) 

and Θ coordinates at each R1 (R2) value. Let us use the first couple of eigenfunctions of D1ˆ
jH  

as new basis functions. Again, to the best of my knowledge, Bessel-DVR functions have not 

been used in PO-DVR; therefore, I introduce briefly how to set up the PO-DVR 

representation.  
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(i)  Since the Bessel-DVR functions diagonalize the matrix of the square of the coordinate 

operator, the matrix representation of 2
jR , 2

jQ , is set up using the first couple of 

eigenfunctions of D1ˆ
jH . The PO quadrature points are the square roots of the eigenvalues 

of 2
jQ . The transformation matrix, Tj, contains the eigenvectors of 2

jQ . The matrix Tj 

transforms from VBR or FBR to DVR.    

(ii)  Since the eigenfunctions of D1ˆ
jH  are linear combinations of the ( )jn R

j
χ  functions defined 

in Eq. (30), the VBR representation of the kinetic energy operator can be simply obtained 

analytically employing the formulas given in Eqs. (31)–(33). 

(iii) The kinetic energy matrix is transformed from VBR to DVR by a unitary transformation 

employing the matrix Tj. 

(iv) The matrix elements of the potential are calculated using Eq. (34), where the new PO-

DVR grid points are employed as radial quadrature points. 

In 2006, Tennyson and co-workers82 computed all the ground-state vibrational energy 

levels of the +
3H  molecular ion. This was the first study for +

3H  whereby the PES employed 

had correct dissociative behaviour.82 The first dissociation energy (D0) of +
3H , which 

corresponds to the breakup ++ +→ HHH 23 , is 34 911.6 cm–1 relative to the vibrational zero 

point energy of +
3H . Below D0 687 even-parity vibrational states and 599 odd-parity 

vibrational states were found. Tennyson and co-workers found that, all but one state below D0 

converge to better than 1 cm–1. However, obtaining these (nearly) converged results for the 

high-lying vibrational states of +
3H  they still required to use a large parallel supercomputer (a 

couple of hundred processors).81,82 Therefore, I have tried to employ my newly developed and 

above described algorithm to compute the vibrational energy levels of +
3H  up to its first 

dissociation limit on a single 32-bit PC. The computed even-parity vibrational energy levels 

near the dissociation limit are given in Table VI. The computations have been performed in 

Jacobi coordinates. Thus the results demonstrate the power of this approach and that the 

singularities are properly treated using my direct product PO Bessel-DVR approach. 
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Table VI.  Near-dissociation even vibrational band origins, in cm–1, for +
3H  calculated in Jacobi 

coordinatesa 

Number BasisIb Ref. 81 – Basis I Basis IIc Ref. 81 – Basis II  Ref. 81 

660 34604.83 1.96 34606.06 0.73  34606.79 
661 34618.17 0.98 34618.14 1.01  34619.15 
662 34633.66 0.03 34633.18 0.51  34633.69 
663 34641.89 4.64 34646.41 0.13  34646.54 
664 34665.84 2.15 34667.13 0.85  34667.98 
665 34666.48 1.68 34667.66 0.50  34668.16 
666 34675.54 1.67 34676.68 0.53  34677.21 
667 34682.88 2.19 34684.49 0.59  34685.08 
668 34715.75 1.10 34715.60 1.25  34716.85 
669 34725.38 1.58 34726.31 0.64  34726.96 
670 34740.98 3.16 34744.27 –0.13  34744.14 
671 34744.72 1.10 34745.01 0.80  34745.82 
672 34749.82 0.92 34750.36 0.38  34750.74 
673 34761.01 2.42 34761.72 1.71  34763.43 
674 34767.67 1.99 34769.20 0.46  34769.66 
675 34789.95 0.91 34790.27 0.59  34790.86 
676 34795.38 0.08 34794.34 1.12  34795.46 
677 34815.43 –3.72 34809.52 2.19  34811.71 
678 34824.15 –0.19 34823.01 0.95  34823.96 
679 34827.23 –2.01 34823.65 1.57  34825.22 
680 34839.71 –3.18 34834.91 1.62  34836.53 
681 34856.93 –4.93 34850.85 1.16  34852.01 
682 34859.17 –1.07 34857.79 0.31  34858.11 
683 34868.07 –2.65 34865.58 –0.15  34865.42 
684 34885.71 –2.73 34883.63 –0.65  34882.98 
685d      34891.35 
686 34897.62 0.38 34897.26 0.74  34898.00 
687d          34901.02 

a The PES of H3
+ is taken from Ref. 82. The same PES and masses, i.e. m(H) = 1.007825 u, have been employed 

in Ref. 81 and in this study.  
b Basis I is a direct product of 60 R1- and 60 R2-dependent PO Bessel-DVR functions obtained from 250 R1- and 

250 R2-dependent primitive Bessel-DVR functions and 15 even Legendre polynomials. 
c Basis II is a direct product of 64 R1- and 64 R2-dependent PO Bessel-DVR functions obtained from 250 R1- and 

250 R2-dependent primitive Bessel-DVR functions and 20 even Legendre polynomials. 
d These levels are unconverged using the above defined basis sets. 
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IV.  BEYOND THE BORN–OPPENHEIMER APPROXIMATION 

Quantum chemistry has been based principally on the Born–Oppenheimer (BO) 

approximation8 and on nonrelativistic quantum mechanics. The BO approximation separates 

the motion of the nuclei from that of the electrons and allows dividing quantum chemistry 

into two main parts, namely, electronic structure calculations and nuclear motion calculations. 

For a theoretical spectroscopist, electronic structure calculations provide the potential energy 

surface (PES), which can be employed as the potential energy operator for the Schrödinger 

equation describing the motion of the nuclei. The solution of the nuclear motion problem 

provides the (ro)vibrational energy levels and related wave functions of the molecule. 

However, even the exact solution of the nuclear motion problem is unable to provide the exact 

(ro)vibrational states of a molecule due to the failure of the BO approximation. If one is set to 

achieve true spectroscopic accuracy in the computations, which defined to be 1 cm–1 on 

average by quantum chemists, one has to move beyond the BO approximation. A few words 

about non-BO quantum chemistry are in order.  

One can try to solve the Schrödinger equation based on an atomic or a molecular 

Hamiltonian involving operators that depend on all the electronic and all the nuclear 

coordinates. This treatment is the so-called nonadiabatic approach, which provides the exact 

nonrelativistic states of a system with a Coulombic potential. However, the nonadiabatic 

eigenstates can be computed only for few-body systems.2–7 In first-principles quantum 

chemistry another approach, namely that based on the diagonal BO correction (DBOC)59–63 

has been employed to go beyond the BO approximation. The DBOC is a first-order 

perturbative correction of the electronic energy, which is the average value of the nuclear 

kinetic energy operator relative to the BO electronic wave function. This so-called adiabatic 

correction, which is computed at a clamped nuclear configuration, can be added to the BO 

PES resulting in a mass-dependent, so-called adiabatic potential. Handy and co-workers60 

developed a self-consistent field (SCF) methodology for computing DBOCs. In this 

approach60,83 the DBOC is obtained by averaging the nuclear kinetic energy operator in the 

laboratory frame, instead of the body-fixed molecular frame. The theoretical foundation of 

this procedure was given by Kutzelnigg.84 During the last few years techniques appeared for 

the determination of the DBOC using correlated electronic wave functions.62,63 Following this 

introduction of non-BO methods, it is time to write about my own contribution to this field. 
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IV. 1. Adiabatic Jacobi corrections for H2
+-like systems [Ref. VII] 

In what follows I advocate a new method which allows computation of electronic 

energies at fixed internuclear distances using the proper finite nuclear masses while 

maintaining the notion of the potential energy curve. The energy difference between the 

results obtained from calculations using proper finite and infinite nuclear masses is the so-

called adiabatic Jacobi correction (AJC). I’m going to focus on the Coulomb three-body 

problem, which was solved in Jacobi coordinates treating the distance of the particles having 

equal charge as a parameter. The Jacobi coordinate system offers the advantage that it is 

straightforward to fix the distance of two particles by fixing the R1 coordinate. The 

Hamiltonian in the case of J = 0 can be given in atomic units as 
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where the mass-dependent constants are 
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Let us consider a system having two nuclei with masses m2 and m3 and one electron with 

mass m1. If the nuclear masses go to infinity, the term containing 1/1 μ  vanishes and 2/1 μ  

equals 1 in atomic units. In this case the eigenstates of the Hamiltonian correspond to the BO 

solution of the system. It is important to note that the BO approximation can be defined as 

electronic structure calculations with fixed internucler distances and infinite nuclear masses. 

The Jacobi approach allows using the proper finite nuclear masses as well as the infinite ones. 

Considering the reduced masses it can be seen that 1/1 μ  is not zero and 2/1 μ  does not equal 

1 if the proper finite values for m2 and m3 are employed.  

 I have developed a variational technique for solving the Schrödinger equation of the 

Hamiltonian defined in Eq. (36) at fixed values of R1. The direct product basis functions 

employed have been formed by multiplying associated Laguerre polynomials depending on R2 

and Legendre polynomials depending on Θ. The basis functions are able to cancel the radial 

as well as the angular singularity present in the kinetic energy operator. The explicit formulae 



 39

for the matrix elements of the Hamiltonian are given together with a detailed discussion of the 

procedure in Ref. VII. 

 The AJCs have been computed for +
2H , +

2D , and HD+ and compared to the DBOCs. 

Since AJCs are energy differences between the results obtained from calculations employing 

finite and infinite nuclear masses, they show much faster convergence than the total energies. 

For example, at a 2 bohr internuclear separation the AJC of +
2H  is 44.54 cm–1 while the 

DBOC is 56.87 cm–1. It can be said generally that the AJCs are smaller than the DBOCs, and 

they approach each other at the united atom limit. 

 Expectation values of the proton-electron, p-e, and deuteron-electron, d-e, distances 

for HD+ have been computed at different internuclear separations. At short internuclear 

distances the average p-e and d-e values are the same within 0.001 bohr numerical precision. 

However, at a 4 bohr internuclear separation the average p-e distance is 2.720 bohr while the 

d-e distance is only 2.715 bohr. This is a nice demonstration of the symmetry breaking in 

HD+. This symmetry breaking can be followed by our AJC method but not with the BO 

treatment. The computation of expectation values offers a possibility to compare the Jacobi 

method to the nonadiabatic treatment of Bubin and co-workers85 of the same system. For 

example, considering the ground vibrational state, the nonadiabatic calculation provided 2.055 

bohr for the average internuclear distance and 1.688 bohr for both the p-e and d-e distances. If 

the R1 coordinate is fixed at 2.055 bohr in our Jacobi method, the same 1.688 bohr values are 

obtained for the p-e and d-e distances in our two-dimensional treatment as in the full 

(nonadiabatic) 3D treatment. At a 6.227 bohr average internuclear distance, corresponding to 

the v = 18 vibrational level, the nonadibatic expectation values are 3.91 bohr and 3.82 bohr 

for the p-e and d-e distances, respectively. Our adiabatic method can follow this charge 

asymmetry in HD+, since at fixed internuclear separation of 6.227 bohr the p-e and d-e 

average distances are 3.90 bohr and 3.85 bohr, respectively. 

 The present method allows change in the values of the electron rest mass or the 

elementary charge as well as in the mass or charge of the unique particle (electron). Exact and 

approximate formulae have been derived for the energies obtained with infinite nuclear 

masses and for AJCs when the above mentioned masses and charges are varied. The presented 

formulae are checked by numerical calculations. Numerical results are given for those 

counterfactual systems, (ppe*), which contain two protons having either infinite or finite 

masses and one particle with unite negative charge having masses varying from 0.1 me to 

10 me. The results can be summarized as follows: 
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(i) If the internuclear distance is scaled with the inverse of me*
 / me, the infinite nuclear mass 

energy scales linearly with me*
 / me. Therefore, an equilibrium distance in a molecule 

scales with the inverse of me*
 / me. 

(ii) If the internuclear distance is scaled with the inverse of me* / me and the mass of the 

proton is multiplied by me* / me, then the AJC scales exactly with (me* / me)2. 

(iii) If the internuclear distance is scaled with the inverse of me* / me, then the AJC scales 

approximately with (me* / me)2. This approximation is excellent if pe mm <<*  as my 

numerical results demonstrate. 

To conclude, the BO approximation can be compromised in two ways. First, a decrease in 

the proportion of the nuclear and electronic mass would mean the breakdown of the BO 

approximation. This statement is well known because the BO approximation is said to be 

based on the fact that the nuclei are much heavier than the electrons. Second, if one increased 

both the mass of the proton and that of the electron without changing the proportion of the 

two masses that would also result in the eventual failure of the BO approximation. Therefore, 

it is important to emphasize that the fact that the nuclei are heavier than the electrons is not 

enough in itself to explain the validity of the BO approximation. 

 

IV. 2. Toward complete rovibrational spectroscopy of H2
+-like systems  

Determination of the complete rotational-vibrational spectra of the +
2H  molecular ion 

and its isotopologues provides challenges both for theory and experiment. The number of 

experimentally determined rovibrational energy levels is only 6(84) from the total of 481(637) 

rovibrational levels corresponding to the ground electronic state of +
2H (HD+).86,87 Thus, it is 

clear even for this simple example that only theory is able to provide all the rovibrational 

energy levels of +
2H -like systems. Of course, one can try to perform nonadiabatic 

computations, which yield the rovibronic energy levels. Following the early works of 

Moss,86,87 in 2000 Hilico and co-workers88 computed the J = 0 and J = 1 states of +
2H  and its 

isotopologues employing a nonadiabatic nonrelativistic method. In 2006, Karr and Hilico89 

published the rotational-vibrational energy levels of the molecular ions +
2H , +

2D , and HD+ up 

to J = 2.  

 I have followed another strategy based on the adiabatic separation of the nuclear 

motion from the electronic motion. This adiabatic treatment results in a one-dimensional 

rovibrational Hamiltonian 
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where VBO is the BO potential, Vrel is the relativistic correction curve, and Vad is the adiabatic 

correction function, which can be either the traditional DBOC, VDBOC, or the AJC, VAJC, 

proposed by us (Ref. VII). The Schrödinger equation of 1DĤ  can be solved variationally for 

each J, thus all the rovibrational levels can simply be computed corresponding to the given 

potential energy curves. The BO energies and the above-mentioned small corrections have 

been computed at 23 fixed values of R1. The BO energies of +
2H  can be obtained with 

arbitrary precision.90 The relativistic corrections were obtained by first-order perturbation 

theory as applied to the one-electron mass-velocity (MV) and one-electron Darwin term 

(D1)91,92,93 calculated at the HF/aug-cc-pV6Z level using the program package ACESII.94 The 

VDBOC was computed at the HF/aug-cc-pV6Z level employing the program package PSI3.95 

The AJCs were calculated as described in Sec. IV.1. After a proper fitting procedure four 

different potential energy curves have been obtained and applied during the solution of the 

one-dimensional (ro)vibrational Schrödinger equation. Employing VBO one obtains the exact 

nonrelativistic (ro)vibrational energy levels within the BO approximation. Adding Vrel to the 

VBO one can compute the relativistic (ro)vibrational states but still within the BO approach. 

One can go beyond the BO approximation by employing either the VBO+VDBOC or the 

VBO+VAJC potential.  
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Figure 4. Adiabatic DBOC and AJC potentials of +
2H  as a function of the internuclear separation 
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All the vibrational energy levels corresponding to the ground electronic state of +
2H  

are given in Table VII. Excellent agreement can be observed between the BO and the 

nonadibatic results even for this light system. The largest deviation is still less than 3 cm–1. 

The relativistic contributions to the vibrational energy levels are almost negligible (smaller 

than 0.3 cm–1). This is not surprising because the effects of special relativity come into play in 

the case of the core electrons of heavier atoms. Figure 4 shows the values of DBOC and AJC 

at different internuclear separations. The AJCs are smaller than the DBOCs and the difference 

between the DBOC and AJC is not constant, especially not in the interval of 1 to 3 bohrs. 

Thus, the addition of either the DBOC or the AJC curve to the BO potential modifies 

differently the shape of the BO curve. As a consequence, the two different adiabatic 

approaches result in different vibrational energy levels. 

 

Table VII. All the vibrational energy levels, in cm–1, of +
2H  molecular ion 

v BOa Nonad. –
BO 

BO+relb (BO+rel) –
BO 

BO+DBOCc Nonad. –
(BO+DBOC) 

BO+AJCd Nonad. –
(BO+AJC) 

Nonad.e 

0 1149.46  1149.45 –0.01 1149.36  1149.44   
1 2191.46 –0.36 2191.46 0.00 2191.30 –0.20 2191.44 –0.34 2191.10 
2 4255.66 –0.67 4255.65 –0.01 4255.38 –0.39 4255.63 –0.64 4254.99 
3 6196.81 –0.92 6196.80 –0.01 6196.45 –0.56 6196.79 –0.90 6195.89 
4 8018.49 –1.11 8018.47 –0.02 8018.08 –0.71 8018.50 –1.12 8017.37 
5 9723.60 –1.24 9723.58 –0.02 9723.19 –0.84 9723.67 –1.31 9722.36 
6 11314.45 –1.32 11314.42 –0.03 11314.08 –0.96 11314.60 –1.47 11313.13 
7 12792.69 –1.34 12792.65 –0.03 12792.40 –1.05 12792.96 –1.61 12791.35 
8 14159.32 –1.30 14159.27 –0.04 14159.15 –1.14 14159.74 –1.72 14158.02 
9 15414.66 –1.19 15414.61 –0.05 15414.66 –1.19 15415.27 –1.80 15413.47 

10 16558.34 –1.03 16558.28 –0.06 16558.54 –1.22 16559.17 –1.85 16557.32 
11 17589.20 –0.79 17589.13 –0.07 17589.64 –1.23 17590.29 –1.88 17588.41 
12 18505.25 –0.50 18505.16 –0.09 18505.95 –1.20 18506.65 –1.90 18504.75 
13 19303.55 –0.14 19303.45 –0.10 19304.55 –1.14 19305.33 –1.91 19303.41 
14 19980.11 0.29 19979.99 –0.12 19981.43 –1.03 19982.32 –1.93 19980.40 
15 20529.74 0.79 20529.60 –0.14 20531.40 –0.87 20532.46 –1.93 20530.53 
16 20946.00 1.38 20945.84 –0.16 20948.03 –0.65 20949.31 –1.93 20947.38 
17 21221.61 2.04 21221.41 –0.19 21224.01 –0.37 21225.60 –1.96 21223.64 
18 21352.47 2.77 21352.24 –0.23 21355.25 –0.01 21357.06 –1.83 21355.24 
19 21375.67 2.88 21375.42 –0.25 21378.61 –0.06 21380.33 –1.79 21378.55 

a Vibrational energies corresponding to the VBO potential. 1.00782504 u atomic mass was employed during the 

vibrational calculation. 
b Vibrational energies corresponding to the VBO+Vrel potential. 1.00782504 u atomic mass was employed during 

the vibrational calculation. 
c Vibrational energies corresponding to the VBO+VDBOC potential. 1.00727647 u nuclear mass was employed 

during the vibrational calculation. 
d Vibrational energies corresponding to the VBO+VAJC potential. 1.00727647 u nuclear mass was employed during 

the vibrational calculation. 
e Nonadiabatic results are taken from Ref. 88. 
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V. SUMMARY AND OUTLOOK 

Experimental determination of all the rotational-vibrational transitions of a molecule 

seems to be impossible due to the huge number of possible transitions, on the order of billions 

even for a triatomic molecule. Furthermore, the measurements are difficult in the case of 

radicals due to their short lifetimes. Thus, only theory is able to provide the complete 

rovibrational spectrum of a molecule. If one wants to perform high-accuracy first-principles 

computations or the determination of the complete spectrum is the goal, one should employ 

the variational technique for solving the Schrödinger equation of the nuclei. The converged 

variationally calculated results are the “exact” rovibrational energy levels corresponding to 

the given potential energy surface (PES). PESs are defined after the separation of the motion 

of nuclei from that of electrons. 

During my doctoral research I worked on developing variational techniques in order to 

compute the high-accuracy (ro)vibrational states of small molecules. I have also studied 

different techniques that can be employed for determining the matrix representation of the 

(ro)vibrational Hamiltonian. I have applied my newly developed techniques and computer 

codes to calculate spectroscopic data of several molecules. The variational (ro)vibrational 

calculations are based usually on the so-called Born–Oppenheimer (BO)8 approximation. 

Since one must move beyond the BO approach to achieve spectroscopic accuracy, I have also 

been working on a technique which goes beyond the BO approach. Recent efforts in our 

group related to the computation of complete rotational-vibrational spectra of small molecules 

are overviewed in a review [Ref. VIII], which is in print. My own contributions are below.  

A simple variational strategy termed DOPI was developed for solving the triatomic 

vibrational problem. DOPI stands for using direct product (P) DVR (D) basis for setting up 

the matrix representation of the Hamiltonian expressed in orthogonal (O) internal coordinates, 

e.g. Jacobi or Radau coordinates, and the requested eigenvalues and eigenvectors of the sparse 

Hamiltonian matrix of special structure are computed by an iterative (I) eigensolver. Since 

(semi)global PESs are available only for small molecules the PESs of larger systems are 

usually given as a truncated Taylor series. Therefore, it is worth studying the utility of 

different anharmonic force field representations. Quartic and sextic force fields were used in 

variational calculations for computing vibrational energy levels of H2O, CO2, and N2O. The 

main conclusion is that the PES can be well represented using a quartic force field if the 

SPF58 coordinates are employed for describing the stretching motion. Furthermore, in the case 

of molecules containing hydrogen atom(s), e.g., HCCl in my study, it is worth augmenting the 
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quartic force field with quintic and sextic diagonal bending force constants in order to 

improve the description of the bending motion.  

Equilibrium structures of the water molecule were determined. The best mass-

independent, so-called BO equilibrium bond length and bond angle of H2O is 0.95782 Å and 

104.485°, respectively. The isotope-dependent, so-called adiabatic equilibrium bond lengths 

are 0.95785 Å and 0.95783 Å and bond angles are 104.500° and 104.490° for H2
16O and 

D2
16O, respectively. The temperature-dependent effective rg structure of the water molecule 

was also computed variationally. The rg parameters are the thermally averaged values of the 

internuclear distances. The rg – re values of the O-H distances at 300 K are 0.01781 Å and 

0.01294 Å for H2
16O and D2

16O, respectively. This is a nice demonstration of the fact that a 

large isotope effect can be observed in the vibrationally averaged parameters. The variational 

computation of the averaged properties allows dealing exactly with the rotational contribution 

to the effective parameters. The above-mentioned rg(OH) – re(OH) value for H2
16O is 

0.01838 Å if the rotational contribution is not neglected. Vibrationally averaged rotational 

constants were also computed variationally. It was shown that the Eckart system instead of 

principal axes system (PAS) should be employed for these calculations. 

A method was developed for treating singularities in triatomic rotational-vibrational 

calculations using a nondirect product basis. This basis is formed employing the Bessel-DVR 

functions developed by Littlejohn and Cargo.73 Since the Bessel-DVR functions are not 

polynomials, the so-called generalized finite basis representation (GFBR)75 was employed for 

setting up the matrix representation of the Hamiltonian. This study is a nice demonstration of 

the utility of the GFBR methods. An efficient FBR was also developed which can be 

employed with nondirect product bases having structure similar to that of spherical 

harmonics. Since the nondirect product basis employed for treating the singularities present in 

the (ro)vibrational kinetic energy operators given in orthogonal coordinate systems has a 

structure similar to that of spherical harmonics, the newly developed efficient FBR could be 

employed for improving the efficiency of the (ro)vibrational calculations. The new method 

was applied to compute the (ro)vibrational energy levels of the +
3H  molecular ion above its 

barrier to linearity. An algorithm was also introduced for treating all the singularities using a 

direct product basis having the proper boundary conditions. Exact matrix elements of the 

singular radial operator are given using a Bessel-DVR basis. The efficiency of the proposed 

method was improved by employing potential optimized Bessel-DVR. Vibrational energy 

levels of +
3H  near the dissociation limit are presented. 
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A variational method was developed for solving the Schrödinger equation of +
2H -like 

systems using Jacobi coordinates and treating the distance of the two nuclei as a parameter. 

This procedure allows performing electronic energy calculations at fixed internuclear 

separations but using the proper finite nuclear masses. Thus, a new adiabatic correction, the 

so-called adiabatic Jacobi correction (AJC) is defined as a difference between energies 

obtained from calculations with finite and infinite nuclear masses. AJCs have been computed 

for molecular ions +
2H , +

2D , and HD+ at different internuclear separations. Expectation values 

of the nuclei-electron distances are also computed and compared to the results obtained from 

fully nonadiabatic calculations. Unlike the BO treatment, this new adiabatic method is able to 

follow the symmetry breaking in HD+ similarly to the nonadiabatic methods. Computations 

were performed for counterfactual systems changing the electron rest mass and the 

elementary charge as well as the mass and charge of the electron. It was shown that a decrease 

in the proportion of the nuclear and electronic mass would mean the breakdown of the BO 

approximation. Furthermore, an increase in both the mass of the proton and that of the 

electron without changing the proportion of the two masses would also result in the failure of 

the BO approximation. Finally, all the vibrational energy levels of +
2H  are given using 

potential energy curves of different levels of sophistication. 

The above-described first-principles techniques allow the high-accuracy computation 

of (ro)vibrational spectra of diatomic or triatomic molecules. Although computation of the 

complete spectrum is a challenge even for triatomics, variational methods employing 

Hamiltonians in internal coordinate systems have appeared for computing (low-lying) 

(ro)vibrational energy levels of four-,52,96,97 five-,98,99,100 and six-atomic101 molecules. 

However, a general variational method using internal coordinates, which is applicable for N-

atomic molecules cannot be developed because the kinetic energy operators have different 

forms for molecules having different number of atoms and atomic arrangements. Therefore, it 

is worth reconsidering the use of the Hamiltonians of Watson,17,18 which are expressed in 

normal coordinates and are general for N-atomic molecules. We have proposed a method 

termed DEWE,56 which employs DVR (D) for the representation of the general Eckart–

Watson (EW) Hamiltonian and involves an exact (E) expression of internal coordinates (e.g. 

bond lengths, bond angles, and torsions) in terms of normal coordinates, thus allows the exact 

inclusion of the N-dimensional potential in arbitrary coordinates utilizing the main advantage 

of DVR, namely that the matrix representation of the potential energy operator is diagonal. 

The two different strategies, DOPI and DEWE result in the same vibrational energy levels if 
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the same PES is employed. However, we have shown that in the case of triatomic molecules 

DOPI has advantages. First, it is easier to describe the large amplitude motions, such as the 

isomerization in HCN/HNC system, employing the DOPI algorithm. Second, DEWE does not 

treat the singularity occurring at linear geometries. Therefore, in the case of triatomic 

molecules we still suggest using the DOPI algorithm; however, for larger systems DEWE 

should be applied as a general technique, which is applicable for computing (ro)vibrational 

spectra of N-atomic molecules.  

Finally, it should be mentioned that the computation of the (ro)vibrational spectra of 

molecules includes the determination of both the energy levels and the intensities. The basis 

of the determination of intensities is the calculation of the elements of the transition dipole 

moment matrix. These matrix elements can be obtained by expectation value computation 

employing a dipole moment surface and the (ro)vibrational wave functions obtained from the 

variational (ro)vibrational calculations. As discussed in Sec. II. 4. the DOPI technique allows 

the determination of the expectation values of an arbitrary function, thus DOPI (and DEWE) 

are able to compute the requested dipole moment matrix elements, which can be used for the 

computation of the length and shape of a peak in the spectrum.  
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A simple variational procedure, termed DOPI for discrete variable representation—
Hamiltonian in orthogonal coordinates—direct product basis–iterative diagonalization, is
described and applied to compute low-lying vibrational band origins (VBOs) of the triatomic
systems H2O, CO2, and N2O, employing published empirical and theoretical sextic force fields.
While in these cases no difficulties arise when quartic potentials are used, the limited range of
applicability of 6th-order potentials presents difficulties for the variational determination of
VBOs, in particular for the higher-lying bending states. For H2O, transformation of quadratic
and quartic force fields from simple bond stretching to Simons–Parr–Finlan (SPF) coordinates
results in computed VBOs deviating less from experiment. This, however, does not hold for the
VBOs computed from the transformed sextic force fields where the two representations
provide highly similar results. While use of empirical quartic and sextic force fields result in a
much better reproduction of experimental VBOs than that of ab initio force fields, especially at
higher (fifth- and sixth-) order the empirical force constants, obtained through different
refinement procedures, do not correspond to the associated derivatives of the potential energy
surface (PES). Rotational constants characterizing low-lying vibrational states have been
evaluated as expectation values using inertia tensor formulas in the Eckart and principal axis
frames. Only the Eckart axes should be used for these computations and they yield accurate
vibrationally averaged rotational constants.

1. Introduction

Due to considerable methodological developments
of the last two decades, building partially on seminal

early papers of Handy and co-workers [1], accurate
variational description of the nuclear motion of even
highly excited small quantum systems has become
a relatively straightforward task [2]. For triatomic
systems solution of the rovibrational problem was
made particularly tractable by the introduction of
the discrete variable representation (DVR) [3–10] of

the Hamiltonian. For somewhat larger systems this and
similar procedures have been applied with considerable

success. Nowadays solution strategies have started to
appear to not only the four- [11–20] but also the five-
[21–23] and six-particle [24] problems.

Nevertheless, one old difficulty of nuclear motion
computations, that of the representation of the potential
energy surface (PES), still plagues applications of even
the most sophisticated theoretical and computational
procedures. For example, while for a triatomic system
electronic structure computations on the order of 1000,
about 10 per degrees of internal freedom, is usually
sufficient for a good overall representation of the
global PES [25], in order to obtain a similar precision
for a 4-atomic molecule would require 106 computa-
tions, a truly formidable computational task even on
today’s powerful computers. The simplest way of
avoiding this problem is offered by the traditional
approach to PESs, namely the expansion of the
potential in a Taylor series about a reference, usually
the equilibrium, geometry. While such force field
expansions [26, 27] may not provide a good representa-
tion of the PES for systems undergoing large-amplitude
motions, for many systems of practical interest an

yThis paper is dedicated to Professor Nicholas C. Handy on
the occasions of his retirement from the Department of
Chemistry of Cambridge University, Cambridge, UK, and the
conference in his honour entitled ‘Molecular quantum mech-
anics: a no nonsense path to progress’. Professor Handy has
been instrumental in many of the original developments
related to anharmonic force fields, including their determina-
tion through analytic derivative techniques of electronic
structure theory, and the variational computation of rovibra-
tional energy levels.
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anharmonic force field representation of the PES should
provide at least the first important stepping stone to
understand the complex internal dynamics of the
system.
A further development, as compared to the 1960s and

1970s when (higher-order) force field expansions first
became popular [28–33], is the widespread availability
of analytic derivatives of the electronic energy in several
electronic structure codes [34, 35]. For example, Kállay
et al. [36, 37] recently reported the availability of
analytic first and second derivatives at cetain multi-
reference configuration interaction (MR-CI), multire-
ference coupled cluster (MR-CC), and the full
configuration interaction (FCI) levels. Therefore, apart
from cost, computation of force fields up to the sextic
terms should present, even at high levels of electronic
structure theory, little technical difficulty. Quartic
force fields, the usual limit when anharmonic force
fields are employed within the boundaries of second-
order vibrational perturbation theory (VPT2) [38–43],
have been computed for relatively large systems, e.g., for
the 17-atom amino acid L-proline [44].
Nevertheless, it must be admitted that over the years

higher-order force fields fall somewhat out of favor.
For example, to our best knowledge [26] complete sextic
force fields in internal coordinates are available only
for a handful of triatomic systems, N2O [45–48], CO2

[49–52], and H2O [53]. This disfavour is due to several
factors. First, it is exceedingly difficult to determine
accurate higher-order force constants strictly from
experimental information. Therefore, this approach
has been abandoned by experimentalists once the
precision of ab initio anharmonic force fields [26] has
been widely recognized. Second, force fields computed
from electronic structure codes are in Cartesian repre-
sentation and it is a nontrivial, though computationally
easily tractable, task to transform these force fields to
more meaningful representations, especially to those
given in terms of curvilinear internal coordinates. Third,
polynomial expansions are subject to limited ranges
of applicability due to the eventual breakdown of the
expansion. Fourth, it was observed a long time ago that
quartic force fields give excellent frequencies when
used with VPT2 formulas, a precision of 1–2 cm�1 in
the frequencies is not unusual [54], but use of variational
procedures resulted in much larger deviations from
experiment. This is a somewhat unfortunate situation
since variational procedures make the use of somewhat
complex procedures [40, 53, 55] treating resonances
unnecessary. Nevertheless, based on the methodological
advancements related to variational treatments of the
vibrational motion of molecules [56], renewing studies
on the utility of force fields for the prediction of
rovibrational dynamics and spectra seemed timely to us.

We note the recent variational studies of Zúniga and
co-workers [57–60] especially in this respect.

In this paper we investigate the expected precision
of vibrational frequencies and vibrationally averaged
rotational constants when computed from force fields

of differing order and of differing standard coordinate
representations. We restrict our attention to the
triatomic systems N2O, CO2, and H2O, for which
complete sextic force fields are available from the

literature. After the Introduction we give details con-
cerning an exceedingly simple strategy for the varia-
tional solution of the triatomic vibrational problem

(section 2). In section 3 we report results on vibrational
frequencies and their accuracy obtained by this solution
strategy and high-order force fields available to us for

N2O [45–48], CO2 [49–52], and H2O [53]. In section 4
the expectation values of the rotational constants in the
first few vibrational states are compared when the wave-
functions correspond to different representations of the

related PESs. The paper is ended with conclusions.

2. Simple variational solution of the triatomic

vibrational motion problem

Several strategies exist to set up a matrix represen-
tation of a multidimensional vibrational Hamiltonian
(see [11–24] and [61–65]). One of the simplest possible

strategies, first advocated probably in [11], is as follows:
the Hamiltonian is expanded in orthogonal (O) coordi-
nates [66,67], its matrix is represented by the discrete
variable representation (DVR) [3–7] coupled with a

direct product (P) basis, and advantage is taken of the
sparsity and the special structure of the resulting
Hamiltonian matrix whose required eigenvalues can be

determined extremely efficiently by variants of the
iterative (I) Lanczos technique [68]. The resulting
procedure is termed DOPI for DVR – Hamiltonian in
O coordinates – P basis – iterative (sparse Lanczos)

diagonalization. The DOPI procedure, described below
only briefly as its elements have been discussed before,
has been programmed up and used exclusively during

this study of triatomic systems.
The vibrational Hamiltonian of triatomic molecules

using the orthogonal Jacobi [69] or Radau [70] coordi-

nates {R1,R2,Y} can be written in atomic units as [67]

ĤH ¼ �
1

2�1

@2

@R2
1

�
1

2�2

@2

@R2
2

�
1

2�1R
2
1

þ
1

2�2R
2
2

� �
@2

@Y2
þ cotY

@

@Y

� �

þ V̂V R1,R2,Yð Þ ð1Þ

where V̂V is the potential energy operator, �1 and �2

are well-defined [67] mass-dependent constants, R1
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and R2 denote two stretching-type coordinates, Y is
a bending-type coordinate, and the volume element for
integration is sinYdR1dR2dY.

A three-dimensional direct product basis

f�n1 R1ð Þ�n2 R2ð ÞF‘ cosYð Þg
N1�1,N2�1,L�1
n1,n2,‘¼0 is employed for

setting up the matrix representation of ĤH. The

Legendre–DVR basis fF‘ðcosYÞgL�1
‘¼0 is a natural choice

for the description of the bending motion because

Legendre polynomials P‘ cosYð Þ are the analytical

eigenfunctions, with eigenvalues ‘(‘ þ 1), of the

Y-dependent part of the kinetic energy operator. The

corresponding DVR representation can be set up via

the so-called transformation method. This involves a

Q coordinate matrix with matrix elements Q‘,‘0 ¼

P‘ cosYð Þ
� �� cosY P‘0 cosYð Þ

�� �
, and the quadrature points

qi
� �L

i¼1
are the eigenvalues of the Q matrix, while

the T transformation matrix is defined by the eigen-

vectors of the Q matrix. T transforms from finite basis

representation (FBR) to DVR:

KYð Þn,n0 ¼ Fn cosYð Þ
� ��� @2

@Y2
þ cotY

@

@Y

� �
Fn0 cosYð Þ
�� �

¼
XL�1

‘¼0

T‘,n‘ ‘þ 1ð ÞT‘,n0 : ð2Þ

Note that an analytic formula is also available to
determine KYð Þn,n0 [7]. For the stretching coordinates
R1 and R2 one can choose from several one-dimensional
DVR basis, �nj Rj

� 	� �Nj�1

nj¼0
with qij

� �Nj

ij¼1
quadrature

points. One can obtain the matrix elements of the
corresponding differential operators,

KRj

� 	
nj ,n

0
j

¼ �nj ðRjÞ �
1

2�j

@2

@R2
j

�����
������n0

j
ðRjÞ

* +
, ð3Þ

using exact analytical formulas [7]. Finally, the
DVR representation of the remaining part of the
kinetic energy operator matrix, ðR�2

j Þnj ,n0j
¼ h�nj ðRjÞ

j1=ð2�jR
2
j Þj�n0j

ðRjÞi, can be calculated using the quad-
rature approximation,

ðR�2
j Þnj ,n0j

¼
1

2�jq2nj
�nj ,n0j : ð4Þ

Expressions (2)–(4) have been used exclusively during
programming of the kinetic energy operator in the DVR
representation.

The form of the exact kinetic energy operator is

the same for the different triatomic molecules, whether

symmetric or nonsymmetric, linear or nonlinear, but

this cannot be said about the approximate potential

energy. Here advantage is taken of another simplifying

aspect of the DVR representation, namely that the

matrix of the potential energy operator V̂VðR1,R2, cosYÞ

is diagonal:

ðVdiagÞn1n2‘,n01n
0
2
‘0 ¼ Vðqn1 ,qn2 ,q‘Þ�n1n2‘,n01n

0
2
‘0 : ð5Þ

One can now build the N1N2L�N1N2L-dimensional
Hamiltonian matrix by computing direct products of
matrices defined in equations (2)–(4) and adding the
diagonal potential energy matrix to their sum:

HDVR ¼KR1
� IR2

� IYþ IR1
�KR2

� IY

þR�2
1 � IR2

�KYþ IR1
�R�2

2 �KYþVdiag:
ð6Þ

In equation (6) IR1
, IR2

, and IY mean N1�N1-, N2�N2-,
and L�L-dimensional unit matrices, respectively.
HDVR is a sparse matrix with N1 þN2þð L� 2ÞN1N2L
nonzero elements. (See figure 1 for a pictorial repre-
sentation of the relevant matrices. Note that the third
and fourth matrices on the right-hand side of equation
(6) have the same structure.) In a typical application
withN1 ¼ N2 ¼ 50 andL ¼ 100 more than 99.9% of the
matrix elements are zero. Consequently, one can easily
diagonalize large (even orders beyond 100 000�100 000)

Figure 1. Pictorial representation of the non-zero elements of the matrices appearing in Eq. (6) (for the sake of clarity, N1 ¼ 3 and
N2 ¼ 4).
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matrices using a Lanczos algorithm specialized for
extremely sparse matrices.

Finally, note should be made of two more highly

useful aspects of working in the DVR representation

of the Hamiltonian. First, it is straightforward to delete

undesirable basis functions as it simply means the neglect

of the corresponding quadrature point. Second, in a

DVR representation computation of expectation values

of a function f ðR1,R2, cosYÞ is particularly simple,

f ðR1,R2, cosYÞ
� �

v
¼

XN1,N2,L

n1,n2,‘¼1

Cn1n2‘,v

� 	2
f ðqn1 ,qn2 ,q‘Þ, ð7Þ

where matrix C contains the eigenvectors of the HDVR

matrix. The latter rewarding aspect of a DVR repre-
sentation will be utilized in section 4.

The computer code DOPI3, written in FORTRAN

and based upon the above simple procedure, can be

obtained from the authors upon request [71].

3. Vibrational band origins from force

field representations

The VBOs of H2O, CO2, and N2O have been

computed using published theoretical and empirical

force field representations of the potential of these

molecules given in the usual {STRE,STRE, BEND}

representation, where STRE and BEND stand for the
usual [72] simple bond stretching and angle bending

coordinates, respectively, and the DOPI technique (see

section 2). In the DOPI3 program we have used
Hermite-DVR basis for the stretching coordinates and

Legendre-DVR for the bend. The potential energy

function has been built using force constants, of

different representation and order, of the three triatomic
molecules. For the only nonlinear molecule, H2O, for

convergence of the lowest 13 vibrational band origins

(VBOs) to within 0.1 cm�1 the size of the DVR basis had

to be increased only to 15 for the stretches and 25 for
the bend, corresponding to a Hamiltonian matrix of

dimension 5 625� 5 625. It is important to note, how-

ever, that 25 basis functions for describing the bending
motion of the linear molecules, CO2 and N2O, are not

enough; in these cases the size of the Legendre–DVR

basis had to be increased to 80 and a larger Hamiltonian

matrix of dimension 18 000� 18 000 had to be diag-
onalized. Due to the use of the efficient sparse Lanczos

algorithm none of the diagonalizations took more than

a few minutes on an average personal computer. None

of the calculation used more than 30Mb of memory.

Table 1. Zero-point energy (0 0 0) and the first 13 vibrational band origins of H2
16O, in cm�1, obtained from complete theoretical

force fields of different order, with deviations from experiment, theory–experiment, given in parentheses.

Quadratic Quartic Sexticd

(v1 v2 v3) STREa SPFb STREa SPFb STREa SPFb Expt.c

(0 0 0) 4694.0 (55.5) 4665.0 (26.5) 4646.2 (7.7) 4637.8 (�0.7) 4633.5 (�5.0) 4636.6 (�1.9) 4638.5

(0 1 0) 1659.3 (64.6) 1634.0 (39.3) 1600.6 (5.9) 1598.5 (3.8) 1594.4 (�0.3) 1594.4 (�0.3) 1594.7

(0 2 0) 3306.1 (154.5) 3255.3 (103.7) 3165.2 (13.6) 3160.6 (9.0) 3143.3 (�8.3) 3143.2 (�8.4) 3151.6

(1 0 0) 3842.9 (185.8) 3721.7 (64.6) 3709.9 (52.8) 3658.6 (1.5) 3654.6 (�2.5) 3654.3 (�2.8) 3657.1

(0 0 1) 3943.0 (187.1) 3813.2 (57.3) 3808.7 (52.8) 3755.2 (�0.7) 3752.5 (�3.4) 3751.9 (�4.0) 3755.9

(0 3 0) 4942.4 (275.6) 4864.9 (198.1) 4691.8 (25.0) 4684.3 (17.5) 4632.6 (�34.2) 4632.4 (�34.4) 4666.8

(1 1 0) 5529.0 (294.0) 5358.5 (123.5) 5299.0 (64.0) 5240.6 (5.6) 5229.1 (�5.9) 5228.3 (�6.7) 5235.0

(0 1 1) 5613.7 (282.4) 5433.6 (102.3) 5394.9 (63.6) 5334.7 (3.4) 5327.3 (�4.0) 5326.4 (�4.9) 5331.3

(0 4 0) 6569.2 (435.2) 6463.2 (329.2) 6177.1 (43.1) 6166.0 (32.0) [6213.0] [6241.7] 6134.0

(1 2 0) 7197.7 (422.6) 6980.0 (204.9) 6852.6 (77.5) 6785.8 (10.7) 6756.6 (�18.5) 6755.2 (�19.9) 6775.1

(0 2 1) 7271.0 (399.5) 7040.4 (168.9) 6947.4 (75.9) 6879.3 (7.8) 6860.2 (�11.3) 6858.9 (�12.6) 6871.5

(2 0 0) 7687.1 (485.6) 7375.7 (174.2) 7401.7 (202.2) 7210.2 (8.7) 7211.8 (10.3) 7195.0 (�6.5) 7201.5

(1 0 1) 7787.2 (537.4) 7427.9 (178.1) 7491.2 (241.3) 7258.1 (8.3) 7264.4 (14.6) 7242.6 (�7.2) 7249.8

(0 0 2) 7885.8 (440.8) 7579.8 (134.8) 7595.6 (150.6) 7446.0 (1.0) 7408.8 (�36.2) 7413.5 (�31.5) 7445.0

aSTRE stands for a force field representation in {STRE,STRE,BEND} internal coordinates. It corresponds to the quartic
Set II force field of table 3 of [53], computed at the aug-cc-pVQZ CCSD(T) level, augmented by Set I quintic and sextic constants
of the same table, all computed at the non-stationary reference geometry of rOH ¼ 0.95843 Å and aHOH ¼ 104.44�. The remaining
forces are neglected in obtaining these results. The harmonic frequencies corresponding to this force field, obtained from
a GF analysis, are !1 ¼ 3828.9 cm�1, !2 ¼ 1652.3 cm�1, and !3 ¼ 3937.7 cm�1 [53]. Note that the sextic STRE VBOs were
obtained after setting frrr0��� ¼ 0 (see text).

bSPF stands for a force field representation in {SPF, SPF, BEND} internal coordinates using re ¼ 0.95843 Å in the definition of
the SPF coordinate (see the Appendix for the transformation formulas).

cThe experimental vibrational band origins are taken from [83]. The ZPE value corresponds to the PES defined in [25].
dThe higher vibrational states � in particular the bending-type terms – cannot be computed accurately due to the breakdown of

the sextic potential as shown in figure 2.
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The program system INTDER2000 [73–75] has been

used for the exact, analytic transformation of internal

coordinate force fields up to quartic terms from

{STRE,STRE,BEND} to {SPF,SPF,BEND} represen-

tation, where SPF is the Simons–Parr–Finlan [76]

coordinate. In the definition of the SPF [76] coordinate

the respective re geometries have been used. Despite

the availability of most relevant formulas [75], no

general-purpose computer program exists for the exact

transformation of derivatives beyond fourth order.

Table 2. Zero-point energy (0 0 0) and the first 13 vibrational band origins of 12C16O2, in cm�1, obtained from complete theoretical
force fields of different order, with deviations from experiment, theory–experiment, given in parentheses.

Quadratic Quartic Sextic

(v1 v2 v3) STREa SPFb STREa SPFb STREa SPFb Expt.c

(0 0 0) 2547.2 2533.9 2537.4 2526.3 2537.0 2526.3

(1 0 0) 1267.2 (�18.2) 1260.9 (�24.5) 1276.9 (�8.5) 1274.1 (�11.3) 1276.9 (�8.5) 1274.6 (�10.8) 1285.4

(0 2 0) 1421.0 (32.8) 1410.0 (21.8) 1385.1 (�3.1) 1379.2 (�9.0) 1383.8 (�4.4) 1378.8 (�9.4) 1388.2

(0 0 1) 2408.8 (59.6) 2379.1 (29.9) 2370.6 (21.4) 2353.2 (4.0) 2368.1 (18.9) 2353.2 (4.0) 2349.2

(2 0 0) 2500.0 (�48.4) 2487.7 (�60.7) 2528.9 (�19.5) 2523.7 (�24.7) 2530.1 (�18.3) 2525.8 (�22.6) 2548.4

(1 2 0) 2702.8 (31.7) 2680.5 (9.4) 2671.1 (0.0) 2659.4 (�11.7) 2669.0 (�2.1) 2659.5 (�11.6) 2671.1

(0 4 0) 2870.1 (73.0) 2847.5 (50.4) 2784.4 (�12.7) 2773.6 (�23.5) 2780.8 (�16.3) 2771.9 (�25.2) 2797.1

(1 0 1) 3672.0 (59.2) 3631.2 (18.4) 3628.8 (16.0) 3607.3 (�5.5) 3624.7 (11.9) 3607.4 (�5.4) 3612.8

(0 2 1) 3828.0 (113.2) 3780.8 (66.0) 3738.6 (23.8) 3712.0 (�2.8) 3732.0 (17.2) 3711.5 (�3.3) 3714.8

(3 0 0) 3706.7 (�86.0) 3688.3 (�104.4) 3762.7 (�30.0) 3755.0 (�37.7) 3766.7 (�26.0) 3760.3 (�32.4) 3792.7

(2 2 0) 3959.8 (17.3) 3928.7 (�13.8) 3936.9 (�5.6) 3921.4 (�21.1) 3935.0 (�7.5) 3922.8 (�19.7) 3942.5

(1 4 0) 4144.3 (80.2) 4105.5 (41.4) 4063.8 (�0.3) 4043.9 (�20.2) 4058.8 (�5.3) 4043.4 (�20.7) 4064.1

(0 6 0) 4350.6 (125.6) 4314.5 (89.5) 4201.6 (�23.4) 4186.0 (�39.0) 4194.3 (�30.7) 4182.1 (�42.9) 4225.0

(0 0 2) 4817.5 (144.2) 4748.5 (75.2) 4722.0 (48.7) 4682.6 (9.3) 4713.2 (39.9) 4683.0 (9.7) 4673.3

aSTRE stands for a force field representation in {STRE,STRE,BEND} internal coordinates. It corresponds to the quartic force
field of table III of [49], computed at the QZ2P CCSD(T) level, employing the non-stationary reference geometry of rCO¼ 1.1600 Å,
augmented with TZ2P RHF quintic and sextic constants of the same table obtained at the same reference geometry. The remaining
forces are neglected in obtaining the VBOs of this table. Note that the sextic STRE and SPF VBOs were obtained after changing the
sign of faaaaaa.

bSPF stands for a force field representation in {SPF,SPF,BEND} internal coordinates using re¼ 1.1600 Å in the definition of the
SPF coordinate (see the Appendix for the transformation formulas).

cThe experimental vibrational band origins are taken from [84]. For the ZPE value see table 3.

Table 3. Zero-point energy (0 0 0) and the first 13 vibrational band origins of 12C16O2, in cm�1, obtained from complete
experimental force fields of different order, with deviations from experiment, calculation�experiment, given in parentheses.a

Ref. [51] Ref. [52] Ref. [50]

(v1 v2 v3) quadratic quartic sextic quadratic quartic quadratic quartic sextic Expt.

(0 0 0) 2543.5 2533.7 2532.9 2548.7 2537.1 2547.7 2536.0 2535.4

(1 0 0) 1275.8(�9.6) 1286.8(1.4) 1285.1(�0.3) 1280.4(�5.0) 1286.5(1.1) 1279.2(�6.2) 1285.4(0.0) 1285.0(�0.4) 1285.4

(0 2 0) 1421.9(33.7) 1388.7(0.5) 1387.7(�0.5) 1426.3(38.1) 1390.0(1.8) 1425.2(37.0) 1389.0(0.8) 1387.5(�0.7) 1388.2

(0 0 1) 2392.0(42.8) 2349.2(0.0) 2346.4(�2.8) 2393.4(44.2) 2351.2(2.0) 2393.7(44.5) 2350.2(1.0) 2347.3(�1.9) 2349.2

(2 0 0) 2521.1(�27.3) 2553.1(4.7) 2547.5(�0.9) 2530.6(�17.8) 2549.9(1.5) 2528.1(�20.3) 2547.9(�0.5) 2547.6(�0.8) 2548.4

(1 2 0) 2701.8(30.7) 2677.9(6.8) 2671.8(0.7) 2709.7(38.6) 2674.5(3.4) 2707.9(36.8) 2672.3(1.2) 2669.4(�1.7) 2671.1

(0 4 0) 2877.9(80.8) 2800.7(3.6) 2798.8(1.7) 2887.2(90.1) 2802.2(5.1) 2884.9(87.8) 2799.8(2.7) 2795.3(�1.8) 2797.1

(1 0 1) 3664.5(51.7) 3615.9(3.1) 3610.7(�2.1) 3670.6(57.8) 3617.5(4.7) 3669.6(56.8) 3615.2(2.4) 3609.7(�3.1) 3612.8

(0 2 1) 3811.6(96.8) 3716.1(1.3) 3712.5(�2.3) 3817.4(102.6) 3721.0(6.2) 3816.6(101.8) 3718.5(3.7) 3710.7(�4.1) 3714.8

(3 0 0) 3740.6(�52.1) 3802.3(9.6) 3790.1(�2.6) 3755.2(�37.5) 3793.6(0.9) 3751.3(�41.4) 3791.1(�1.6) 3791.7(�1.0) 3792.7

(2 2 0) 3967.2(24.7) 3958.0(15.5) 3943.7(1.2) 3979.6(37.1) 3947.5(5.0) 3976.7(34.2) 3944.1(1.6) 3940.0(�2.5) 3942.5

(1 4 0) 4142.4(78.3) 4079.6(15.5) 4065.4(1.3) 4154.7(90.6) 4071.2(7.1) 4151.8(87.7) 4067.5(3.4) 4060.9(�3.2) 4064.1

(0 6 0) 4366.5(141.5) 4234.4(9.4) 4232.5(7.5) 4380.8(155.8) 4235.2(10.2) 4377.2(152.2) 4231.2(6.2) 4221.2(�3.8) 4225.0

(0 0 2) 4784.0(110.7) 4676.8(3.5) 4665.9(�7.4) 4786.8(113.5) 4681.0(7.7) 4787.3(114.0) 4678.5(5.2) 4667.9(�5.4) 4673.3

aThe sextic VBOs were obtained after setting "cut ¼ 20 000 cm�1 (see text). All results reported correspond to
{STRE,STRE,BEND} internal coordinates and re(CO) ¼ 1.1600 Å. The experimental (Expt.) VBOs were obtained from [84].
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Nevertheless, the explicit expressions for triatomic
molecules, given in the Appendix, allowed this trans-
formation to be carried out to sixth order.
The VBOs obtained for the parent isotopomers, the

only ones considered in this study, of H2O, CO2, and

N2O are summarized in tables 1–5. Atomic masses [77]
have been used throughout for the nuclear motion
calculations.

For all three molecules studied the ab initio force fields
have been obtained at non-stationary reference geo-

Table 4. Zero-point energy (0 0 0) and the first 13 vibrational band origins of 14N2
16O, in cm�1, obtained from complete

theoretical force fields of different order, with deviations from experiment, theory–experiment, given in parentheses.

Quadratic Quartic Sextic

(v1 v2 v3) STREa SPFb STREa SPFb STREa SPFb Expt.c

(0 0 0) 2441.1 2436.8 2425.4 2423.4 2425.0 2423.5

(0 2 0) 1212.0(43.9) 1208.1(40.0) 1213.5(45.4) 1213.1(45.0) 1214.4(46.3) 1214.3(46.2) 1168.1

(1 0 0) 1353.1(68.2) 1346.0(61.1) 1307.8(22.9) 1305.8(20.9) 1306.2(21.3) 1305.7(20.8) 1284.9

(0 0 1) 2319.5(95.7) 2301.2(77.4) 2266.4(42.6) 2260.8(37.0) 2263.6(39.8) 2260.8(37.0) 2223.8

(0 4 0) 2392.8(70.2) 2384.6(62.0) 2406.6(84.0) 2405.4(82.8) 2410.6(88.0) 2410.4(87.8) 2322.6

(1 2 0) 2585.1(123.1) 2571.5(109.5) 2530.7(68.7) 2527.2(65.2) 2528.9(66.9) 2528.3(66.3) 2462.0

(2 0 0) 2722.4(159.1) 2706.1(142.8) 2614.2(50.9) 2608.5(45.2) 2609.4(46.1) 2608.5(45.2) 2563.3

(0 2 1) 3528.5(164.5) 3502.1(138.1) 3454.0(90.0) 3446.8(82.8) 3451.2(87.2) 3448.2(84.2) 3364.0

(0 6 0) 3551.9(85.3) 3538.8(72.2) 3550.7(84.1) 3538.6(72.0) 3542.1(75.5) 3538.7(72.1) 3466.6

(1 0 1) 3672.0(191.2) 3639.9(159.1) 3584.2(103.4) 3582.3(101.5) 3594.6(113.8) 3594.3(113.5) 3480.8

(1 4 0) 3786.8(165.9) 3766.9(146.0) 3729.5(108.6) 3724.3(103.4) 3730.3(109.4) 3729.6(108.7) 3620.9

(2 2 0) 3958.8(210.5) 3932.8(184.5) 3842.3(94.0) 3832.9(84.6) 3835.7(87.4) 3834.4(86.1) 3748.3

(3 0 0) 4113.3(276.9) 4085.7(249.3) 3922.1(85.7) 3910.9(74.5) 3912.6(76.2) 3911.1(74.7) 3836.4

(0 0 2) 4639.0(221.6) 4592.6(175.2) 4507.4(90.0) 4491.3(73.9) 4497.0(79.6) 4491.2(73.8) 4417.4

aSTRE stands for a force field representation in {STRE,STRE,BEND} internal coordinates. It corresponds to the sextic force
field of table 3 of [46], computed at the cc-pVTZ CCSD(T) level. The nonstationary reference structure is as follows: rNN ¼ 1.1273 Å
and rNO ¼ 1.1851 Å. All force constants designated by d in table 3 of [46] were assumed to be zero. The remaining forces are
neglected in obtaining these results.

bSPF stands for a force field representation in {SPF,SPF,BEND} internal coordinates using re(NN) ¼ 1.1273 Å and
re(NO) ¼ 1.1851 Å in the definition of the appropriate SPF coordinates (see the Appendix for the transformation formulas).

cThe experimental (Expt.) vibrational band origins are taken from [47]. For the ZPE value see table 5.

Table 5. Zero-point energy (0 0 0) and the first 13 vibrational band origins of 14N2
16O, in cm�1, obtained from complete

experimental force fields of different order, with deviations from experiment, calculation–experiment, given in parentheses.

Ref. [48] Ref. [47] Ref. [45]

(v1 v2 v3) quadratic quartic sextic quadratic quartic quadratic quartic sextic Expt.

(0 0 0) 2386.3 2370.8 2370.8 2386.0 2370.2 2388.7 2370.1 2371.0

(0 2 0) 1165.6(�2.5) 1168.5(0.4) 1168.7(0.6) 1165.5(�2.6) 1168.2(0.1) 1165.9(�2.2) 1166.6(�1.5) 1168.4(0.3) 1168.1

(1 0 0) 1329.2(44.3) 1287.0(2.1) 1285.8(0.9) 1329.3(44.4) 1286.3(1.4) 1329.1(44.2) 1283.9(�1.0) 1284.7(�0.2) 1284.9

(0 0 1) 2280.3(56.5) 2226.2(2.4) 2225.3(1.5) 2279.7(55.9) 2226.4(2.6) 2284.7(60.9) 2217.4(�6.4) 2223.3(�0.5) 2223.8

(0 4 0) 2300.6(�22.0) 2323.2(0.6) 2323.7(1.1) 2300.5(�22.1) 2322.5(�0.1) 2301.3(�21.3) 2319.1(�3.5) 2323.2(0.6) 2322.6

(1 2 0) 2520.6(58.6) 2465.9(3.9) 2464.4(2.4) 2520.6(58.6) 2464.4(2.4) 2520.7(58.7) 2460.0(�2.0) 2463.3(1.3) 2462.0

(2 0 0) 2668.4(105.1) 2569.9(6.6) 2565.9(2.6) 2668.6(105.3) 2567.6(4.3) 2668.2(104.9) 2563.1(�0.2) 2564.0(0.7) 2563.3

(0 2 1) 3414.1(50.1) 3367.6(3.6) 3368.3(4.3) 3413.8(49.8) 3367.0(3.0) 3415.1(51.1) 3349.4(�14.6) 3366.3(2.3) 3364.0

(0 6 0) 3443.1(�23.5) 3467.0(0.4) 3468.2(1.6) 3442.3(�24.3) 3465.8(�0.8) 3448.0(�18.6) 3461.0(�5.6) 3467.6(1.0) 3466.6

(1 0 1) 3609.1(128.3) 3490.8(10.0) 3485.7(4.9) 3608.5(127.7) 3489.6(8.8) 3613.5(132.7) 3465.4(�15.4) 3482.5(1.7) 3480.8

(1 4 0) 3676.3(55.4) 3627.0(6.1) 3624.7(3.8) 3676.3(55.4) 3625.2(4.3) 3676.7(55.8) 3617.7(�3.2) 3623.9(3.0) 3620.9

(2 2 0) 3875.8(127.5) 3758.9(10.6) 3753.3(5.0) 3876.0(127.7) 3755.2(6.9) 3875.8(127.5) 3747.7(�0.6) 3751.4(3.1) 3748.3

(3 0 0) 4023.2(186.8) 3850.5(14.1) 3841.8(5.4) 4023.4(187.0) 3845.4(9.0) 4022.7(186.3) 3838.9(2.5) 3839.3(2.9) 3836.4

(0 0 2) 4510.8(93.4) 4425.7(8.3) 4422.8(5.4) 4510.4(93.0) 4427.0(9.6) 4512.2(94.8) 4394.0(�23.4) 4418.4(1.0) 4417.4

aThe VBOs computed from the sextic force field of Lacy and Whiffen [45] were obtained after setting "cut ¼ 15 000 cm�1 (see
text). All results reported correspond to {STRE,STRE,BEND} internal coordinates. The reference structures are as follows:
re(NN) ¼ 1.127292 Å and re(NO) ¼ 1.185089 Å [48], re(NN) ¼ 1.1282 Å and re(NO) ¼ 1.1843 Å [47], and re(NN) ¼ 1.12598 Å
and re(NO) ¼ 1.18624 Å [45]. The experimental (Expt.) VBOs were obtained from [47].
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metries, corresponding to the best available estimates
of the empirical equilibrium structures of the molecules
at the time. In principle, compared to the traditional
El’yashevich–Wilson GF or the VPT2 approaches, no
difficulty arises from the existence of nonzero forces
in the expansion of the potential when it is used in
a variational solution of the nuclear motion problem.
Therefore, one could avoid the non-zero force dilemma
[74] hindering the general use of force fields obtained
at nonstationary geometries. Since the ab initio force
fields have been obtained at high levels of electronic
structure theory, the remaining forces are usually
rather small. Nevertheless, the effect of the inclusion
of the forces in the potential on the VBOs is far from
being negligible. For example, in the case of CO2, where
the remaining force is the largest, the change for the
(0 0 0) and (2 0 0) VBOs, computed from the sextic
STRE ab initio force field, is þ 81 cm�1 and �47 cm�1,
respectively. The computed VBOs obtained neglecting
all the forces are in all cases considerably closer to
experiment than those obtained with the inclusion of the
forces in the potential. Therefore, one important
conclusion of this study is that remaining forces in the
ab initio expansion of the potential should be neglected
even in variational nuclear motion treatments.
Consequently, results given in tables 1, 2, and 4
correspond to this choice, i.e. neglect forces in the
expansion of the potential.
The next important question concerns the utility of

including quintic and sextic constants in the expansion
of the potential. The higher the order of the expan-
sion the better the agreement is between the computed

and the experimental VBOs. Especially gratifying is the
improvement for H2

16O, the lightest of the molecules
considered and the only one with single bonds, which
are well described by the CCSD(T) [78] (coupled cluster
theory with single and double excitations augmented
with a perturbational estimate of triple excitations)
theory employed for the ab initio force field calculation.
For the fundamental levels of H2O obtained when the
full sextic {STRE, STRE, BEND} force field is used to
represent the potential the average error in reproducing
the experimental fundamentals is 2.1 cm�1, while use of
only the corresponding quartic expansion results in an
average agreement not better than 37.2 cm�1. Therefore,
it may seem worth expanding the potential beyond the
quartic terms if a variational approach is employed for
the calculation of the VBOs. Nevertheless, in almost all
cases studied here use of the full sextic potential
presented difficulties during the variational calculations
of the VBOs due to the increased susceptibility of the
potential to breakdown at quadrature points farther
away from equilibrium. To illustrate this point a one-
dimensional cut corresponding to the bending motion is
presented for H2O (figure 2). At 6th order it is not the
stretching part of the potential that may cause
considerable problems for the variational solution of
the vibrational problem but the bending part. The sextic
potential has a breakdown when the bending angle goes
above 2.7 rad with a corresponding energy barrier as
low as 7 500 cm�1. This means that the higher VBOs,
especially those involving more than three quanta in the
bending, cannot be computed with high accuracy from
the present force field representation of the potential.
(The quartic force field expansion has no similar
problem.) Nevertheless, convergence of the lower-
lying VBOs can be achieved even if some of the
Hamiltonian matrix elements have (somewhat) unrea-
sonable values.

After a careful, term by term investigation of the
sextic potentials it turned out that the apparent
problems with obtaining converged eigenvalues can be
eliminated by changing the values of certain force
constants. In particular, in the case of H2O setting
frrr0��� ¼ 0 solves the otherwise unsurmountable diag-
onalization problem. With this (nonphysical) choice all
diagonalizations were successful giving converged
results for the lower levels, though for the higher-lying
bending states the VBOs could not be converged to
better than a few cm�1, while all other VBOs even with
medium-size basis sets were converged to better than
0.01 cm�1. Therefore, in table 1 the sextic results
presented for H2O correspond to this choice and the
problematic, only quasi-converged VBOs are given in
brackets. For CO2 the problematic force constant is
faaaaaa, whose computed value is negative [49]. Setting
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Figure 2. One-dimensional cuts of the potential energy
surface representations of H2O along the Y ¼ aHOH

angle bending coordinate using {STRE,STRE,BEND}
internal coordinates and bond stretching coordinates fixed
at re ¼ 0.95843 Å.
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this theoretical force constant to positive values solved
the problem during determination of converged eigen-
values. However, this has not proved to be sufficient
when experimental force fields have been used. Note
also that faaaaaa of CO2 has been recomputed in this
study at the all-electron aug-cc-pCVQZ [79] CCSD(T)
level, where faaaaaa¼ þ 193 aJ rad�6. For N2O the
empirical force field of Lacy and Whiffen [45], which
contains several large unphysical coupling constants
[46], seems to be extremely problematic in this respect.
Here the diagonalization problem could not be solved
by changing the sign of faaaaaa. Note also that for N2O
we were not able to reproduce the variational VBO
results of Zúniga and co-workers [58], the deviations
between the two sets of results are on the order of a
few cm�1.
Another, perhaps more appealing solution to the

problem of computing converged eigenvalues involves
the introduction of a cutoff value, "cut, employed in the
following fashion: whenever the value of the potential
calculated from the quadratic force field is larger
than "cut at a quadrature point, the appropriate
potential value is substituted by the corresponding
harmonic value irrespective of the order of the force
field actually employed. The practical problem with this
approach is that it seems to protract the convergence of
almost all of the VBOs and if it is chosen to be too
low no convergence of the VBOs can be achieved.
Nevertheless, it seems to lead to converged results in the
cases investigated. Therefore, this solution was
employed for the problematic computation of VBOs
obtained from sextic empirical force fields of CO2

and N2O.

In line with a number of previous studies, when
lower-order expansions of the potential are used, the
agreement between experiment and theory becomes
considerably better when the representation is changed
from STRE to SPF coordinates. Again, especially
pronounced is the improvement for the light H2O
molecule. However, when the full sextic force field is
used to represent the potential of H2O, the error in
the prediction of the vibrational levels with up to
1 quantum in the bending mode is 9.1 and 7.3 cm�1 for
the STRE and SPF representations, respectively.
Therefore, another important result of this study is
that the difference between the sextic STRE and SPF
representations of the PES is hardly significant. This
observation is in line with results obtained by Zúniga
and co-workers for CO2 and N2O [57,58] and by us for
N2O. Furthermore, for the pure stretching VBOs the
sextic SPF force field results in a slightly worse
agreement with experiment than the quartic SPF field.
Deviations between the quartic and sextic STRE and
SPF force field results for CO2 presented in table 2 can
be traced to the treatment of residual forces during the
computation of the VBOs. Namely, the SPF force fields
employed for the computation of the VBOs were
obtained by the exact transformation of the {STRE,
STRE, BEND} force fields, i.e. the forces on the CO
stretching coordinates have been included during the
transformation. Nevertheless, as advocated above, the
resulting forces on the SPF coordinates have been
neglected during the VBO calculations. If the forces are
included in the representation of the PES or the SPF
force field is transformed with the assumption of zero
forces in the {STRE, STRE, BEND} representation, the

Table 6. Selected stretching force constants of N2O computed at different levels of coupled-cluster theory.a

cc-pVDZ cc-pVTZ

Force constant CCSD CCSDT CCSDTQ CCSD CCSD(T) CCSDT

fr 0.1837 �0.3870 �0.4280 0.1445 �0.0313 �0.0801

fR �0.0860 �0.1530 �0.1671 0.0162 0.0006 �0.0592

frr 21.23 21.04 20.94 19.17 18.76 19.00

fRR 13.11 13.98 13.43 12.06 12.33 12.38

frrr �156.2 �155.6 �155.3 �143.4 �142.6 �142.6

fRRR �111.6 �109.9 �109.6 �102.6 �100.7 �101.1

frrrr 914.1 913.6 917.9 831.0 839.8 831.7

fRRRR 658.1 658.2 659.6 606.9 605.0 606.2

frrrrr �5198 �5210 �5190 �4836 �4812 �4842

fRRRRR �3358 �3546 �3567 �3138 �3367 �3308

frrrrrr 27025 28539 28404 31324 26961 31688

fRRRRRR 24006 22607 21972 21798 19214 20607

aUnits for the force constants are consistent with energy measured in attojoules and stretching coordinates (r and R) in
angstroms. The force fields have been evaluated at the reference structure of r(NN) ¼ 1.1273 Å and R(NO) ¼ 1.1851 Å [46].
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Table 7. Differences between vibrationally averaged and equilibrium rotational constants, in cm�1, corresponding to ground and
fundamental vibrational levels of H2

16O.a

Quadratic Quartic Sextic

(v1 v2 v3) PAS Eckart PAS Eckart PAS Eckart Expt.

(0 0 0) hAiv�Ae 1.8597 1.4440 0.9432 0.5536 0.8827 0.4910 0.4945

(0 0 0) hBiv�Be 0.0239 0.4395 �0.4455 �0.0560 �0.4715 �0.0798 �0.0588

(0 0 0) hCiv�Ce 0.0304 0.0304 �0.2759 �0.2759 �0.2940 �0.2940 �0.2370

(0 0 0) hCCoriv�Ce 0.1097 �0.1998 �0.2178 �0.2370

(1 0 0) hAiv�Ae 2.4814 2.0379 0.4371 0.0407 0.2084 �0.2008

(1 0 0) hBiv�Be 0.2047 0.6481 �0.6183 �0.2219 �0.7026 �0.2934

(1 0 0) hCiv�Ce 0.1691 0.1691 �0.4069 �0.4069 �0.4684 �0.4684

(1 0 0) hCCoriv�Ce 0.2531 �0.3311 �0.3921

(0 1 0) hAiv�Ae 4.4880 3.6207 4.4915 3.7561 4.5279 3.7930

(0 1 0) hBiv�Be 0.0324 0.8996 �0.6225 0.1129 �0.6668 0.0681

(0 1 0) hCiv�Ce �0.0067 �0.0067 �0.3260 �0.3260 �0.3462 �0.3462

(0 1 0) hCCoriv�Ce 0.1846 �0.1389 �0.1584

(0 0 1) hAiv�Ae 2.8373 1.7719 0.5584 �0.4550 0.3208 �0.7077

(0 0 1) hBiv�Be �0.3702 0.6952 �1.1148 �0.1014 �1.2001 �0.1716

(0 0 1) hCiv�Ce �0.0165 �0.0165 �0.5807 �0.5807 �0.6427 �0.6427

(0 0 1) hCCoriv�Ce 0.1090 �0.4648 �0.5263

aAll results obtained from ab initio {STRE,STRE,BEND} force fields of different order [53]. See footnote a to table 1.
PAS ¼ rotational constants in principal axes system, Eckart ¼ rotational constants in the Eckart frame. The equilibrium rotational
constants corresponding to the reference geometry of the force field expansions are as follows: Ae ¼ 27.3154 cm�1,
Be ¼ 14.5747 cm�1, and Ce ¼ 9.5038 cm�1. Experimental (Expt.) effective rotational constants were taken from [85]; the reported
differences correspond to equilibrium rotational constants Ae ¼ 27.3861 cm�1, Be ¼ 14.5804 cm�1, and Ce ¼ 9.5147 cm�1, based
on the final structure of [25].

Table 8. Differences between vibrationally averaged and equilibrium rotational constants, in 10�4 cm�1, corresponding to ground
and fundamental vibrational levels of 12C16O2.

a

Quadratic Quartic Sextic

(v1 v2 v3) PAS Eckart PAS Eckart PAS Eckart Expt.

(0 0 0) hBiv�Be 17.66 18.30 �13.21 �12.57 �13.55 �12.91 �14.19

(0 0 0) hCiv�Ce 12.97 12.97 �17.85 �17.85 �18.19 �18.19 �14.19

(0 0 0) hCCoriv�Ce 18.30 �12.57 �12.91 �14.19

(1 0 0) hBiv�Be 40.42 41.07 �2.04 �1.39 �2.81 �2.16 �14.28

(1 0 0) hCiv�Ce 29.27 29.27 �13.04 �13.04 �13.78 �13.78 �14.28

(1 0 0) hCCoriv�Ce 41.07 �1.39 �2.16 �14.28

(0 2 0) hBiv�Be 31.70 32.35 �14.86 �14.21 �15.52 �14.87 �11.53

(0 2 0) hCiv�Ce 23.93 23.93 �22.48 �22.48 �23.17 �23.17 �11.53

(0 2 0) hCCoriv�Ce 32.35 �14.21 �14.87 �11.53

(0 0 1) hBiv�Be 16.48 18.41 �48.57 �46.67 �49.81 �47.90

(0 0 1) hCiv�Ce 11.77 11.77 �53.21 �53.21 �54.44 �54.44

(0 0 1) hCCoriv�Ce 18.41 �46.67 �47.90

aAll results obtained from ab initio {STRE,STRE,BEND} force fields of different order [49]. See footnote a to table 2.
PAS ¼ rotational constants in principal axes system, Eckart ¼ rotational constants in the Eckart frame. The equilibrium rotational
constant corresponding to the reference geometry of the force field expansions is Be ¼ Ce ¼ 0.391623 cm�1. Experimental (Expt.)
effective rotational constants were taken from [86] and [52]; the reported differences correspond to the equilibrium rotational
constant Be ¼ Ce ¼ 0.3916375 cm�1 [86]. The larger than usual deviations between the sextic Eckart and the experimental results
may be partially due to the strong resonance between the levels (1 0 0) and (0 2 0).
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STRE and SPF VBOs, both for the quartic and sextic
representations, agree with each other to better than
0.5 cm�1.
Excellent agreement between experimental and com-

puted VBOs can be seen for all empirical quartic and
sextic force fields available for CO2 and N2O. While
use of empirical quartic and sextic force fields result in
a much better reproduction of experimental VBOs than
that of ab initio force fields, it is clear that especially
at higher (fifth- and sixth-) order the empirical force
constants, obtained through different refinement proce-
dures, do not correspond to the associated derivatives
of the potential energy surface (PES).
Finally, it is necessary to comment on the apparent

inaccuracy of the ab initio force fields of CO2 and N2O,
which manifests in sizeable deviations between com-
puted and experimental VBOs. While usually CCSD(T)
theory gives highly accurate force constants [54], as
can also be seen for H2O in this study, for molecules
with multiple bonds composed of highly electronegative
atoms excitations larger than triples are necessary for
the accurate characterization of the electronic structure.
To prove this point, selected force constants have been
recomputed for N2O at the coupled-cluster hierarchy
frozen-core cc-pVDZ CCSD, CCSDT, and CCSDTQ,
and cc-pVTZ CCSD and CCSDT, employing the
program MRCC [80] and the correlation-consistent
(cc) basis sets of Dunning [79], with results presented
in table 6.

4. Vibrationally averaged rotational constants

Vibrationally averaged effective rotational constants
are the principal structural results obtained from fitting
of appropriate rovibrational Hamiltonians to spectro-
scopic data. One can determine these constants from
theoretical computations basically in two ways.
The traditional route goes through VPT2 formulas
[38–42] and the vibration–rotation interaction constants
a obtained from a cubic force field expansion of the
potential. The second route, employed in this study
and preferred whenever it is feasible, computes the
effective rotational constants as expectation values
employing vibrational wavefunctions from variational
calculations.

The rotational constants of triatomic molecules as
functions of {R1,R2,Y}, which can be either Jacobi
(Radau) or traditional {STRE, STRE, BEND} internal
coordinates, can be obtained in two ways. First, one
can set up the inertial tensor I in the principal axes
coordinate system (PAS), in which case I is diagonal.
Using PAS the rotational constant functions can simply
be obtained as the inverse of the diagonal elements of I.
Second, the inertia tensor can be set up in the Eckart
coordinate system, in which case the coordinates satisfy
the Eckart conditions [72]. In this case the Imatrix is not
diagonal, and the rotational constant functions are
derived from the diagonal matrix elements of the inverse
of the I tensor neglecting the off-diagonal elements
of I�1. Consideration of the Coriolis contribution results

Table 9. Differences between vibrationally averaged and equilibrium rotational constants, in 10�4 cm�1, corresponding to ground
and fundamental vibrational levels of 14N2

16O.a

Quadratic Quartic Sextic

(v1 v2 v3) PAS Eckart PAS Eckart PAS Eckart Expt.

(0 0 0) hBiv�Be 18.71 19.50 �20.13 �19.33 �20.56 �19.77 �21.42

(0 0 0) hCiv�Ce 12.97 12.97 �25.84 �25.84 �26.27 �26.27 �21.42

(0 0 0) hCCoriv�Ce 19.50 �19.33 �19.77 �21.42

(1 0 0) hBiv�Be 31.43 32.32 �33.87 �32.97 �34.92 �34.02 �38.98

(1 0 0) hCiv�Ce 23.07 23.07 �41.21 �41.21 �42.30 �42.30 �38.98

(1 0 0) hCCoriv�Ce 32.32 �32.97 �34.02 �38.98

(0 2 0) hBiv�Be 44.90 45.73 �6.49 �5.66 �7.51 �6.69 �12.32

(0 2 0) hCiv�Ce 30.12 30.12 �22.10 �22.10 �23.04 �23.04 �12.32

(0 2 0) hCCoriv�Ce 45.73 �5.66 �6.69 �12.32

(0 0 1) hBiv�Be 17.48 19.77 �59.58 �57.32 �61.08 �58.82 �55.97

(0 0 1) hCiv�Ce 11.72 11.72 �65.31 �65.31 �66.81 �66.81 �55.97

(0 0 1) hCCoriv�Ce 19.77 �57.32 �58.82 �55.97

aAll results obtained from ab initio {STRE,STRE,BEND} force fields of different order [46]. See footnote a to table 4.
PAS ¼ rotational constants in principal axes system, Eckart ¼ rotational constants in the Eckart frame. The equilibrium rotational
constant corresponding to the reference geometry of the force field expansions is Be ¼ Ce ¼ 0.421113 cm�1. Experimental (Expt.)
effective rotational constants were taken from [45] and [47]; the reported differences correspond to the equilibrium rotational
constant Be ¼ Ce ¼ 0.421153 cm�1 [45].
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in a different I tensor but in the triatomic case only one
of the rotational constants is changed [81].
The expectation values of the rotational constants

of H2O, CO2, and N2O in the ground and fundamental
vibrational states [(0 2 0) instead of (0 1 0) for the
linear molecules] are computed employing equation
(7), and the wavefunctions correspond to the ab initio
{STRE,STRE,BEND} representations of the PESs.
In PAS the rotational constant functions were derived
in {STRE,STRE,BEND} coordinates, while the rota-
tional constant functions in the Eckart coordinate
system were taken from [81], and they are functions of
Jacobi coordinates. The calculated results are presented
in tables 7–9.
One of the notable results of this study is that the

agreement between the computed and experimental
effective rotational constants is significantly better
when the rotational constant functions employed refer
to the Eckart and not the PAS coordinate system.
Especially pronounced is the difference in case of the
light H2O molecule, where the results in PAS are much
worse than in the Eckart frame. It is thus clear that the
Eckart coordinates have to be employed to compute
vibrationally averaged rotational constants as they
have been employed in the derivation of the effective
rovibrational Hamiltonians employed for the fitting
of the experimental spectra. While some have realized
this problem many years ago [81] there are cases where
effective rotational constants have been computed in
the PAS [82].
For the linear molecules, CO2 and N2O, the computed

effective rotational constants are similar in the principle
axes and Eckart coordinate systems. It is important
to note that in all cases better agreement is obtained
between computed and experimental data using the
CCor(R1,R2,Y) rotational constant function [81]. The
linear molecules have only one rotational constant, B,
which is equal to C by symmetry. This holds neither
in the PAS nor in the Eckart system when the Coriolis
contribution is neglected. Therefore, a particularly
important reason for including the Coriolis contribution
in the expressions referring to the Eckart coordinate
system is that only in this case will hCCoriv of linear
molecules be equal to hBiv, where v represents vibra-
tional quantum numbers.

5. Conclusions

One of the simplest possible technique for the
variational solution of the nuclear motion Schrödinger
equation results when the Hamiltonian is expanded in
orthogonal (O) coordinates, its matrix is represented by
the discrete variable representation (DVR) coupled
with a direct product (P) basis, and advantage is taken
of the sparsity of the resulting Hamiltonian matrix

which can thus be diagonalized extremely efficiently by
variants of sparse iterative (I) diagonalization techni-
ques. The resulting procedure is termed DOPI for
DVR – Hamiltonian in O coordinates – P basis –
iterative (sparse Lanczos) diagonalization. The DOPI
procedure has been programmed up and used exclu-
sively during this study of triatomic systems.

The utility and applicability of force field expansions
up to sextic terms for the variational computation of
vibrational band origins (VBOs), deduced from results
obtained for H2O, CO2, and N2O, may be summarized
as follows: (a) the remaining forces in the ab initio
expansion of the potential should be neglected even in
variational nuclear motion treatments; (b) the significant
difference between VBOs obtained from quadratic and
quartic force fields corresponding to STRE and SPF
representations becomes insignificant when the full
sextic force field is employed; (c) while use of empirical
quartic and sextic force fields result in a much better
reproduction of experimental VBOs than that of ab
initio force fields, it is clear that especially at higher
(fifth- and sixth-) order the empirical force constants,
obtained through different refinement procedures, do
not correspond to the associated derivatives of the
potential energy surface (PES); and (d) numerical
problems during the calculation of converged vibra-
tional eigenvalues arise when full sextic force fields
represent the potential but they can be dealt with if
caution is exercised during the build-up of the
Hamiltonian matrix.

The Eckart coordinates and not the principal
axes coordinates have to be employed to compute
vibrationally averaged rotational constants using varia-
tional vibrational wavefunctions, as only in this case can
one compare meaningfully the first-principles effective
rotational constants to their experimental counterparts.
This is due to the fact that in the derivation of the
effective rovibrational Hamiltonians used for the fitting
of experimental spectra the Eckart coordinates have
been employed. The resulting expressions must contain
the Coriolis contribution as without this two different
effective rotational constants are computed for linear
molecules.
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grants T033074, T047185, T045955, and M042110.
Discussions with Professors K. Kuchitsu, E. Hirota,
and J. Demaison on the topic of this paper are gratefully
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Appendix

Analytic formulas for the transformation of internal
coordinate force fields up to sextic terms from {STRE,
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STRE, BEND} to {SPF, SPF, BEND} representa-

tion are given below. One can transform the complete

sextic force field of triatomic molecules using the 15

explicit analytical formulas presented as the coefficients

are the same in the formulas of different a-derivative
SPF constants (e.g., f SPFrr� ¼ r2e frr� þ 2re fr� is obtained

from f SPFrr ¼ r2e frr þ 2re fr), while the r and r0 coordinates

can be inter-changed. In the notation employed f and

fSPF mean the force constant in {STRE,STRE,BEND}

and {SPF,SPF,BEND} representations, respectively.

f SPFr ¼ refr

f SPFrr ¼ r2efrr þ 2re fr

f SPFrr0 ¼ rer
0
e frr0

f SPFrrr ¼ r3efrrr þ 6r2efrr þ 6re fr

f SPFrrr0 ¼ r2er
0
e frrr0 þ 2rer

0
e frr0

f SPFrrrr ¼ r4efrrrr þ 12r3efrrr þ 36r2efrr þ 24re fr

f SPFrrrr0 ¼ r3er
0
e frrrr0 þ 6r2er

0
e frrr0 þ 6rer

0
e frr0

f SPFrrr0r0 ¼ r2er
02
e frrr0r0 þ 2rer

02
e frr0r0 þ 2r2er

0
e frrr0 þ 4rer

0
e frr0

f SPFrrrrr ¼ r5efrrrrr þ 20r4efrrrr þ 120r3efrrr þ 240r2e frr þ 120re fr

f SPFrrrrr0 ¼ r4er
0
e frrrrr0 þ 12r3er

0
e frrrr0 þ 36r2er

0
e frrr0 þ 24rer

0
e frr0

f SPFrrrr0r0 ¼ r3er
02
e frrrr0r0 þ 2r3er

0
e frrrr0 þ 6r2er

02
e frrr0r0

þ 12r2er
0
e frrr0 þ 6rer

02
e frr0r0 þ 12rer

0
e frr0

f SPFrrrrrr ¼ r6e frrrrrr þ 30r5e frrrrr þ 300r4e frrrr þ 1200r3e frrr

þ 1800r2e frr þ 720re fr

f SPFrrrrrr0 ¼ r5er
0
e frrrrr þ 20r4er

0
e frrrrr0 þ 120r3er

0
e frrrr0

þ 240r2er
0
e frrr0 þ 120rer

0
e frr0

f SPFrrrrr0r0 ¼ r4er
02
e frrrrr0r0 þ 2r4er

0
e frrrrr0 þ 12r3er

02
e frrrr0r0

þ 24r3er
0
e frrrr0 þ 36r2er

02
e frrr0r0 þ 72r2er

0
e frrr0

þ 24rer
02
e frr0r0 þ 48rer

0
e frr0

f SPFrrrr0r0r0 ¼ r3er
03
e frrrr0r0r0 þ 6r3er

02
e frrrr0r0 þ 6r2er

03
e frrr0r0r0

þ 36r2er
02
e frrr0r0 þ 6r3er

0
e frrrr0 þ 6rer

03
e frr0r0r0

þ 36r2er
0
e frrr0 þ 36rer

02
e frr0r0 þ 36rer

0
e frr0
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[12] MLADENOVIĆ, M., 2000, J. Chem. Phys., 112, 1070.
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[49] CSÁSZÁR, A. G., 1992, J. Phys. Chem., 96, 7898.
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[57] ZÚNIGA, J., ALACID, M., BASTIDA, A., and REQUENA, A.,
1996, J. Chem. Phys., 105, 6099.
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The best technically feasible values for the triplet–singlet energy gap and the enthalpies of formation of the HCCl
and CCl2 radicals have been determined through the focal-point approach. The electronic structure computations
were based on high-level coupled cluster (CC) methods, up to quadruple excitations (CCSDTQ), and large-size
correlation-consistent basis sets, ranging from aug-cc-pVDZ to aug-cc-pV6Z, followed by extrapolation to the
complete basis set limit. Small corrections due to core correlation, relativistic effects, diagonal Born–Oppenheimer
correction, as well as harmonic and anharmonic zero-point vibrational energy corrections have been taken into
account. The final estimates for the triplet–singlet energy gap, T0(ã), are 2170 � 40 cm�1 for HCCl and 7045 �
60 cm�1 for CCl2, favoring the singlet states in both cases. Complete quartic force fields in internal coordinates
have been computed for both the X̃ and ã states of both radicals at the frozen-core CCSD(T)/aug-cc-pVQZ level.
Using these force fields vibrational energy levels of {HCCl, DCCl, CCl2} up to {6000, 5000, 7000} cm�1 were
calculated both by second-order vibrational perturbation theory (VPT2) and variationally. These results,
especially the variational ones, show excellent agreement with the experimentally determined energy levels. The
enthalpies of formation of HCCl (X̃1A0) and CCl2(X̃

1A1), at 0 K, are 76.28 � 0.20 and 54.54 � 0.20 kcal mol�1,
respectively.

I. Introduction

Carbenes are among the most important of reactive chemical
intermediates. Moreover their chemistry is particularly fasci-
nating because their lowest singlet and triplet states are ex-
pected to be closely spaced in energy but have quite different
chemistries.1–5 Therefore a precise determination of the singlet/
triplet gap, DETS, is important for understanding reaction
mechanisms. For this reason, the determination of these energy
gaps has attracted intense interest from quantum chemists and
experimentalists alike.

This paper will focus upon the study of the singlet/triplet gap
of mono- and dichlorocarbene, HCCl and CCl2, respectively,
by state-of-the-art quantum chemistry techniques. It will also
report related thermodynamic and spectroscopic properties of
these molecules.

There has been a history of both experimental6–55 and
theoretical56–83 studies of chlorocarbenes. Nonetheless as the
brief discussion below shows, there are still major discrepancies
and unanswered questions. In this work, we strive to produce
calculations of DETS for both HCCl and CCl2 of ‘‘near-
spectroscopic’’ accuracy. Moreover, we give reasonable esti-
mates of the expected errors in these calculations. These
calculations serve to increase the precision of previous calcula-
tions significantly. They are also expected to complement
experimental work, which ultimately should produce a gold
standard of measurement for DETS. We believe that our

calculations are sufficiently precise to guide in a detailed
fashion experimental planning and ultimately to aid the accep-
tance or rejection of various experimental interpretations of
the measured spectra.
The first direct spectroscopic observation of HCCl/DCCl in

the gas phase was reported in 1966 by Merer and Travis,6 who
have assigned the band system between 550 and 820 nm to the
Ã1A00 ’ X̃1A0 transition. This pioneering work was followed
by numerous spectroscopic studies on the Ã ’ X̃ transition
both in the gas phase8–17 and in Ar matrix.7 All of these studies
revealed strong and complicated perturbations caused by
the Renner–Teller effect and spin–orbit coupling with the
low-lying ã3A00 state.
The first data on the X̃ state vibrational levels of HCCl,

more specifically the n2 (HCCl bend) and the n3 (CCl stretch)
fundamentals were provided by matrix isolation infrared (IR)
studies.7,18 These data were notably complemented by Chang
et al,13,14 who have identified six and 11 vibrational levels in the
dispersed fluorescence spectra of HCCl and DCCl, respec-
tively. A few years later the same group has re-recorded these
spectra and assigned 19/24 vibrational levels of HCCl/DCCl in
the X̃ state.17 Besides the rotationally resolved X̃(0,0,1) ’
(0,0,0) transition,19 pure rotational transitions of the X̃(0,0,0)
vibrational level have also been observed recently for H35CCl
and H37CCl.20 The analysis of these spectra resulted in effective
rotational constants, centrifugal distortion constants, nuclear
quadrupole interaction constants, and spin-rotation constants
for these species. One of the interesting observations of ref. 20
was that the spin-rotation constants make a significant
contribution to the hyperfine structure due to the relatively
low-lying Ã state.

w Electronic supplementary information (ESI) available: Triplet–sing-
let energy splittings, enthalpies of formation, and X̃ and ã state
vibrational energy levels. See http://dx.doi.org/10.1039/b506790a
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The ã3A00 � X̃1A0 energy splitting, DETS, was estimated
experimentally first by the analysis of the negative ion photo-
electron spectrum of HCCl� by Lineberger et al21,22 In their
first report they obtained 11 � 0.3 kcal mol�1.21 Later they
revised this number to 4.2 � 2.5 kcal mol�1.22 The analysis of
the dispersed fluorescence spectra also resulted in triplet–sing-
let energy splitting values for HCCl and DCCl. In their first
dispersed fluorescence reports Chang et al,13,14 due to the lack
of perturbations in the observed X̃ state vibrational levels,
determined the low limits of the triplet–singlet energy splitting
for HCCl/DCCl asE8/11 kcal mol�1 with an error estimate of
�2 kcal mol�1. In their recently published paper,17 which
presented the analysis of new dispersed fluorescence spectra
with much better signal-to-noise ratio, they have not only
observed perturbations, but assigned some weak bands to the
ã3A00 state. The new, revised DETS values were 6.20 � 0.05 kcal
mol�1 for HCCl and 6.25 � 0.05 kcal mol�1 for DCCl. At
present these values seem to be the most dependable experi-
mental estimates of DETS of HCCl.

The first reliable ab initio study on DETS of HCCl was
published by Bauschlicher et al in 1977.56 Although these
calculations were carried out at a relatively low level of
electronic structure theory, the singlet and triplet states were
treated in a balanced manner, i.e. Hartree–Fock theory was
used for the triplet and the generalized valence bond (GVB 1/2)
method for the singlet. These calculations resulted in DETS ¼
1.6 kcal mol�1. After this work the ab initio prediction of the
triplet–singlet gap of HCCl has evolved in the following way:
5.4 kcal mol�1 (1986),57 {5.8, 6.7, 5.6 � 0.7, 9.3} kcal mol�1

(1987),58,59 {6.0, 6.4 � 0.7} kcal mol�1 (1990),60 6.39 kcal
mol�1 (1992),61 4.8 kcal mol�1 (1993),62 5.8 kcal mol�1

(1996),63 6.2 kcal mol�1 (1997),64 {9.0, 5.7} kcal
mol�1 (1999),65 {0.9–6.6} kcal mol�1 (2000),66 {6.1, 6.6} kcal
mol�1 (2000),67 {6.1, 6.8, 5.9} kcal mol�1 (2001).68 Considering
the most dependable results67,68 among these calculations
the computational estimate of DETS is 6.4 � 0.8 kcal mol�1.

The enthalpy of formation, DfH2981, of HCCl was obtained
experimentally by ion cyclotron resonance (ICR)45,46 and
collision induced dynamics (CID)47 techniques, which resulted
in 71 � 5 kcal mol�1 (1985),45 75.7 � 4.8 kcal mol�1 (1994),46

and 80.4 � 2.8 kcal mol�1 (1997).47 All the available quantum
chemical calculations47,65,77,82 are consistent with these results,
scattering between 75.3 and 77.4 kcal mol�1. Among these
predictions for DfH2981 the most reliable, 76.5 � 1 kcal mol�1,
was obtained by basis set extrapolation of CCSD(T) energies
and inclusion of scalar relativistic corrections.77

The first spectroscopic study on CCl2 was carried out in 1967
in an Ar matrix by Milligan and Jacox.23 In this matrix
isolation IR study the symmetric and the antisymmetric
stretching frequencies, 748 and 721 cm�1 for C35Cl2 and 726
and 700 cm�1 for C35Cl37Cl, respectively, were obtained, but
without an unambiguous assignment of which is which. A year
later Andrews24 performed a similar experiment and assigned
the lower of these frequencies to the symmetric stretch (n1).
Some further Ne,41 Ar,18,25 and Kr18 matrix IR studies have
confirmed this assignment, while fluorescence studies in cryo-
genic matrices26–28 resulted in a value for the bending funda-
mental (n2) of 333 cm�1 in Ar, for the first time. The Ã1B1 ’
X̃1A1 excitation energies have also been obtained, T0¼17 092
cm�1 in Ar, first from matrix isolation experiments.23,25–28

In 1977 Huie et al29 recorded the laser-induced fluorescence
(LIF) excitation spectrum of the Ã1B1 ’ X̃1A1 transition of
CCl2 in the gas phase. This was followed by several other gas-
phase laser30–36,44 and synchrotron37,38 fluorescence excitation
studies. Among these probably the most notable are the first
rotationally resolved jet-cooled studies of Clouthier and
Karolczak,34,35 which yielded structural and vibrational para-
meters of the two lowest-lying singlet states. Since in these
works the ground-state vibrational parameters were deter-
mined from the observed hot bands of the excitation spectra,

these data were substantially refined by the analysis of the
recently recorded43,44 dispersed fluorescence spectra. These two
papers together report 83 and 40 assigned X̃-state vibrational
levels for C35Cl2 and C35Cl37Cl, respectively. Two microwave
studies39,40 on C35Cl2 provided not only accurate rotational
constants but also centrifugal distortion constants, elements of
the complete nuclear quadrupole coupling tensor, and nuclear
spin-rotation constants.
Similarly to HCCl, the triplet–singlet energy splitting of

CCl2 was first estimated reliably ab initio by Bauschlicher
et al56 Including this work the theoretical predictions between
1977 and 1999 started to converge to around 19–23 kcal mol�1

as follows: 13.5 kcal mol�1 (1977),56 19.1 kcal mol�1 (1979),70

21.9 kcal mol�1 (1985),71 {21.1, 23.2, 21.6 � 1.4, 25.9} kcal
mol�1 (1987),58,59 20.5 kcal mol�1 (1990),60 23.7 kcal mol�1

(1991),72 20.0 kcal mol�1 (1992),61 23.7 kcal mol�1 (1992),73

20.5 � 1 kcal mol�1 (1993),62 19.7 kcal mol�1 (1996),63 21.0
kcal mol�1 (1999),74 and {23.1, 19.6} kcal mol�1 (1999).65 In
1999 Lineberger et al have published a report on the photo-
electron spectrum of CCl2

�.42 In this work they have deter-
mined the triplet–singlet energy splitting of CCl2 to be 3 � 3
kcal mol�1. This has ignited a huge trepidation in the commu-
nity of theoretically oriented chemists and inspired several
groups to perform more accurate theoretical predictions and
publish papers on the ‘‘surprising difference’’75 or on the
‘‘remarkable discrepancy between theory and experiment’’66

including these new estimates for the triplet–singlet splitting:
19.5 � 2 kcal mol�1 (2000),75 20.0 � 1 kcal mol�1 (2000),76

{19.2, 20.9} kcal mol�1 (2000),77 {14.7–21.5} kcal mol�1

(2000),66 {21.0, 21.5, 19.9} kcal mol�1 (2001),68 19.8 kcal mol�1

(2003).80 Ideas have been put forward to reinterpret the
‘‘mystery state’’75 of the photoelectron spectrum. Lee et al76

suggested that it could be an excited state of the anion or that
the discrepancy could come from the errors fitting the Franck–
Condon factors. McKee and Michl assumed,81 and supported
it with calculations, that the ‘‘mystery’’ band corresponds to
the quartet state of CCl2

�. Efforts to obtain a new experi-
mental value for the triplet–singlet energy gap have also been
made by analyzing the laser-induced dispersed fluorescence
spectrum of CCl2.

43 Although the spectrum of CCl2 has been
recorded up to 8500 cm�1, due to its complexity, e.g., the
occurrence of Fermi resonances and an unfavorable signal-to-
noise ratio, in the high-energy region it could be fully and
unambiguously assigned to X̃-state vibrational levels ‘‘only’’
up to 5000 cm�1. Hence, only a lower limit of 14 kcal mol�1

could be determined from this experiment.
The enthalpy of formation, DfH2981, of CCl2 has been

obtained experimentally in numerous ways including kinetic
studies,48 electron impact experiments,49,53 ion cyclotron reso-
nance techniques,45,50–52 collision induced dynamics stu-
dies,47,54 and by determination of the ionization potential.55

Some of these studies, especially the earlier ones, resulted in
values below 50 kcal mol�1: 47 � 3 kcal mol�1 (1967),48 44 � 2
kcal mol�1 (1976),50 47.8 � 2 kcal mol�1 (1978),52 37 � 7 kcal
mol�1 (1980),53 39 � 3 kcal mol�1 (1985).45 In contrast to
these, other measurements, including the most recent ones
scatter between 51 and 57 kcal mol�1: 56.5 � 5 kcal mol�1

(1968),49 53.8 � 2 kcal mol�1 (1977),51 52.1 � 3.4 kcal mol�1

(1991),54 51.0 � 2.0 kcal mol�1 (1993),55 55.0 � 2.0 kcal
mol�1 (1985).47 All the theoretical results47,65,77–79,82,83 favor
the higher value and predict DfH2981 between 51 and 56
kcal mol�1. The highest-level calculation so far was performed
by Demaison et al79 using the Weizmann 2 (W2) model
chemistry.84,85 In this study 54.48 � 0.4 kcal mol�1 was
obtained for DfH01, which, when combined with other reliable
results,77 gives 54.8 � 0.4 kcal mol�1 for DfH2981.
For an even more detailed summary of the experimental and

theoretical evaluations of the triplet–singlet energy splittings
and enthalpies of formation of HCCl and CCl2 see Tables
S1–S4 of the electronic supplementary information (ESI).w
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The purpose of this paper is to reduce the uncertainty of the
theoretical predictions for the above-discussed spectroscopic
and thermochemical properties of the HCCl and CCl2 radicals
by using sophisticated theoretical techniques. Indeed we aim to
approach ‘‘near-spectroscopic’’ accuracy, i.e., �B50 cm�1 for
DETS. After the detailed description of the methodologies
applied (Section II), we report in Section III the theoretical
determination of the triplet–singlet energy gap [T0 (ã)] of HCCl
and CCl2 by employing the focal-point approach (FPA).86,87

Beyond the apparent accuracy of the FPA method its other
advantage is that the uncertainty of its final energy predictions
can be estimated reliably due to the systematic build-up of its
composite calculations. In Section IV vibrational energy levels
calculated both perturbationally and variationally from an
accurate quartic force field representation of the potential
energy surfaces (PESs) of HCCl and CCl2 are presented. It is
shown that due to the accuracy of these vibrational calcula-
tions they can help the further analysis of the dispersed
fluorescence spectra, including the possible identification of
the triplet state of CCl2. In Section V accurate ab initio
determination of the enthalpies of formation, DfHT1, of HCCl
and CCl2 is described, utilizing FPA results of this study and
related existing high-quality thermochemical data.88–92 The
paper is concluded by a short summary detailing the possible
impact of the new theoretical data on subsequent experiments.

II. Computational details

II.1. Electronic structure calculations

As it is mentioned in the Introduction the electronic structure
calculations have been carried out according to the recipe of
the so-called focal-point approach documented well in recent
publications.86,87 Therefore, it is not described here in detail.
However, the structure of the rest of this section is organized in
a way to follow the major steps of FPA and give insight for a
reader not familiar with this approach. The electronic structure
calculations reported in this paper have been performed with
the help of the ACES II,93,94 PSI 2,95 Gaussian03,96 and
MRCC97,98 program packages.

Reference electronic wave functions have been determined
by the single-configuration restricted-open-shell Hartree–Fock
(ROHF) method. In the case of CCl2 the computations have
been repeated using an unrestricted Hartree–Fock (UHF)
reference, as well. Electron correlation was accounted for by
standard methods of electronic structure theory: second-order
Møller–Plesset (MP2) perturbation theory,99 and the coupled
cluster (CC) series, including single and double (CCSD),100

single, double and perturbatively estimated triple
[CCSD(T)],101 single, double and triple (CCSDT),102,103 and
single, double, triple and quadruple excitations
(CCSDTQ).104,105 In the valence-only correlated-level calcula-
tions the 1s orbital of C and the 1s, 2s, and 2p orbitals of Cl
were kept doubly occupied. No virtual molecular orbitals were
kept frozen in any of the calculations.

Relativistic electronic energy corrections were determined by
the 1-electron mass-velocity–Darwin (MVD1)106,107 and the
second-order Douglas–Kroll–Hess [DKH(2)]108–112 methods.
Corrections beyond the Dirac–Coulomb theory113 (e.g., the
Breit term) and quantum electrodynamics (QED) contribu-
tions (Lamb-shift),114 which supposed to be much smaller than
the remaining uncertainty of the non-relativistic calculations,
were neglected in this study.

Computation of the mass-dependent diagonal Born–Oppen-
heimer correction (DBOC) was performed by the BORN
program operating within the PSI 2 program package at the
Hartree–Fock level, using the formalism of Handy, Yamaguchi
and Schaefer.115

The one-particle basis sets chosen for the frozen-core corre-
lation calculations include the correlation-consistent (aug)-cc-

pVXZ, X ¼ 2(D), 3(T), 4(Q), 5, and 6, basis sets developed by
Dunning and co-workers.116,117 If not noted otherwise, the
improved version118 of these basis sets have been employed for
Cl, which include more d-functions than the original ver-
sion.119 All-electron correlation calculations have been carried
out using the (aug)-cc-pCVXZ sets,120,121 which are able to
describe the core region adequately. Estimation of the com-
plete basis set (CBS) limits have been performed by well-
established extrapolation formulas, namely by an exponential
formula,122

EX ¼ ECBS þ aexp(�bX) (1)

in the case of HF and an inverse power formula,123

EX ¼ ECBS þ cX�3 (2)

for both the frozen-core and all-electron correlated energy
increments. For DBOC energy correction calculations the
Dunning–Huzinaga-type DZP and TZ2P basis sets124 have
been used.
Reference geometries of CCl2 and HCCl for the single-point

energy calculations within the focal-point approach and for the
force field calculations have been obtained by geometry opti-
mization at the all-electron CCSD(T)/aug-cc-pCVTZ level
of theory. The related structural parameters are collected
in Table 1.
Quartic (and partial sextic) force fields in (stretch, stretch,

bend) internal coordinates have been determined by finite
differentiation of frozen-core CCSD(T)/aug-cc-pVQZ energy
values. This level of electronic structure theory was chosen
because it represents a well-known Pauling-point in the com-
putational armamentarium, and according to our experience it
provides an almost as good local PES as the best state-of-the-
art ab initio surfaces (i.e. CBS extrapolated and augmented by
auxiliary corrections).125

II.2. Vibrational energy level calculations

Vibrational energy levels were computed using formulas
based on second-order vibrational perturbational theory
(VPT2)126–129 and by an approximately variational discrete
variable representation (DVR)130–132 technique.133

The VPT2 calculations were performed using the AN-
HARM128 program package. Since the geometry optimizations
and the force field calculations have been performed at differ-
ent levels of theory, the force fields included non-zero forces.
The (stretch, stretch, bend) quartic force fields were first
transformed to (SPF, SPF, bend) coordinates, where SPF
stands for Simons–Parr–Finlan134 coordinates, where the
forces were neglected, then to Cartesian coordinates, the
necessary inputs of ANHARM.
The variational calculations were performed with the pro-

gram DOPI3,133 where DOPI stands for DVR (D)—Hamilto-
nian in orthogonal (O) coordinates—direct product (P) basis—
iterative (I) sparse Lanczos eigensolver. The PES for the
variational calculations was built using force constants in the
quartic (SPF, SPF, bend) representation, where the non-zero
forces were not neglected in the expansion of the potential. The
use of the quartic force field in SPF coordinates was chosen

Table 1 Born–Oppenheimer equilibrium structural parameters of

HCCl and CCl2 in their X̃ and ã states, optimized at the all-electron

CCSD(T)/aug-cc-pCVQZ level of theory

Parameter HCCl CCl2

X̃ ã X̃ ã

yHCCl/ClCCl/1 102.331 126.482 109.256 127.853

rCCl/Å 1.69506 1.65927 1.71896 1.67386

rHCl/Å 1.10880 1.08181 — —
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because according to previous results133,134 (i) employing an
SPF representation instead of the simple stretch representation
results in better agreement between the variationally computed
and the experimental energy levels; and (ii) the quartic and
sextic force fields in SPF coordinates result in highly similar
energy levels. All the vibrational energies presented were
converged to better than 0.01 cm�1. In some variational
calculations the quintic and sextic diagonal bending internal
coordinate force constants have also been included to improve
the description of the bending motion.

All the necessary force field transformations both for the
VPT2 and the variational calculations have been carried out
with the help of the INTDER135–137 program.

III. Triplet–singlet energy gap

III.1. HCCl and DCCl

The valence-only FPA results for the triplet–singlet energy
splitting of HCCl are summarized in Table 2. From the data
presented the following conclusions, similar to those found for
CH2,

138 can be drawn: (i) Both the extension of the one-particle
basis set and the electron correlation treatment systematically
lowers the energy of the singlet state with respect to the triplet
state. (ii) The HF triplet–singlet energy splitting is fairly
independent of the size of the one-particle basis set, it changes
only 276 cm�1 between the aug-cc-pVDZ and the CBS limit.
Convergence of the higher-order electron correlation contribu-
tions, dCCSD(T)139 and above, with the one-particle basis set
is even faster. (iii) The dMP2 and dCCSD contributions
converge rather slowly, the change of their absolute value from
the aug-cc-pCVDZ basis set to the CBS limit is 977 and 522
cm�1, respectively. (iv) The well-known imbalanced treatment
of the two electronic states at the HF level of theory is slowly
corrected as the single-reference electron correlation treatment
is improved. This is well demonstrated by the extremely large
dCCSD(T) contribution, 691 cm�1 at the CBS limit. Never-
theless, the dCCSDTQ increment is comfortably small, þ47
cm�1. Our final estimate for the valence-only triplet–singlet
energy gap is 2205 � 35 cm�1.

Furthermore, again similarly to observations for CH2,
138

inclusion of core correlation is important, it considerably
stabilizes the triplet state with respect to the singlet state (see
Table 3). It is also in good correspondence with the observa-

tions for CH2 and other previous studies that, due to the
opposite signs of the dCCSD and the dCCSD(T) contributions
the MP2 level of theory, with a large enough (e.g., cc-pCVQZ)
basis set, estimates well the converged core correlation con-
tribution, which is determined in this study to be �146 �
20 cm�1.
Since the contribution of the relativistic effects is expected to

be more important in the case of HCCl than in CH2 it was
computed in a somewhat more careful manner. First, the one-
electron scalar contribution was obtained by the MVD1 per-
turbation method using the ROHF wave function. This was
then augmented by the difference of the DKH(2) and the
MVD1 results calculated also at the ROHF level. Although
the two methods approximate the Dirac–Coulomb Hamilto-
nian by different partitioning schemes, due to the effective
treatment of the first- and second-row elements by these
relativistic perturbation techniques this difference basically
covers the two-electron scalar and spin–orbit relativistic cor-
rections within the Dirac–Coulomb Hamiltonian. Finally, the
electron correlation contribution to the one-electron scalar
terms were obtained as the difference of the ROHF and
CCSD(T) MVD1 results. As can be seen from Table 4 the
relativistic correction calculated by MVD1 perturbation theory
and an ROHF wave function estimates the final result well,
both the two-electron and the electron-correlation contribu-
tions to the total relativistic correction are small. Our final
estimate of the relativistic corrections to DETS is þ54 �
10 cm�1.
As expected, the diagonal Born–Oppenheimer correction

(DBOC) to the triplet–singlet energy gap of HCCl/DCCl is
smaller (see Table 5) than it was found for CH2.

138 Our best
estimate is þ10 � 4 cm�1 and þ8 � 4 cm�1 for HCCl and
DCCl, respectively. (The isotopologs containing 35Cl and 37Cl
have the same BODC energy corrections to within 1 cm�1.)
The zero-point vibrational energy (ZPE) corrections have

been computed both by the VPT2 and the variational methods
(see Table 6). The total VPT2 ZPE value can be calculated by
the following formula:

EZPE ¼ G0 þ
X
i

oi

2
þ
X
i�j

wij
4

ð3Þ

where the three terms are the G0, the harmonic, and the
anharmonic contributions, respectively. (A correct analytic
formula for the computation of the G0 term from quartic force
fields for asymmetric tops has been derived by Allen et al140).
As can be seen from Table 6, the anharmonic and the G0

contributions to the triplet–singlet energy splitting are only on
the order of 1–2 cm�1. Furthermore, the total VPT2 ZPE
correction agrees with the variational results to about 1 cm�1.
Similarly to findings for CH2,

138 the ZPE correction is larger
for the triplet state, the numerical results for the HCCl and
DCCl radicals are 47 and 50 cm�1, respectively. Our error
estimate for the ZPE correction is �5 cm�1.

Table 2 The effect of basis set size and electron correlation on the valence-only triplet–singlet energy gap of HCCla

Aug-cc-pVXZ DETS(ROHF) dMP2 dCCSD dCCSD(T) dCCSDT dCCSDTQ DETS

D (64) �3634 þ4259 þ638 þ612 þ43 þ47c 1965

T (124) �3864 þ4835 þ362 þ677 þ25 [þ47] 2082

Q (215) �3898 þ5055 þ234 þ684 [þ25] [þ47] 2147

5 (343) �3907 þ5150 þ169 þ688 [þ25] [þ47] 2172

6 (488) �3909 þ5192 þ140 [þ689] [þ25] [þ47] 2184

CBSb �3910 þ5236 þ116 þ691 [þ25] [þ47] 2205

a For each basis set the total number of contracted Gaussian functions is given in parentheses. For correlated-level calculations the symbol d denotes
the increment in relative energy, DETS, with respect to the preceding level of theory. Brackets signify assumed increments from smaller basis set

results. All values are given in cm�1. b Aug-cc-pVDZ results were not included in the extrapolation to the CBS. c The dCCSDTQ increment was

obtained using the ‘old’ version119 of the cc-pVDZ basis set.

Table 3 Contribution of core correlation to the triplet–singlet energy

gap of HCCla

cc-pCVXZ MP2 dCCSD dCCSD(T) DDETS (CC)

D (50) 0 �53 þ3 �30
T (116) �71 �67 þ38 �100
Q (223) �115 �69 þ44 �141
CBS �120 �72 þ46 �146
a See footnote a of Table 2.

2884 P h y s . C h e m . C h e m . P h y s . , 2 0 0 5 , 7 , 2 8 8 1 – 2 8 9 3 T h i s j o u r n a l i s & T h e O w n e r S o c i e t i e s 2 0 0 5



To obtain the best estimate for T0 (ã), one sums the lowest,
rightmost numbers in Tables 2–4 and the corresponding bot-
tommost numbers in Tables 5 and 6. The resulting values of
HCCl and DCCl are 2170 � 40 cm�1 (6.204 � 0.114 kcal
mol�1) and 2171 � 40 cm�1 (6.207 � 0.114 kcal mol�1),
respectively. These estimates are in an excellent agreement
with the recently revised experimental value, 2167/2187 � 18
cm�1 for HCCl/DCCl, of Chang et al17 On the other hand, the
experimentally obtained difference of T0(ã) of HCCl and DCCl
is considerably larger than the theoretically computed differ-
ence. A possible source of this apparent discrepancy is the
assigned error bar of the experimental observations, which is
comparable to the difference of the two T0(ã) values. An
alternative explanation is offered if a relatively large spin–
vibronic perturbation existed between the singlet and triplet
states, and it is different for the two species. Although this
perturbation is not included in our theoretical treatment, the
estimation of the magnitude of this perturbation, based on the
comparison of the computed and the experimentally observed
vibrational levels, will be discussed in Section V.1.

III.2. CCl2

Since the technical details and the qualitative observations
during determination of the triplet–singlet energy gap of
CCl2 by the FPA were similar to those for CH2 and HCCl,
here we mostly concentrate on the differences and the tenden-
cies in the CH2/HCCl/CCl2 substitution series.

Convergence of the valence-only energy difference of the
singlet and triplet states of CCl2 with the correlation level is
similarly slow (see Table 7) as observed for CH2 and HCCl.
Consequently, to get accurate valence-only estimates higher-
order electron correlation contributions have to be determined
in this case, as well. At the same time, it is much more
demanding to perform higher-order correlation calculations
for CCl2 than for the smaller HCCl and CH2 systems. Practi-
cally we were able to carry out CCSDT calculations only with
the aug-cc-pVDZ and the ‘old’ (i.e. one less d orbital on Cl)
cc-pVTZ basis set, while CCSDTQ calculations were limited to
the ‘old’ cc-pVDZ basis set of Dunning. Although for CH2 and
HCCl we found that the post-CCSD(T) electron-correlation
contributions are small, and their CBS values can be estimated
relatively accurately using small basis sets, it is desirable to
check in an independent way whether the same holds for CCl2.
A well-established way to do this is the comparison of the
correlation series using ROHF and UHF references.141 It was
found in many cases that the convergence with the correlation
level is significantly different in the two cases. In these situa-
tions, since both series converge ultimately to the same valence-
only limit, the difference of the restricted and unrestricted

methods at the same computational level indicates the uncer-
tainty of the calculations due to the neglect of higher-order
correlations. In the case of CCl2 the obtained CBS result for
{DETS(HF), DETS(MP2), DETS(CCSD), DETS[CCSD(T)]} is
{–22, 6660, 5896, 6997} cm�1 using an ROHF reference (see
Table 7), and {–1710, 6922, 5864, 7021} cm�1 when an UHF
reference is used. This reveals that in spite of the large devia-
tion, 1688 cm�1, observed at the HF level, the two CBS
CCSD(T) values agree within 24 cm�1. From this we expect
that the contribution of the post-CCSD(T) electron correlation
is on the order of a few tens of cm�1. Since this contribution is
relatively small and the dCCSD(T) contribution converges
relatively fast with the basis set size to CBS limit, it is expected
that post-CCSD(T) electron correlation contributions are well
estimated by CCSDT and CCSDTQ calculations even using
small basis sets. Consequently, we allocate an 50 cm�1 error
bar to the 7050 cm�1 valence-only result of the triplet–singlet
energy splitting of CCl2.
Inclusion of core correlation (Tables 3 and 8) and relativistic

effects (Tables 4 and 9) are becoming more and more important
as one goes from the lighter to the heavier species. Together
with this the contribution of their cross term, namely the
difference between the correlated and non-correlated one-
electron scalar relativistic effects, is also increasing. This cross
term is three times larger in CCl2 than in HCCl. Our best
numerical estimates for the core correlation and the relativistic
correction of the triplet–singlet energy gap of CCl2 are �176 �
25 cm�1 and þ91 � 15 cm�1, respectively.
As expected, the DBOC contribution (see Table 5) to the

triplet–singlet energy gap is decreasing in the CH2, HCCl
(DCCl), and CCl2 series. The DBOC contribution, in the case
of CCl2, is only 5 � 2 cm�1. In contrast to this, the ZPE
contribution of the total T0(ã) value, þ75 � 5 cm�1 (see Table
6), of CCl2 is in between the corresponding values obtained for
CH2 and HCCl/DCCl.
The final estimate of this study for T0(ã) of CCl2 is obtained

by summing the lowest, rightmost numbers in Tables 5–9. The
resulting value is 7045 � 60 cm�1 (20.13 � 0.17 kcal mol�1).
This estimate is in good agreement with other recent ab initio
predictions, but the assigned error bar of the theoretical
prediction is reduced by an order of magnitude. This result
further supports the alternative reassignments76,81 of the
photodetachment spectrum of CCl2

� over the original assign-
ment.42

Table 4 Contribution of relativistic effects to the triplet–singlet energy

gap of HCCla

Basis ROHF dCCSD(T)

MVD1 dDKH(2) MVD1 DDETS (Rel)

cc-pCVDZ (50) þ52 �4 þ3 þ51
Aug-cc-pCVDZ (72) þ51 �4 þ3 þ50
cc-pCVTZ (116) þ45 �4 þ6 þ47
Aug-cc-pCVTZ (148) þ46 þ2 þ5 þ53
cc-pCVQZ (223) þ48 �4 þ5 þ49
Aug-cc-pCVQZ (289) þ48 þ1 [þ5] þ54
a For each basis set the total number of contracted Gaussian functions

is given in parenthesis. dDKH(2) is the relativistic energy increment to

the MVD1 results using ROHF reference wave function for both

calculations. dCCSD(T) MVD1 is the energy increment of the

(MVD1) relativistic correction due to the inclusion of electron-corre-

lation. All values are given in cm�1.

Table 5 Contribution of diagonal Born–Oppenheimer correction

(DBOC) to the triplet–singlet energy gap of HC35Cl, DC35Cl, and

C35Cl2
a

Level HC35Cl DC35Cl C35Cl2

ROHF/DZP (43/61) þ7.7 þ6.9 þ5.0
ROHF/TZ2P (64/86) þ9.5 þ8.0 þ5.1
a For each basis set the total number of contracted Gaussian

functions for (HCCl/CCl2) is given in parenthesis. All values are given

in cm�1.

Table 6 Zero-point vibrational energy correction of the triplet–singlet

energy gap of HC35Cl, DC35Cl, and C35Cl2
a

Method HC35Cl DC35Cl C35Cl2

VPT2 (Harmonic) þ49.1 þ51.4 þ75.4
VPT2 (Harmonicþanharmonic) þ50.1 þ50.5 þ75.2
VPT2 (HarmonicþanharmonicþG0) þ48.4 þ51.5 þ74.3
Variational þ47.3 þ50.1 þ74.7
a All values are given in cm�1.
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IV. Vibrational energy levels

The VPT2 vibrational parameters of the X̃ and ã states of
HC35Cl, DC35Cl, and C35Cl2 are listed in Table 10. The
vibrational levels obtained by substituting these para-
meters into the anharmonic oscillator equation of a triatomic
molecule,

Gðv1; v2; v3Þ ¼G0 þ
X

i¼1;2;3
oi vi þ

1

2

� �

þ
X

i�j;i¼1;2;3
xij vi þ

1

2

� �
vj þ

1

2

� � ð4Þ

are given in Tables 11–16.142 These tables also contain the
vibrational levels obtained by variational calculations and
from experiments. Some further converged variational results
as well as results for other isotopologs can be found in
the ESI.w

IV.1. HCCl and DCCl

The vibrational energy levels of singlet HCCl and DCCl
computed variationally from the quartic force field (see the
Var4 columns of Tables 11 and 13) show excellent agreement
with the experimentally observed levels up to 3000 cm�1. The
root-mean-square (rms) errors calculated from the first eight
and 12 vibrational levels of HCCl and DCCl are 3.6 and 4.5
cm�1, respectively. Although the corresponding rms errors of
the perturbationally obtained energy levels are somewhat
larger, 5.4 and 5.9 cm�1, this still can be considered as a fine
performance for a simple, purely theoretical treatment.

Above 3000 cm�1 the situation is, however, quite different.
The Var4 results for the vibrational energy levels involving
small bending quantum numbers still agree very well with the
experimental data, while highly excited bending modes show
significant (415 cm�1) deviation from the experimental ob-
servations. In order to understand the source of this error we
have added the pure fifth- and sixth-order bending force
constants to the quartic force field and reran the variational
calculations using this augmented force field (see the Var41

columns of Tables 11 and 13). As it is expected, the predicted
Var4 and Var41 vibrational energy levels are the same within 1
cm�1 for modes with small n2 vibrational quantum numbers.

On the other hand, the Var4 and Var41 results for highly
excited bending modes are rather different, the Var41 energy
levels are 15–40% closer to the experimental values than the
corresponding Var4 ones. The importance of the inclusion of
the higher order bending force constants is connected to the
fact that the barrier to linearity of HCCl in its X̃ state is
relatively low, 17 766 cm�1 at the all-electron CCSD(T)/aug-
cc-pCVTZ level. Somewhat surprisingly the perturbational
predictions, which of course utilize the quartic force fields
only, are better for the highly excited bending modes than
the variational results. Nevertheless, this seems to be a con-
sequence of fortuitous cancellation of errors in this region,
since the errors of the perturbationally obtained vibrational
energy levels of modes with low bending excitation have
opposite signs.
In ref. 17 Chang et al discussed the spin–vibronic coupling

and the perturbation between certain vibrational levels of the X̃
and ã states. They have estimated the magnitude of these
perturbations by the difference between the experimentally
determined vibrational levels and the vibrational levels calcu-
lated from fitted effective spectroscopic parameters, when only
the unperturbed levels were included in the preceding fit. In this
paper we estimate these spin–vibronic perturbations a similar
way, but instead of the fitted expansion we use the Var41

results. Although the variationally obtained vibrational levels
have somewhat larger errors than the levels obtained by the use
of the fitted expansion, determination of the perturbations
from the variational results has certain advantages. First, one
does not need to consider prior to the fit which levels are
perturbed and which are not and hence all appropriate levels
can be considered. Second, the variational method, unlike the
second-order expansion of the anharmonic oscillator model,
treats exactly the resonances between the vibrational levels
belonging to the same electronic state. Finally, it is noted that
larger errors can be by-passed if they are systematic for a given
series.
Chang et al17 pointed out large perturbations with given ã-

state vibrational levels for the X̃(0,2,0), X̃(0,2,1), and X̃(0,2,2)
vibrational levels of HCCl and for the X̃(0,4,0) and the
X̃(0,4,1) levels of DCCl. From our calculations the errors of
the Var41 results for the X̃(0,n2,0) energy levels of HCCl
(Table 11) are {þ5, �2, þ8, þ11} cm�1 for n2¼{1,2,3,4}.
If the trend in the errors is systematic, one would expect a

Table 7 The effect of basis set size and electron correlation on the valence-only triplet–singlet energy gap of CCl2
a

Aug-cc-pVXZ DETS(ROHF) dMP2 dCCSD dCCSD(T) dCCSDT dCCSDTQ DETS

D (87) 380 þ5749 �108 þ971 �2 þ69c 7059

T (156) 55 þ6300 �490 þ1073 �16c [þ69] 6991

Q (258) 1 þ6504 �633 þ1088 [�16] [þ69] 7013

5 (399) �15 þ6594 �704 þ1095 [�16] [þ69] 7023

6 (546) �21 þ6647 �738 [þ1099] [�16] [þ69] 7040

CBSb �22 þ6682 �764 þ1101 [�16] [þ69] 7050

a See footnote a of Table 2. b Aug-cc-pVDZ results were not included in the extrapolation to the CBS. c Numbers in italics were determined by

using the ‘old’ version of the cc-pVXZ basis set.119

Table 8 Contribution of core correlation to the triplet–singlet energy

gap of CCl2
a

cc-pCVXZ DMP2 dCCSD dCCSD(T) DDETS (CC)

D (72) þ4 �76 þ40 �32
T (161) �68 �92 þ58 �102
Q (302) �121 �98 þ64 �154
CBS �143 �100 þ67 �176
a See footnote of Table 3.

Table 9 Contribution of relativistic effects to the triplet–singlet energy

gap of CCl2
a

Basis ROHF dCCSD(T)

MVD1 dDKH(2) MVD1 DDETS (Rel)

cc-pCVDZ (72) þ86 �6 þ9 þ89
cc-pCVTZ (161) þ79 [�6] þ14 þ87
Aug-cc-pCVTZ (209) þ82 [�6] þ14 þ90
cc-pCVQZ (302) þ83 [�6] þ14 þ91
a See footnote of Table 4.
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þ6 – þ7 cm�1 error for the X̃(0,2,0) mode. From this we can
deduce an 8–9 cm�1 perturbation between the X̃(0,2,0) level at
2383 cm�1 (experimental, Table 11) and the close-lying ã(0,0,0)

level at 2167 cm�1 (experimental). This perturbation lowers the
energy of ã(0,0,0), in other words the unperturbed T0(ã) of
HCCl is larger than the experimentally observed value. Con-
sequently the difference (see Section III.1) between the experi-
mentally determined (20 cm�1) and the calculated (1 cm�1)
difference of the T0(ã) of HCCl and DCCl would be slightly
smaller if the computed values included spin–vibronic interac-
tions.
In a similar way, considering the error series of the calcu-

lated X̃(0,n2,1) vibrational levels ({0, þ3, �4, þ4} for n2 ¼
0,1,2,3), a smaller, roughly þ4 cm�1 energy increase would be
obtained for the X̃(0,2,1) vibrational level at 3181 cm�1

(experimental, Table 11) due to the interaction with the
ã(0,1,0) and/or the ã(0,0,1) vibrational levels at 3050 cm�1

and 3110 cm�1 (experimental T0(ã) þ Var41 vibrational level),
respectively.
It is evident that the X̃(0,2,2) level of HCCl at 3976 cm�1 can

be perturbed by the close-lying ã(0,2,0) and the ã(0,1,1) vibra-
tional levels at 3915 cm�1 and 3983 cm�1 (experimental T0(ã)þ
Var41 vibrational level), respectively. Unfortunately, the
fourth member of the X̃(0,n2,2) series already falls in the
region where the accuracy of the variational calculations is
not sufficient to be included in the error series. From the
fist three members, {�3, �6, �17}, of this error series only a
very rough estimate of the perturbation effects can be deter-
mined, for X̃(0,2,2), 6–10 cm�1. Similarly to this, both the
X̃(0,4,0) and the X̃(0,4,1) levels of DCCl fall in the energy
region where the accuracy of the present variational calcula-
tions starts to deteriorate, consequently no reliable estimate

Table 10 Calculated (VPT2) vibrational parameters, in cm�1, of HC35Cl, DC35Cl, and C35Cl2

HCCl DCCl CCl2

X̃ ã X̃ ã X̃ ã

o1 2924.00 3203.29 2148.50 2358.85 733.37 686.30

o2 1223.14 893.02 909.14 720.94 336.92 300.86

o3 821.39 970.47 809.94 890.63 772.17 1005.99

x11 �68.77 �63.67 �37.09 �34.34 �3.21 �3.72
x12 �8.53 �3.09 1.49 �6.89 �1.34 �1.46
x13 1.11 �9.71 �1.39 2.08 �4.80 �3.96
x22 �8.54 �5.05 �6.50 �3.04 �0.19 0.22

x23 �7.74 �1.56 �4.12 �8.35 �4.64 �4.24
x33 �5.07 �10.69 �4.74 �5.33 �5.15 �6.66
ZPVE 2450.3 2498.7 1914.6 1965.1 917.7 992.0

Table 11 Experimental and calculated vibrational energy levels, in

cm�1, for the X̃ state of HC35Cl

Vibrational

level (v1,v2,v3)
a

Exp. VPT2

(–Exp.)

Var4

(–Exp.)b
Var41

(–Exp.)b

(0,0,1) 810 �2 0 0

(0,1,0) 1195 þ3 þ5 þ5
(0,0,2) 1613 �7 �3 �3
(0,1,1) 1999 �1 þ3 þ3
(0,2,0)* 2383 �4 �1 �2
(0,0,3) 2402 �9 �3 �3
(0,1,2) 2791 �8 �6 �6
(1,0,0) 2791 �3 þ4 þ4
(0,0,4) 3171 3177 3176

(0,2,1)* 3181 �10 �1 �1
(0,3,0) 3538 þ5 þ11 þ8
(0,1,3) 3575 �7 �1 �1
(1,0,1) 3604 �12 �5 �5
(0,0,5) 3938 3950 3950

(0,2,2)* 3976 �22 �16 �17
(1,1,0) 3972 3979 3979

(0,3,1) 4329 þ2 �7 þ4
(0,1,4) 4338 4346 4346

(1,0,2) 4391 4399 4399

(0,4,0) 4684 þ5 þ17 þ11
(0,0,6) 4696 4710 4711

(0,2,3) 4729 �3 þ5 þ4
(1,1,1) 4773 4782 4781

(0,1,5) 5107 5108 5108

(0,3,2) 5107 �5 þ5 þ3
(1,2,0) 5144 5146 5144

(1,0,3) 5179 5190 5190

(2,0,0) 5428 5447 5446

(0,0,7) 5466 5462 5462

(0,4,1) 5466 0 þ15 þ9
(0,2,4) 5488 5498 5497

(1,1,2) 5565 5575 5574

(0,5,0) 5819 5841 5830

(0,1,6) 5847 5861 5861

(0,3,3) 5866 5879 5876

(1,2,1) 5938 5942 5940

(1,0,4) 5958 5971 5971

a Levels strongly perturbed by spin–vibronic interactions are labeled by

an asterisk. See text for details. b Var4 results were obtained by

varitional method using the complete quartic force field, while Var41

results utilized the quartic force field augmented with the diagonal

quintic and sextic bending force constants. When experimental ob-

servations are available the calculated � experimental values are given

in the theoretical columns.

Table 12 Calculated vibrational energy levels, in cm�1, for the ã state

of HC35Cla

Vibrational level (v1,v2,v3) VPT2 Var4 Var41

(0,1,0) 881 883 883

(0,0,1) 943 943 943

(0,2,0) 1751 1756 1756

(0,1,1) 1822 1825 1825

(0,0,2) 1866 1864 1864

(0,3,0) 2611 2620 2620

(0,2,1) 2691 2696 2696

(0,1,2) 2743 2742 2742

(0,0,3) 2766 2764 2764

(1,0,0) 3070 3071 3071

(0,4,0) 3462 3472 3472

(0,3,1) 3550 3557 3557

(0,2,2) 3610 3607 3607

(0,1,3) 3642 3626 3626

(0,0,4) 3646 3654 3654

(1,1,0) 3947 3951 3951

a See footnote b of Table 11.
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of the perturbation effects can be determined based on the
present data.

There are no experimental data available on the vibrational
energy levels of triplet HCCl, and only two vibrationally excited
energy levels in the ã state of DCCl were observed experimen-
tally.17 For these two vibrational levels of DCCl the calculated
data and the experimental values agree to within 6–15 cm�1.
Again, this discrepancy, at least partially, might be caused by
spin–vibronic interaction between the singlet and triplet states.

IV.2. CCl2

As expected, the variationally calculated vibrational levels of
singlet CCl2 show an even better agreement with the experi-
mental observations than it was found for HCCl and DCCl.
Comparing the Var4 energy levels up to 4000 cm�1 to the
experimental data of Liu et al 43 results in an rms error of 2.6
cm�1, which is even less than the assigned uncertainty, �3
cm�1, of the experimental data. The deviation of the Var4
results from the experimental data set of Kable et al44 is
somewhat worse, the rms error is 6.9 cm�1 for the same region.
The rms error calculated from comparing the Liu et al43 data
set with the VPT2 results is even larger, it is 9.7 cm�1. In the
former case the larger rms error is probably due to the lower
precision of the experimental data set, while in the latter case it
is the consequence of the less accurate theoretical treatment,

i.e., perturbational vs. variational, of the nuclear motion
problem.
As it is expected, no perturbation due to spin–vibronic

interaction with the triplet state can be found up to 4000
cm�1, since the calculated triplet–singlet energy gap is well
above this energy region. Although further converged Var4
results are available in the ESI,w due to the high density of
vibrational levels above 4000 cm�1 the assignment of these
energy states to given vibrational quantum numbers is ambig-
uous without detailed wave function analysis. This was omitted
in the present study.
The calculated vibrational levels of triplet C35Cl2 are sum-

marized in Table 15. Considering the excellent performance of
the Var4 results for the singlet state, the predictions for the
triplet state are expected to be similarly good, which could help
the further analysis of the experimental data, including the
determination of T0(ã). Some suggested directions for future
experiments utilizing these computed data will be discussed
briefly in Section VI.

V. Enthalpies of formation

Utilizing the high-quality ab initio results described above, the
enthalpies of formation of HCCl(X̃1A0) and CCl2(X̃

1A1) at 0 K
have been determined by calculating the enthalpy change of the
reactions

CH2(ã
1A1) þ HCl(X̃1S1) - HCCl(X̃1A0) þ H2(X̃

1Sg) (5)

and

CH2(ã
1A1) þ 2HCl(X̃1S1)- CCl2(X̃

1A1) þ 2 H2(X̃
1Sg) (6)

For the enthalpies of formation of HCl(X̃1S1), H2(X̃
1Sg),

and CH2(ã
1A1), required to evaluate DfH01 (HCCl) and DfH01

(CCl2), see Table 17. The advantages of this procedure over
calculating the appropriate atomization energies lies in that (i)
the contribution of the spin–orbit effect can be neglected since
it is much smaller for a non-linear open-shell species than for
an atom; and (ii) the errors due to neglecting higher-order
correlation effects (e.g. dCCSDTQP) is expected to cancel out
in a proper reaction scheme.

Table 13 Experimental and calculated vibrational energy levels, in

cm�1, for the X̃ state of DC35Cla

Vibrational

level (v1,v2,v3)

Exp. VPT2(–Exp.) Var4(–Exp.) Var41(–Exp.)

(0,0,1) 801 �3 �1 �1
(0,1,0) 893 þ2 þ3 þ3
(0,0,2) 1594 �8 �4 �4
(0,1,1) 1690 �2 þ1 þ1
(0,2,0) 1772 þ5 þ7 þ7
(1,0,0) 2081 �7 �5 �5
(0,0,3) 2377 �12 �6 �6
(0,1,2) 2478 �5 �1 �1
(0,2,1) 2565 þ1 þ5 þ5
(0,3,0) 2644 þ1 þ7 þ6
(1,0,1) 2880 �9 �6 �6
(1,1,0) 2975 �4 �2 �2
(0,0,4) 3134 3142 3142

(0,1,3) 3247 3253 3253

(0,2,2) 3349 �3 þ3 þ2
(0,3,1) 3434 �3 þ4 þ3
(0,4,0) 3497 4 þ16 þ14
(1,0,2) 3658 3662 3662

(1,1,1) 3768 �5 �2 �2
(1,2,0) 3850 þ4 þ2 þ1
(0,0,5) 3894 3904 3904

(0,1,4) 4012 4020 4020

(2,0,0) 4075 4084 4084

(0,2,3) 4117 4123 4123

(0,3,2) 4214 þ7 þ1 0

(0,4,1) 4278 �5 þ18 þ15
(0,5,0) 4350 þ6 þ17 þ12
(1,0,3) 4435 4441 4441

(1,1,2) 4546 4550 4550

(1,2,1) 4641 �1 0 0

(0,0,6) 4644 4657 4657

(1,3,0) 4715 �9 þ1 0

(0,1,5) 4768 4777 4777

(2,0,1) 4870 4878 4878

(0,2,4) 4878 4886 4885

(2,1,0) 4972 4982 4981

(0,3,3) 4973 4987 4987

a See footnote b of Table 11.

Table 14 Experimental and calculated vibrational energy levels, in

cm�1, for the ã state of DC35Cla

Vibrational

level (v1,v2,v3)

Exp. VPT2(–Exp.) Var4(–Exp.) Var41(–Exp.)

(0,1,0) 707 708 707

(0,0,1) 876 879 879

(0,2,0) 1414 �8 �6 �8
(0,1,1) 1575 1579 1578

(0,0,2) 1742 1748 1748

(0,3,0) 2110 �7 �9 �15
(0,2,1) 2268 2271 2268

(1,0,0) 2288 2289 2289

(0,1,2) 2432 2440 2439

(0,0,3) 2596 2607 2607

(0,4,0) 2792 2785 2770

(0,3,1) 2955 2956 2949

(1,1,0) 2988 2990 2990

(0,2,2) 3117 3125 3121

(1,0,1) 3166 3170 3170

(0,1,3) 3278 3291 3290

(0,0,4) 3439 3456 3426

(0,5,0) 3475 3458 3455

(0,4,1) 3635 3633 3615

(1,2,0) 3682 3685 3683

(0,3,2) 3795 3803 3793

(1,1,1) 3858 3863 3862

(0,2,3) 3954 3969 3964

a See footnote b of Table 11.
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V.1. HCCl

The enthalpy of formation of HCCl(X̃1A0) at 0 K, DfH0
o

(HCCl), calculated from the enthalpy change of reaction (5)
and DfH0

o of CH2(ã
1A1),

138 HCl(X̃1S1),91 and H2(X̃
1Sg)

90 is
76.28 kcal mol�1. Due to the abovementioned error compensa-
tion of the total energy of CH2(ã

1A1) and HCCl(X̃1A0) the
enthalpy change of reaction (5) is expected to be estimated to
better than �0.1 kcal mol�1. A larger part of the uncertainty of
the present calculation comes from the uncertainty of DfH01 of
CH2(ã

1A1) and a smaller portion from the uncertainty of DfH01

of HCl(X̃1S1). Since these uncertainties are �0.16 and �0.024
kcal mol�1, respectively, we allocate a �0.20 kcal mol�1

uncertainty to our final value of DfH01 (HCCl). Utilizing the
calculated thermal correction, DfH2981 � DfH01 ¼ 0.07 kcal
mol�1, of ref. 77. results in 76.35 � 0.20 kcal mol�1 for DfH2981

of HCCl(X̃1A0).
The uncertainty of the present result is smaller by a factor of

five than the uncertainty of the former highest-level calcula-
tion,77 and more than an order of magnitude smaller than the
values obtained by experiments45–47 or reported in the avail-
able thermochemical databases.143–146

Table 15 Experimental and calculated vibrational energy levels, in cm�1, for the X̃ state of C35Cl2
a

Vibrational level (v1,v2,v3) Exp.#143 Exp.#244 VPT2(–Exp.#1) Var4(–Exp.#1) Var4(–Exp.#2)

(0,1,0) 334 335 0 þ1 0

(0,2,0) 668 669 þ1 þ1 0

(1,0,0) 726 727 þ2 þ1 0

(0,0,1) 757.9b 757 760

(0,3,0) 1003 1003 þ3 0 0

(1,1,0) 1058 1059 þ2 þ3 þ2
(0,1,1) 1086 1090

(0,4,0) 1337 1337 þ5 0 0

(1,2,0) 1394 1391 þ6 0 þ3
(0,2,1) 1415 1420

(2,0,0) 1448 1445 þ7 þ1 þ4
(1,0,1) 1476 1481

(0,0,2) 1509 1504 1511 þ2
(0,5,0) 1670 1668 þ6 0 þ2
(1,3,0) 1727 1723 þ8 0 þ4
(0,3,1) 1743 1750

(2,1,0) 1779 1775 þ7 þ2 þ6
(1,1,1) 1804 1810

(0,1,2) 1839 1828 1837 �2

(0,6,0) 2002 2002 þ6 þ1 þ1
(1,4,0) 2057 2053 þ7 þ2 þ6
(2,2,0) 2111 2106 þ8 þ1 þ6
(3,0,0) 2161 2159 þ9 þ2 þ4
(1,0,2) 2227 2218 2229 þ2
(0,7,0) 2336 2333 þ9 �1 þ2
(1,5,0) 2389 2386 þ8 þ2 þ5
(2,3,0) 2442 2437 þ9 þ2 þ7
(3,1,0) 2492 2489 þ10 þ3 þ6
(1,1,2) 2549 2541 2554 þ5
(0,8,0) 2668 2663 þ10 �1 þ4
(1,6,0) 2721 2717 þ9 þ2 þ6
(2,4,0) 2772 2766 þ9 þ3 þ9
(3,2,0) 2823 2817 þ12 þ2 þ8
(4,0,0) 2870 2866 þ13 þ4 þ8
(0,9,0) 2997 2993 þ9 0 þ4
(1,7,0) 3051 3046 þ10 þ3 þ8
(2,5,0) 3102 3097 þ10 þ4 þ9
(3,3,0) 3151 3145 þ11 þ4 þ10
(4,1,0) 3199 3194 þ14 þ3 þ8
(0,10,0) 3329 3323 þ10 �1 þ5
(1,8,0) 3375 3371 3385 þ10
(2,6,0) 3431 3425 þ10 þ5 þ11
(3,4,0) 3480 3474 þ12 þ5 þ11
(4,2,0) 3528 3521 þ15 þ4 þ11
(5,0,0) 3573 3567 þ18 þ4 þ10
(0,11,0) 3656 3649 þ8 þ1 þ8
(1,9,0) 3703 3700 3708 þ5
(2,7,0) 3752 3750 3765 þ13
(3,5,0) 3808 3802 þ12 þ6 þ12
(4,3,0) 3852 3849 þ11 �2 þ1
(5,1,0) 3901 3891 þ19 þ3 þ14
(0,12,0) 3987 3979 þ9 0 þ8
a See footnote b of Table 11. All vibrational levels are listed up to 2000 cm�1. Between 2000 cm�1 and 4000 cm�1 only the vibrational levels included

for which experimental observations are available. b Measured in Ne matrix, from ref. 41.
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V.2. CCl2

The enthalpy of formation of CCl2(X̃
1A1) at 0 K, DfH01 (CCl2),

calculated through Reaction (6), is 54.54 kcal mol�1. From
considerations analogues to those given in Section V.1. the
uncertainty of this value is �0.20 kcal mol�1.

The thermal correction of the enthalpy of formation of
CCl2(X̃

1A1) can be obtained as follows: DfH2981 � DfH01[CCl2]
(X̃1A1)] ¼ {H298 � H0[CCl2(X̃

1A1)]} � {H298�H0[Cgraphite]} �
{[Cl2 (X̃1Sg)]} ¼ {2.737}90 � {2.194}90 � {0.251}79 kcal
mol�1 ¼ 0.292 kcal mol�1. This value is equal to the calculated
value of ref. 77, and it results in 54.83 � 0.20 kcal mol�1 for
DfH2981 of CCl2(X̃

1A1).
The present result is in excellent agreement with the recent

W2 computation of Demaison et al79 Furthermore, due to the
inclusion of higher-order correlation effects in its computation
in this study and utilization of a reaction scheme instead of
atomization energies it was possible to reduce the uncertainty
of the theoretical predictions by a factor of two. Note that the
present value, as well as recently published theoretical va-
lues,78,79 have at least an order of magnitude smaller uncer-

tainty than the values given in the available thermochemical
databases.143–148

VI. Summary and outlook

In this paper the best technically feasible values for the triplet–
singlet energy gap of the HCCl/DCCl and CCl2 radicals have
been determined through the focal-point approach. The final
estimates for the triplet–singlet energy gap, T0(ã), are 2170 �
40/2171 � 40 cm�1 for HCCl/DCCl and 7045 � 60 cm�1 for
CCl2. The estimate for HCCl is in very good agreement with
the recently revised experimental value, 2167/2187 � 18 cm�1

for HCCl/DCCl, of Chang et al,17 while the estimate for CCl2
supports alternative reassessments76,81 of the photodetachment
spectrum of CCl2

� over the original assignment,42 as well
as the experimental lower limit value of T0(ã) suggested
by Liu et al.43

Complete quartic force fields in internal coordinates have
been computed for both the X̃ and ã states of both radicals at
the frozen-core CCSD(T)/aug-cc-pVQZ level. Using these
force fields vibrational energy levels were computed both by
second-order vibrational perturbation theory and variation-
ally. These results, especially the variational ones, show ex-
cellent agreement with the experimentally determined energy
levels. The accuracy of these calculations and the systematic
behavior of errors of vibrational progressions allowed us to
determine the extent of perturbations due to spin–vibronic
coupling between singlet and triplet vibrational levels of HCCl.
In agreement with Chang et al,17 significant perturbations, as
much as 4–12 cm�1 are observed for the X̃(0,2,0), X̃(0,2,1), and
X̃(0,2,2) vibrational levels.
From the accurate theoretical values the enthalpies of for-

mation of HCCl(X̃1A0) and CCl2(X̃
1A1) were determined at

0 K, which are 76.28 � 0.20 and 54.54 � 0.20 kcal mol�1,
respectively. These results are in good agreement with other
recent calculations. Furthermore, the uncertainties of the pre-
sent results are smaller by a factor of 2–5 than the uncertainties
of even the best of the former theoretical values, and more than
an order of magnitude smaller than DfH01 given in the avail-
able thermochemical databases.
It is worthwhile checking if the available dispersed fluores-

cence spectrum above 7000 cm�1 (see Fig. 1) is consistent or
inconsistent with the computed T0(ã) and the ã state vibra-
tional levels of CCl2. Within the error bar of the theoretically
determined T0(ã), three–four peaks can be assigned to the
vibrational origin of the triplet state; namely, A: 6954 � 5
cm�1, B: 7012 � 5 cm�1, C: 7033 � 5 cm�1, and D: 7071 � 10
cm�1. Marking the calculated triplet state n2 vibrational pro-
gressions (and the first n3 level) in the same figure (Fig. 1) it is

Table 16 Calculated vibrational energy levels, in cm�1, for the ã state

of C35Cl2
a

Vibrational level (v1,v2,v3) VPT2 Var4

(0,1,0) 298 299

(0,2,0) 597 599

(0,0,1) 676 679

(0,3,0) 897 900

(0,1,1) 973 977

(1,0,0) 989 991

(0,4,0) 1196 1200

(2,0,1) 1271 1276

(1,1,0) 1283 1287

(0,0,2) 1345 1352

(5,0,0) 1497 1502

(3,0,1) 1568 1574

(2,1,0) 1577 1583

(1,0,2) 1640 1648

(0,1,1) 1661 1666

(6,0,0) 1797 1804

(4,0,1) 1867 1874

(3,1,0) 1873 1879

(2,0,2) 1936 1945

(1,1,1) 1954 1960

(0,2,0) 1964 1970

a See footnote b of Table 11.

Table 17 Components of and total electronic energies, in Eh, and enthalpies of formation at 0 K, DfH0
o in kcal mol�1, of HCl, H2, CH2, HCCl,

and CCl2

Terma HCl(X̃1S1) H2(X̃
1Sg) CH2(ã

1A1) HCCl(X̃1A0) CCl2(X̃
1A1)

HF �460.1128048 �1.1336211 �38.8960759 �497.8630432 �956.8213197
dCCSD(T) �0.2653072 �0.0409409 �0.1817536 �0.4221569 �0.6629700
dCCSDT �0.0004920 �0.0000000 �0.0008128 �0.0012263 �0.0012721
dCCSDTQ �0.0002651 �0.0000000 �0.0001826 �0.0006356 �0.0011468
DCC �0.4096884 — �0.0549573 �0.4644786 �0.8947332
DRel �1.4057415 �0.0000105 �0.0150137 �1.4209184 �2.8269971
DDBOC þ0.0061455 þ0.0085133 þ0.0037202 þ0.0078903 þ0.0128108
DZPVE þ0.0067805 þ0.0098838 þ0.0164575 þ0.0011174 þ0.0041950
Sum �462.1813730 �1.1561753 �39.1286182 �500.1634513 �961.1914331
DfH01 �22.018 � 0.024

b �2.0239 � 0.0002
c

102.32 � 0.16
d

76.28 � 0.20
e

54.54 � 0.20
e

a The definition of the different terms are as follows, HF: CBS HF; dCCSD(T): CBS CCSD(T)(fc) – HF; dCCSDT: CCSDT(fc)/cc-pVTZ –

CCSD(T)(fc)/cc-pVTZ; dCCSDTQ: CCSDTQ(fc)/cc-pVDZ – CCSDT(fc)/cc-pVDZ; DCC: CBS CCSD(T)(ae) – CBS CCSD(T)(fc); DRel: MVD1

CCSD(T)/cc-pCVQZ; DDBOC: DBOC HF/TZ2P; DZPVE: variational or VPT2 results. fc: frozen-core, ae: all-electron. b From ref. 91. c From

ref. 90. d Data taken from refs. 88, 89 and 138. e Obtained from the other values of the table through reactions 5 and 6. See text for details.
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apparent that progressions starting from peaks A and B match
the other peaks of the spectrum best. Since peak A is slightly
out of the error bar of the computed T0(ã), peak B becomes the
most probable candidate for the ã(0,0,0) energy level. Of
course, this assignment should be considered only very pre-
liminary and tentative. It really just demonstrates that there are
transitions in this spectral region consistent with the presence
of the ã state. It is unlikely that these transitions are attribu-
table to highly excited X̃ vibrational levels due to the poor
Franck–Condon factors involved. Because of the high density
of states in this region, spectra obtained at higher resolution
and with better signal-to-noise ratio could notably facilitate
arguments about the assignment.

Another problem making the above assignment ambiguous
is related to spin–vibronic coupling. If the coupling is too
small, the emissions to triplet state levels might not appear in
the dispersed fluorescence spectrum at all. On the other hand, if
the coupling is large, the triplet state vibrational levels com-
puted using the triplet-state PES only could be significantly
different from their experimental counterparts. Hence, it would
be advisable to utilize other experiments to determine T0(ã) of
CCl2. Since the bond angles, and consequently the rotational
constants are remarkably different in the singlet and triplet
states (see Table 1), one possibility would be to record the
rotationally resolved stimulated emission pumping (SEP) spec-
trum of CCl2. Another possibility would be to record the
absorption spectrum, e.g., by the cavity ring-down spectro-
scopy (CRDS) technique. In this case the high-energy X̃ state
vibrational overtones (n2 4 20 or n1 4 10) are not expected to
appear in the spectrum, while the intensity of the triplet state
levels is determined by the spin–vibronic coupling.

Note added in proof

After submission of the paper we have received a manuscript
from H.-G. Xu, T. Sears and J. T. Muckerman entitled
‘‘Potential energy surfaces and vibrational energy levels of
DCCl and HCCl in three low-lying states’’. The MRCI calcu-
lations reported in this paper are in good agreement with our
results. The only smaller difference between our and their
results is in the numerical value (4 vs. 22 cm�1, respectively)
of the perturbation between the ã(0,1,0) and X̃(0,2,1) levels
of HCCl.
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Equilibrium structures are fundamental entities in molecular sciences. They can be inferred from
experimental data by complicated inverse procedures which often rely on several assumptions,
including the Born–Oppenheimer approximation. Theory provides a direct route to equilibrium
geometries. A recent high-qualityab initio semiglobal adiabatic potential-energy surfacesPESd of
the electronic ground state of water, reported by Polyanskyet al. fScience299, 539 s2003dg and
called CVRQD here, is analyzed in this respect. The equilibrium geometries resulting from this
direct route are deemed to be of higher accuracy than those that can be determined by analyzing
experimental data. Detailed investigation of the effect of the breakdown of the Born–Oppenheimer
approximation suggests that the concept of an isotope-independent equilibrium structure holds to
about 3310−5 Å and 0.02° for water. The mass-independentfBorn–OppenheimersBOdg
equilibrium bond length and bond angle on the ground electronic state PES of water isre

BO

=0.957 82 Å andue
BO=104.485°, respectively. The related mass-dependentsadiabaticd equilibrium

bond length and bond angle of H2
16O is re

ad=0.957 85 Å andue
ad=104.500°, respectively, while

those of D2
16O are re

ad=0.957 83 Å andue
ad=104.490°. Pure ab initio prediction of J=1 and 2

rotational levels on the vibrational ground state by the CVRQD PESs is accurate to better than
0.002 cm−1 for all isotopologs of water considered. Elaborate adjustment of the CVRQD PESs to
reproduce all observed rovibrational transitions to better than 0.05 cm−1 sor the lower ones to better
than 0.0035 cm−1d does not result in noticeable changes in the adiabatic equilibrium structure
parameters. The expectation values of the ground vibrational state rotational constants of the water
isotopologs, computed in the Eckart frame using the CVRQD PESs and atomic masses, deviate from
the experimentally measured ones only marginally, especially forA0 and B0. The small residual
deviations in the effective rotational constants are due to centrifugal distortion, electronic, and
non-Born–Oppenheimer effects. The spectroscopicsnonadiabaticd equilibrium structural parameters
of H2

16O, obtained from experimentally determinedA08 and B08 rotational constants corrected
empirically to obtain equilibrium rotational constants, arere

sp=0.957 77 Å andue
sp=104.48°.

© 2005 American Institute of Physics. fDOI: 10.1063/1.1924506g
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I. INTRODUCTION

The Born–OppenheimersBOd approximation1–3 intro-
duces the separation of nuclear and electronic motions a
the single most important concept in our understandin
almost all of molecular sciences, especially that of chem
This is due to the fact that the Born–Oppenheimer app
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bdPermanent address: Institute of Applied Physics, Russian Academy o
ence, Uljanov Street 46, Nizhnii Novgorod, Russia 603950.
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mation defines the concept of an electronic potential-en
shyperdsurface sPESd.4–6 Potential-energyshyperdsurfaces
which in the standard approximation are mass-indepen
are mathematically defined as total energies of species
respect to their geometric variables responsible for the i
nal motions. Adiabatic corrections7–11 to the BO-PES rela
the strict separation of electronic and nuclear degrees of
dom, defining an adiabaticsmass-dependentd PES. Many
molecular processes and properties, discussed routinelyi-

have meaning within the Born–Oppenheimer approximation

© 2005 American Institute of Physics05-1
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and for the resultingsadiabaticd PESs. The most important
these is arguably the equilibrium structure, correspondin
the molecular configuration at the very bottom of a pote
well.12–22 The equilibrium structure is the subject of
present study, employing water, a triatomic molecule
highest relevance, as an example. For a brief historica
view of some of the most relevant determinations23–32of the
mass-independent, and, in cases, mass-dependent e
rium structure of the water molecule see Table I. It is c
that by the 1940s, when Herzberg published his influe
epic on rovibrational spectra,24 the structure of water wa
known with remarkable precision. Nevertheless, the ard
task of moving beyond this precision has proved to be
trivial even for such a small and simple triatomic molec

In an excellent review entitled “Determination of re
able structures from rotational constants,”13 Demaison an
co-workers set the standards as “reliable structuresfareg
structures with an uncertainty less than 0.2° for the an
and 0.002 Å for the distances.” This standard of accu
seems to be at least one order of magnitude less tha
expected precision of adiabatic equilibrium structures
duced from high-qualityab initio calculations. It is also we
known that there are intrinsic and sizable differences
tween the equilibriumsred structures and the experimenta
derived ra,ra ,rc,rg,rm,rs,rz, etc., structures.13,16–18,33Sev-

TABLE I. Brief history of the mass-independent spectroscopic equilib
structure of water. Bond length,re, in angstrom; bond angle,ue, in degrees

Year re ue Comment

1932 ¯ 115 Ref. 23a

1945 0.9584 104.45 Ref. 24b

1956 0.9572s3d 104.52s5d Ref. 25c

1961 0.9561 104.57 Ref. 26d

1976 0.9575 104.51 Landolt–Börnstein, Ref. 27e

1979 104.48 Ref. 28
1994 0.9578 104.48 Ref. 29
1994 0.957 85s3d 104.542s9d Ref. 30
1997 0.957 67 104.482 Ref. 31,ab initio PES
1997 0.957 83 104.509 Ref. 31, fitted empirical PES
2003 0.957 82 104.499 Ref. 32, fitted PES of H2

16O

aObtained from the fundamental frequencies of water assumed to be
1597, and 3742 cm−1 and through the use of an equation derived by De
son fD. M. Dennison, Philos. Mag.1, 195 s1926dg.
bBased upon careful analysis of results due to Mecke and co-workefR.
Mecke, Z. Phys.81, 313 s1933d; W. Baumann and R. Mecke, Z. Phys.81,
445 s1933d; K. Freudenberg and R. Mecke, Z. Phys.81, 465 s1933dg, Dar-
ling and DennisonfB. T. Darling and D. M. Dennison, Phys. Rev.57, 128
s1940dg, and NielsenfH. H. Nielsen, Phys. Rev.59, 565 s1941d; H. H.
Nielsen, Phys. Rev.62, 422 s1942dg.
cBenedictet al. sRef. 25d reported equilibrium structures not only for H2

16O
but also for HD16O and D2

16O, after inclusion of electronic motion effec
into the moments of inertia. The D2

16O structural parameters differ from t
equilibrium structural parameters of H2

16O by +0.0003 Å and −0.049
These differences are about an order of magnitude larger than those o
in the present studyscf. Table IVd.
dKuchitsu and Bartell reported structural estimates for D2

16O, as well, with
re=0.9570 Å and ue=104.43°. The results reported were obtained from
rotational constants of Benedictet al. sRef. 25d and the vibration-rotatio
interaction constants determined in Ref. 26.
eThese values are based on ground-state rotational constants from Cet
al. fR. L. Cook, F. C. De Lucia, and P. Helminger, J. Mol. Spectrosc.53, 62
s1974dg and on vibration-rotation interaction constants from Ref. 25.
eral excellent summaries of the approximate relationships
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between the large number of observable structures an
equilibrium structure exist.13,18,33,34For example, one of th
best compromise when gas-phase electron diffractionsGEDd
and millimeterwavesMWd spectroscopy are used jointly
structure refinement is a temperature-dependentrg structure
Due to the fact that the approximates“diatomic”d relation
re−rg=s3/2d au2 holds reasonably well, wherea is the usua
Morse parameter16,35 and u is the vibrational amplitude o
the bond concerned, the difference between there and rg

distance types, as well as betweenre and any vibrationall
averaged distance type, is substantial, on the order of 0.

To arrive at spectroscopic equilibrium structures an
verse, perturbative approach is widely employed.36 As part of
this procedure the accurately measured ground vibrat
state effective rotational constants are corrected, princi
by vibration-rotation interaction constants of different orig
and orders, and equilibrium geometries are deduced from
resulting equilibrium rotational constants. This inverse
cedure can be employed to fairly large molecules, see, e
recent study on the 17-atom amino acid proline.37 Neverthe
less, the ultimate accuracy of this route to equilibrium ge
etries, which starts from experimental observablesseffective
rotational constantsd and corrects them with appropriate c
stants, has proved to be, in some sense, insufficient,
atomic paradigms have shown.38–40

A direct, fully ab initio approach comes to the rescue
starts with first-principles computation of equilibrium geo
etries. The ultimate accuracy of this direct approach ha
far been realizedssee, e.g., Refs. 19 and 38–40d only for
diatomic and few-electron triatomic41 cases due to the i
completeness of most presently applicable computationa
proaches. Nevertheless, with recent significant advanc
electronic structure theory and computer hardware, the
of achieving high precision for mass-independentsBorn–
Oppenheimerd as well as mass-dependentsadiabaticd equilib-
rium structures has become possible even for many-ele
systems, as shown here.

In the direct approach comparison with experimen
difficult, in fact, impossible if only the equilibrium structu
has been determinedab initio. If the same level of theor
was used to compute a PES, comparison between com
and experimental transition frequencies, most importantl
tational transitions on the ground vibrational state, beco
feasible. Another possibility for comparison between the
and experiment is provided at the level of vibrationally
eraged spectroscopic quantities, determined here as th
propriate expectation values using variational vibrati
wave functions. The direct approach is helped in the l
case by the fact that close-to-exact solution of the vibrat
motion problem, especially for triatomic species, is strai
forward to achieve.42–44Both approaches for comparison
pursued in this paper. One must remember, nevertheles
theory going beyond the diagonal Born–Oppenheimer
rection, i.e., consideration of non-BO effects, is still in
infancy and that the so-called experimental spectrosc
constants are effective parameters, obtained through
nomenological approaches which parametrize the Ha
tonian as flexibly as needed. The subtle relation betwee

,

ed
spectroscopic and the Born–Oppenheimer and adiabatic
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equilibrium structures is not completely clear, as also ex
plified in this study.

In a recent publication42 some of us presentedab initio
adiabatic PESs of the ground electronic state of water w
yielded, for the first time for a polyatomic and polyelectro
molecule, so-called spectroscopic accuracy, 1 cm−1, on aver-
age forall measured rovibrational levels of all isotopolo
considered. This remarkable precision could not have

TABLE II. Born–Oppenheimer and adiabatic equilibrium structures of
ter from ab initio electronic structure computations. Bond lengthsred in
angstrom, bond anglesued in degrees. The ICMRCI calculations are vale
only sfreezing the 1s core orbital of Od. CBS=complete basis set.

Level of theory/correction re ue Comment

aug-cc-pV5Z ICMRCI 0.958 75 104.387 Ref. 42
aug-cc-pV6Z ICMRCI 0.958 70 104.411 Ref. 42
CBS ICMRCI 0.958 62 104.422 Ref. 42
Core correlation −0.000 96 +0.134 Refs. 31 and 42
Relativistic Breit +0.000 16 −0.074 Refs. 42, 55, and
Quantum electrodynamics ,10−5 +0.003 Refs. 42 and 64
Best mass-independent

ab initio 0.957 82 104.485 This work, Ref. 42
Adiabatic correction

sH2
16Od +0.000 03 +0.015 Ref. 42

Best mass-dependent
ab initio sH2

16Od 0.957 85 104.500 This work, Ref. 42

TABLE III. J=1 and 2 rotational term valuessJKa
isotopologs. 1 cm−1=2.997 924 583104 MHz. Thea
PESs for H2

16O, H2
17O, and H2

18O are due to Sh
S. V. Shirin, N. F. Zobov, O. L. Polyansky, J. Ten
206 s2004d. Nuclear masses, in u, used in the ca
surfaces: msHd=1.007 276, msDd=2.013 553, m
=17.994 771.

H2
16O

CVRQD Fitted Ex

101 23.795 23.794 23.
111 37.138 37.137 37.
110 42.372 42.372 42.
202 70.094 70.091 70.
212 79.499 79.496 79.
211 95.178 95.176 95.
221 134.903 134.901 134
220 136.166 136.164 136

H2
18O

CVRQD Fitted Ex

101 23.756 23.755 23.
111 36.749 36.749 36.
110 42.024 42.023 42.
202 69.930 69.927 69.
212 78.991 78.989 78.
211 94.791 94.789 94.
221 133.478 133.476 133
220 134.785 134.783 134

aReference 75.
bReference 76.
cReference 77.
d
Reference 78.
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obtained without the intrinsicab initio determination o
highly accurate, mass-dependent equilibrium structure
water. In this paper we provide a detailed analysis of ouab
initio results for the equilibrium structures of watersTable
II d. Water is probably the only polyatomic molecule bes
H3

+ for which adiabatic PESs of almost ultimate accur
are available.

II. COMPUTATIONAL DETAILS

In this study the DOPI,43,45 where DOPI stands for di
crete variable representationsDd, Hamiltonian in orthogona
sOd coordinates, direct productsPd basis, iterativesId diago-
nalization, and the DVR3D46 program suites, both emplo
ing a discrete variable representationsDVRd for all three
vibrational degrees of freedom, have been employed fo
determination of theJ=0, 1, and 2 rovibrational energy le
els. Highly converged wave functions were obtained du
the nuclear motion calculations, the rovibrational eigen
ues from the two programs, employing somewhat diffe
formalisms, agreed with each other to better than 10−3 cm−1.
The relevant input files employed for running the m
widely utilized DVR3D program are provided in the Supp
mentary MaterialsEPAPS, Ref. 113d.

The nuclear masses employed in the variational nu
motion calculations are given in caption to Table III. For

n cm−1, for the ground vibrational states of water
tio CVRQD PESs are taken from Ref. 42. The fitted
al. sRef. 79d. The fitted PES used for D2O is from
n, T. Parekunnel, and P. F. Bernath, J. Chem. Phys.120,
tions and in the determination of the adiabatic correction
=15.990 526, ms17Od=16.994 742, and ms18Od

H2
17O

CVRQD Fitted Expt.b

23.774 23.774 23.7735
36.931 36.931 36.9311
42.187 42.187 42.1869
70.007 70.005 70.0047
79.229 79.227 79.2273
94.973 94.971 94.9705

6 134.146 134.145 134.1453
9 135.432 135.431 135.4312

D2
16O

CVRQD Fitted Expt.d

12.117 12.117 12.117
20.257 20.258 20.258
22.682 22.683 22.683
35.877 35.878 35.878
42.067 42.068 42.068
49.337 49.338 49.338

8 73.669 73.672 73.672
0 74.135 74.137 74.137
Kc
d, i

b ini
irinet
nyso
lcula
s16Od

pt.a

7944
1371
3717
0908
4964
1759
.901
.163

pt.c

7549
7486
0234
9274
9886
7886
.475
.783
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calculation of vibrationally averaged rotational consta
atomic masses have been used.

III. THE AB INITIO CVRQD POTENTIAL-ENERGY
SURFACE OF WATER

The high-accuracy semiglobal adiabaticab initio ground
electronic state PESs of the water isotopologs, util
heavily in this study, were first described in Ref. 42. Si
few details are provided in that publication, the potentials
discussed here briefly, giving reference also to the codes
ployed in their computation. Components of thisab initio
potential, denoted as CVRQD throughout this paper, w
obtained as follows:sad the final PES is built upon au
mented correlation consistent polarized valenceX zeta
saug-cc-pVXZd,47,48 X=4, 5, and 6, valence-only interna
contracted multireference configuration interactio49

sICMRCId calculations, extrapolated to the complete b
setsCBSd limit, over a grid containing more than 350 poin
employing the program packageMOLPRO;50 sbd added to thi
is the core correlation correction surface of Partridge
Schwenke31 determined at a different set of points at
averaged coupled pair functional51 sACPFd level employing
the programMOLPRO; scd added to this is a relativistic co
rection surface obtained by first-order perturbation theor
applied to the one-electron mass-velocitysMV d and one- an
two-electron Darwin termssMVD2d,52–56 calculated usin
the program packagesACESII sRefs. 57 and 58d and
DALTON,59 supplemented by a correction obtained from
inclusion of the Breit term in the electronic Hamiltonian a
using four-component Dirac–Hartree–Fock wave functi
utilizing the program packageBERTHA;60,61 sdd added to thi
is a correction surface due to effects from quantum ele
dynamicssQEDd,62,63 in particular, the one-electron Lam
shift, determined by a simple scaling procedure;64 and sed
finally, adding to this the adiabatic correction surface
tained at the MRCI level.42 It should also be noted that
nonadiabatic correction was also employed in Ref. 42
the calculation ofsrodvibrational band origins, based on
two-term adjustment of the vibrational kinetic-ene
operator42,65 employing parameters taken from a grou
breaking study by Schwenke.66

Because of an often favorable error compensation
tween incompleteness of the basis set and deficiencies
treatment of electron correlation, as well as the use o
proximate Hamiltonians,6,54,67 lower-level electronic struc
ture computations often result in surprisingly small errors
a particular property. This useful practical approach is
pursued here as, instead, this study focuses on the co
gence of electronic structure theory to obtain the best
nically possible equilibrium geometries of the isotopolog
water. Therefore, the large number of results from inter
diate levels of theory, a few of which are given in Table II
not utilized directly in this study. Note finally thatab initio
computation of equilibrium geometries is a somewhat un
anced procedure68 due to the almost complete cancellation
two large terms of opposite sign, the approximate electr
and the possibly exact nuclear first derivatives, contribu

to the vanishing forces at equilibrium.
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IV. THE DIRECT COMPUTATIONAL ROUTE
TO BORN–OPPENHEIMER AND ADIABATIC
EQUILIBRIUM STRUCTURES

The direct route to the computation of accurate, c
verged Born–Oppenheimer and adiabatic equilibrium s
tures employs systematically improved levels of electr
structure theory. This is due to the fact that for polyelectr
systems none of the limits ofab initio electronic structur
theory6 can be reached without some sort of extrapola
and approximation. As detailed in Sec. III, the ultimate m
independentsBorn–Oppenheimerd equilibrium structure o
water, with an OH bond length ofre

BO=0.957 82 Å and
HOH bond angle ofue

BO=104.485°, has been determined42

from a large set of often expensiveab initio electronic struc
ture computations, relying in part on well-established
trapolation and approximation techniques. These com
tions result in a point-wise representation of the gro
electronic state PES of water. Consequently, the B
Oppenheimer and adiabatic equilibrium structural param
of the water isotopologs, reported throughout this pa
have been obtained by interpolations employing fi
PESs.42 The use of this procedure means that six-digit a
racy in theab initio determination of the equilibrium stru
tural parameters of the isotopologs of water cannot be
pected.

The convergence of the valence-only ICMRCI treatm
with respect to the one-particle basis set expansion is
tively fast scf. Table IId. Even more important for the pu
poses of the present study are the incremental contribu
to the equilibrium structure of water, also listed in Table
The significant contribution of core correlation to the e
librium structure of water is not at all surprising.69,70 The
related results of Martin,70 obtained at a less complete le
of theory, seem to provide a slight underestimation of
core correlation effect for the bond length. Accuracy on
order of 10−4 Å in re can only be achieved if relativist
effects are taken into account. Forue, due to the more su
stantial change in the electronic structure of water u
bending, relativistic effects have more than half of the c
tribution of core correlation. This is in line with what h
been observed during computational investigations of
barrier to linearity of water.67,71,72Note also the opposite si
of the core correlation and relativistic contributions, resul
in an improved apparent accuracy of the valence-only t
ment. The adiabatic contribution, while almost negligible
the equilibrium bond length, is substantial for the b
angle. Even consideration of quantum electrodynamic
fects, namely, the one-electron Lamb shift,64 has a noticeab
contribution to the bond angle, in the sixth significant d
at the border of the claimed precision of the present stud
summary, the direct approach, though computationally
pensive, provides a way to obtain highly accurate Bo
Oppenheimer and adiabatic equilibrium structures in a
trolled way.

Table IV summarizes the effects of isotopic substitu
on the equilibrium structures of the water isotopologs.
clear from this table, and from Table II as well, that
concept of mass-independentsBorn–Oppenheimerd equilib-

rium structures seems to be valid for water to about
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3310−5 Å and 0.02°. It is also clear, and it reflects sim
intuition, that the effect of H to D substitution is much lar
than that accompanying the16O to 18O change. Note als
that the intrinsic adiabatic contributions to thers16OHd and
rs16ODd equilibriumbond lengths are positivesTable IId and
negativesTable IVd, respectively, and on the order of 10−5 Å.
Therefore, this intrinsic adiabatic effect is about two ord
of magnitude smaller than the easily explicable substa
negativer0sOHd→ r0sODd change in the vibrationally ave
aged distance.

Note, finally, that at the all-electron augmented corr
tion consistent polarized core-valence quadruple zetasaug-
cc-pCVQZd coupled cluster singles, doublesstriplesd
fCCSDsTdg level, which gains its usual very hig
accuracy73,74 from favorable error compensation, the o
mized structural parameters,re

BO=0.958 10 Å and ue
BO

=104.481°, deviate very little, 3310−4 Å and 0.004°, from
the ultimatere

BO andue
BO of this study.

Overall, we feel confident that theab initio structura
parameters of water, based on the CVRQD PESs of Re
should be nearly exact in the Born–Oppenheimer and
batic limits.

V. ROTATIONAL EIGENVALUES

As mentioned above, ultimately the accuracy of theab
initio equilibrium structuressd of water can be probed mo
directly and meaningfully by computing the observable r
tional levels with the aid of the related PESs computed a
same level of theory.

The CVRQD adiabatic PESs reproduce excellently
lowest rotational levels for the isotopologs of water con
ered, H2

16O, H2
17O, H2

18O, and D2
16O. The levels corre

sponding to the rotational quantum numbersJ=1 and 2 are
collected in Table III and exemplify this statement. ThJ
=1 term values deviate from the experimentally determ
ones75–78 by less than 0.001 cm−1. The maximum deviatio
for the J=2 CVRQD term values is 0.003 cm−1. The related
mean and maximum deviations for the fitted potential of
79, obtained through elaborate adjustment of the CVR
PESs to all observed rovibrational levels of several is
pologs of water to better than 0.05 cm−1, are very similar
The minuscule differences between the CVRQDab initio

TABLE IV. Isotopic effects, based on the CVRQD potential, on the e
librium structural parameters of water isotopologs. Bond lengths in
strom, bond angles in degrees. The underlying mass-dependent equi
structure of H2

16O is re
ads16OHd=0.957 854 Å andue

adsH16OHd=104.500°
as given in Table II. The geometry parameters obtained from the emp
potentialssee Ref. 79d are the same as those given above within the cla
precision. It is basically meaningless to give further digits in the repo
geometry parameters as they would not represent the underlyingab initio
values accurately due to loss of precision caused by the fitting of the D
surfaces.

Dre Due

H2
17O ,10−6 ,10−3

H2
18O ,10−6 ,10−3

D2
16O −0.000 019 −0.010
and the fitted rotational term values should not be regarde
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as estimates of the uncertainty in theab initio prediction o
the structural parameters of the water isotopologs assad ad-
justment of the CVRQD PESs was performed with e
weights for low- and high-energy regions and thus the fit
affected very little by the lowest part of the PES; andsbd as
part of this work, direct inclusion of linear terms in the P
representing changes in the equilibrium structure of w
was tested with using a variety of spectroscopic data; th
all proved to be divergent. The latter statement holds
only for the adjustment of the CVRQD PESs but also for
best previous spectroscopic PES of H2

16O.32 Furthermore
note that many of theJ=2 CVRQD and fitted variation
results bracket the experimental term values. This mean
it is highly unlikely that any fitting attempt to reproduce
rotational term values even more accurately by a fitted
will result in any significant change in the adiabatic equ
rium structures of water. To wit, 201 experimental levels
the s000d, s100d, s010d, and s001d states of H2

16O, H2
17O,

and H2
18O were included in a separate fit that resulted

standard deviation of only 0.0035 cm−1. Since no linea
terms were included in the fit, the related adiabatic e
librium structural parameters are the same as in
CVRQD PESs, namely,re

ads16OHd=re
ads17OHd=re

ads18OHd
=0.957 85 Å and ue

adsH16OHd=ue
adsH17OHd=ue

adsH18OHd
=104.500°.

Precision of theab initio prediction of higherJ transi-
tions by the CVRQD PESs is exceptionally good, as we

VI. SPECTROSCOPIC EQUILIBRIUM STRUCTURES

Vibrationally averaged effective rotational constants
the principal structural results obtained from fitting of app
priate effective rovibrational Hamiltonians80–86 to spectro
scopic data. One can recover these effective constants
theoretical rovibrational computations basically in two wa
The traditional route goes through second-order vibrat
perturbation theorysVPT2d formulas and the lowest-ord
vibration-rotation interaction constantsai, obtained from
cubic force field expansion of the PES.35,87–91The difference
between the effective and the equilibrium rotational c
stants is approximated in this indirect route as a sum
vibration-rotation interaction constants. The resulting s
troscopic equilibrium structural parameters are denoted
collectively asre

sp andue
sp, though, as detailed below, seve

meaningful variants can be defined. Note that centrifuga
tortion terms need to be considered before the experim
rotational constants are converted into ground-state mom
of inertia for structure analysis.81,85 These corrected rot
tional constants are usually referred to asA8, B8, andC8. In
the alternative, direct route one computes the effective
tional constants as expectation values employing vibrat
wave functions from converged variational nuclear mo
calculations. It is important to emphasize that pure vi
tional wave functions for triatomic molecules can be de
mined with little numerical effort.43,45 Following the secon
route provides thevibrational difference between effectiv
and equilibrium rotational constants. This second, d
route is recommended for computation of vibrationally a

m

l

daged rotational constants whenever its use is feasible. To
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obtain effective rotational constants following the sec
route one should use coordinates given in the Eckart sy
of axes since effective rovibrational Hamiltonians emplo
during fitting of experimental spectra are derived
way.92,93 In this case the inertia tensorI is not diagonal, an
the rotational constants are calculated by vibrational ave
ing of the diagonal elements ofI −1. Consideration of th
Coriolis contribution results in change in only one of
rotational constants,C.94 The significant difference betwe
the principal axes systemsPASd and Eckart coordinate sy
tem vibrationally averaged rotational constants for wa
employing up to sextic force field representations of the P
has recently been demonstrated.43 First-principles vibra
tionally averaged rotational constant results of this study
tained in the coordinates in the Eckart system and by in
sion of the Coriolis contribution, are given in Table V.

It is instructive to compare the vibrational correctio
obtained from the direct variational approach to those c
puted from the indirect, traditional approach, based
VPT2. To facilitate this comparison we computed the VP
vibrational corrections to the ground-state rotational c
stants of H2

16O from the best, empirically adjustedab initio
vibration-rotation interaction constants of Ref. 95, co
sponding to a refined anharmonic force field and thus re
senting an excellent set of physically meaningful const
obtained through VPT2. These values as well as the spe
scopic results from Ref. 25 are also given in Table V.
comparing the spectroscopic and theab initio DA, DB, and
DC values, where, e.g.,DB stands for the difference betwe
the vibrationally averaged and the equilibriumB values, it
becomes clear that the spectroscopic values25 are much
closer to the high-quality variational predictions of this st
than theab initio values derived from the vibration-rotati
interaction constants of Ref. 95. In fact, the largest disc
ancy between the spectroscopic25 and the presentab initio
CVRQD values is 560 MHz forDA, while it is 3270 MHz
between the spectroscopic and the perturbationalsVPT2d ab
initio results. Note that for prototypical semirigid molecu
for which there is at least two orders of magnitude differe
between vibration-rotation interaction constants of cons
tive order, the vibration-rotation interaction constants ca
computed straightforwardly from the vibrationally avera
rotational constants of the lowest vibrational states. H
ever, for water, for which the corresponding difference is
than tenfold, this procedure does not result in accu
lowest-order vibration-rotation interaction constants.

The computed and measured ground-state inertia de
sDpl

0 d of the planar water molecule exemplify further the
ficulties in comparing measured and computed effective
stantssTable Vd. The inertia defect ofDpl

0 =0.050 64 uÅ2 cor-
responds to rotation-vibration constants obtained in Ref
The inertia defect corresponding to one of the most recen
of effective ground-state rotational constants96 is
0.050 92 uÅ2 s0.0515 uÅ2 with the uncorrected rotation
constantsd. If the rotation constants are not corrected for
tortion terms, the corresponding inertia defect
0.051 49 uÅ2, in good agreement with the above num
However, if the rotation constants are corrected for disto

terms, the inertia defect becomes substantially smaller
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0.048 64 uÅ2.82 The computed CVRQD and VPT2 valu
are 0.046 13 and 0.046 31 uÅ2, respectively. At the sam
time the underlying computed CVRQD and VPT2DA and
DC constants deviate from each other substantially.
CVRQD DA and the VPT2DC constants are close to th
respective spectroscopic counterparts while the rema
two constants disagree by as much as 10%–20%. Not
for water the largest contribution toDpl

0 , almost 90%, come
from DC. The sizable differences between the VPT2 and
variational CVRQDDA, DB, andDC values call attention t
the fact that the accuracy of semispectroscopic equilib

TABLE V. Effective ground-state rotational constantssA0, A08, B0, B08, C0,
andC08, in MHzd, ground-state inertia defectssDpl

0 , in uÅ2d, and difference
between effective and equilibrium rotational constantssDA, DB, andDC, in
MHzd, in the ground vibrational states of symmetric isotopologs of w
1 cm−1=2.997 924 583104 MHz and h/8p2c=505 379 MHz uÅ2. Dpl

0 = Ic

− Ia− Ib, whereIa, a=a,b,c, is the appropriate moment of inertia. Atom
masses have been employed in the calculations. Note that during the
ment of the H2

16O PESms16Od=15.990 726 u has been employed.

Isotopomer H2
16O H2

18O D2
16O

MeasuredfspectroscopysRefs. 82–86dga,b

A0 835 839.9 825 367.32 462 292.4
A08 835 783.3
B0 435 354.5 435 353.81 217 979.9
B08 435 044.5
C0 278 133.3 276 950.50 145 303.3
C08 278 446.9
Dpl

0 0.048 64 0.051 64 0.066 43
DA 14 960 4887
DB −2248 −809
DC −7165 −2698
ComputedfCVRQD PESsRef. 42dg
A0 835 390.0 824 928.7 462 097.8
DA 14 400.4 14 162.2 5 463.5
B0 434 825.1 434 835.4 217 894.7
DB −2286.1 −2272.8 −866.3
C0 278 699.4 277 502.6 145 436.5
DC −6543.1 −6494.4 −2467.7
Dpl

0 0.046 13 0.046 31 0.061 88
ComputedfFitted PESsRef. 79dg
A0 835 433.6 824 971.1 462 006.6
DA 14 444.0 14 204.5 5390.5
B0 434 825.2 434 835.5 217 917.4
DB −2286.0 −2272.7 −835.0
C0 278 703.3 277 506.5 145 438.0
DC −6539.1 −6490.5 −2460.3
Dpl

0 0.046 13 0.046 31 0.061 87
ComputedfVPT2 sRef. 95dgc

DA 11 690
DB −2700
DC −7050
Dpl

0 0.046 31

aA08, B08, and C08 values are only available for H2
16O. For the other isoto

pologs contributions from the centrifugal distortion terms have not
removed, hindering direct comparison with the computed values.
bThe DA, DB, andDC values reported correspond to vibration-rotation
teraction constants taken from Ref. 25. The calc. IIDA, DB, andDC values
of Kuchitsu and BartellsRef. 26d are 10 500, −3300, and −7800 MHz
H2

16O and 4500, −1200, and −2700 MHz for D2
16O.

cVPT2=second-order vibrational perturbation theory. The under
vibration-rotation interaction constants correspond to Set III of Table I
Ref. 95.
,structures, i.e., those obtained through corrections of experi-
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mental rotational constants byab initio VPT2 vibration-
rotation interaction constants, an approach37,89,97 gaining
popularity, might be compromised when high accurac
sought, on the order of 10−4 Å for bond lengths, for sma
and light species.

There are two plausible explanations for the small
significant remaining discrepancies observed for the m
sured, the variationally computed, and the VPT2A0, B0, and
C0 constants of Table V. The first one recalls that the s
troscopic constants, though apparently of very high p
sion, are phenomenological in nature and incorporate se
“small” effects. It is clearly demonstrated by the data
Table V thatDA, DB, andDC corrections computed from a
excellent cubic force field representation of the PES
water95 are rather inaccurate. It is also clear that centrifu
distortion effects are extremely large in water.36,82 The othe
explanation suggests that the remaining differences bet
the computed CVRQD and the spectroscopic ground-
rotational constants are due to shortcomings of the th
related principally to three factors. First, though the CVR
PESs are of very high accuracy, they are still not the ultim
adiabatic PESs of water isotopologs and minor impr
ments of the adiabatic potentials are feasible. Second
account of the presence of electrons in the molecule is g
coupling of the electronic angular momentum with the o
all rotation of the nuclear framework98 has not been consi
ered and, consequently, no electronic contributions to th
fective rotational constants have been computed. Thir
must be investigated whether nonadiabatic effects,65,66 not
considered so far explicitly and the hardest to ascertain,
a noticeable contribution.

To investigate the first possible theoretical shortcom
the latest semispectroscopic, fitted PES of water79 has bee
employed in the expectation value calculations with res
presented in Table V. The smallness of the adjustments
lower part of the fullyab initio CVRQD PES is demon
strated repeatedly in this study by the excellent agree
between the CVRQD and the fitted effective rotational c
stant results. The maximum unsigned deviation is
90 MHz s0.003 cm−1d, while the mean deviation is only o
the order of 20 MHz. The small changes in the ground-s
rotational constants are due to the slightly different form
the wave functionssee Sec. Vd. Therefore, further improve

TABLE VI. Spectroscopic equilibrium structural
ferent ground-state rotational constantssA08 andB08d,
masses.

H

A08, B08 DA, DB re

CVRQD CVRQD 0.957 854
Expt.a CVRQD 0.957 618
Expt.a Expt.b 0.957 766

aReference 82 for H2
16O and Ref. 85 for D2

16O, s
centrifugal distortion effects is made in the case o
A08 and B08. Only theA0 and B0 combination is use
Coriolis effectsfor further discussion see Tables 1
bReference 25.
ment of theab initio PES of Ref. 42 through fitting to ob-
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served transitions does not seem to hold promise in obta
significant changes in the values of the rotational const

Next, let us investigate the effects due to the presen
electrons in the molecule. They can be approximated
easily through changes in the masses of the nuclei,
importantly that of H, in the nuclear motion calculatio
Two related comments. First, using atomic massesMb=mb

+Zbme or scaled atomic masses99 in computations, wheremb

andZb are the nuclear mass and atomic number of atob,
respectively, andme is the electronic mass, corresponds
absorbing some part of the nonadiabatic effect into the
batic approximation. Second, atomic rather than nu
masses are employed in the analysis of molecular sp
Table VI contains equilibrium distances and angles of w
isotopologs obtained from using either experimentalA08 and
B08 or CVRQD ground-state effective rotational consta
corrected with the seemingly dependable CVRQD or ex
mentalDA andDB constants.sDA andDB constants do no
depend noticeably on whether nuclear or atomic masses
used during their evaluation.d The results obtained show th
the use of experimental versus CVRQD constants cha
the equilibrium structural parameters substantially,res

16OHd
by up to 0.000 24 Å anduesH

16OHd by up to 0.017°. Th
best spectroscopic equilibrium structure of water isre

sp

=0.957 77 Å andue
sp=104.48°.

As to electronic contributions related to the rotationg
factor,36,98they are usually regarded to be small. This gen
wisdom can be checked for water as it is one of the
polyatomic systems for which the electronic effect has b
known for quite some time100,101and the underlying98 rota-
tional g-tensor elements have been verified repeatedly.102,103

Based on the data in Refs. 100 and 101, the elect
corrections to H2

16OsD2
16Od are as follows: DA

el

=294s91d MHz, DB
el=168s42d MHz, and DC

el=99s26d MHz.
The corrections are considerably smaller for D2

16O than for
H2

16O since they basically scale linearly both with thg
factors and with the effective values of the rotatio
constants. This fact is partially responsible for the appar
higher accuracy of the effective rotational cons
predictions of D2

16O as compared to H2
16O. These correc

tions, when added to the computed CVRQDA0 and B0

constants, not affected by Coriolis effects, largely br
the experimental2computational deviations. To wit, f

16 16

eters for two isotopologs of water obtained using dif-
ional constant correctionssDA andDBd, and atomic

D2
16O

ue re ue

104.500 0.957 834 104.490
104.499 0.957 567 104.483
104.483

able V for the numerical values. No correction for
D6O rotational constants, so they do not correspond to
re as these rotational constants are unaffected by the
and 13.18 of Ref. 36d.
param
rotat

2
16O

ee T
f the2

1

d he
3.10
H2 OsD2 Od the A0 deviations decrease from
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393s195d to 99s104d MHz, while theB0 deviations decreas
from 219s85d to 51s43d MHz. On the other hand, the ele
tronic correction increases the deviation between
measured and computed results forC0. Note that correct
ing the rotational constants for electronic effe
changes res

16OH/16ODd by −0.000 24/−0.000 09 Å an
uesH

16OH/D16ODd by −0.017/−0.000°.
In summary, none of the factors considered so far s

to be able to eliminate completely the gap between the v
tionally computed theoretical and the spectroscopic gro
state rotational constants. Iterative refinement of the CVR
ab initio PES through fitting to observed rovibrational lev
does not seem to be able to reduce the discrepancies be
computed and experimental rotational constants. Cons
ation of the electronic effects does not make the discre
cies between theab initio and the spectroscopic ground-st
rotational constants vanish though serves to reduce
substantially. Nevertheless, combination of these effects
pecially centrifugal distortion correction of the experime
effective rotational constants and electronic effects on
computed rotational constants, makes the apparent dis
ancies between the exceedingly high-qualityab initio rota-
tional constant predictions and experiment comfort
small.

Finally, one must address the effect
nonadiabaticity38–40,104–107on the equilibrium structure o
water, though at present time, apart from H3

+ and perhap
water, this can be done only for diatomics with substa
confidence.

It has been shown for light diatomic hydrides, nam
for LiH, BeH, BH, and CH+ sRefs. 38, 40, and 105d that the
nonadiabatic effect, defined in a somewhat strange sen
the difference between the adiabatic equilibrium bond le
and that obtained from spectroscopy, i.e., from the ex
mental fitted effective molecular rotational constant, is s
stantial for the equilibrium bond lengths. In fact, for BH a
CH+ the nonadiabatic correction is estimated38,40 this way to
be large and similar in magnitude, +0.002 34
+0.002 75 Å, respectively, while the well-defined adiab
corrections appear to be considerably smaller, on the ord
+0.000 65 Å. For the heavier hydrides the nonadiabatic
tance correction seems to decrease in magnitude, e.g
NH it is estimated to be less than 0.000 70 Å.40 Nevertheless
as widely appreciated, the adiabatic correction decrease
as fast or faster, for NH the adiabatic correction onre

BO is
estimated to be +0.000 27 Å.40 Thus, based on the results
these diatomic paradigms one can assume that the adi
fdiagonal Born–Oppenheimer correctionssDBOCdg effect is
small forre of the diatomic radical OH and similarly in H2O.
This is supported by the results in Table II, where the a
batic correction forre of H2

16OsD2
16Od is only +0.000 03

s+0.000 01d Å.
One somewhat striking result forresOHd of water mus

be mentioned. For the pairsXH/XD, with X=Be, B, C, and
N, it has been clearly established thatre

adsXHd. re
adsXDd.38–40

For example, re
ads12CHd=1.118 06 Å and re

ads12CDd
=1.117 92 Å,108 whereas re

BOs12CHd appears to be39

1.117 77 Å. The present calculations support this tren
ad 16 ad 16
water re s OHd=0.957 85 Å versusre s ODd=0.957 83 Å.
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For the spectroscopic equilibrium bond lengths the tren
the XH species appears to be the same, for example,39,108,109

re
sps12CHd=1.119 79 Å versusre

sps12CDd=1.118 88 Å. Nev
ertheless, forre

sp one finds an opposite result for the O
radical,110 re

sps16OHd=0.969 63 Å, re
sps16ODd=0.969 68 Å

i.e., the16OD correction is +0.000 05 Å. As Table VI show
in water re

sps16ODd, re
sps16OHd in all cases considered. Th

apparent discrepancy can be resolved by noting that the
troscopic data for OH and ODsRef. 110d were determined i
different ways. New experimental work111,112and perhaps a
accurate computational determination of adiabatic co
tions tore should help clarifying this issue. In summary,
nonadiabatic effect onres

16OHd seems to be significant,
can be judged by comparingre

ads16OHd=0.957 85 Å and
re

sps16OHd=0.957 77 Å. No similar result can be derived
res

16ODd as no corresponding experimentalA08 andB08 rota-
tional constants are available to us.

The diatomic paradigms provide no estimate for
adiabatic equilibrium bond angle correction. Fortuna
there seems to be very little uncertaintyscf. Table VId in the
equilibrium bond angle of the water isotopologs. T
changes inue occuring upon using different rotational co
stants and correction factors are minuscule, the data
sented in Table VI suggest that we do knowue of water for
almost five significant digits.

VII. CONCLUSIONS

Equilibrium structures are fundamental entities in
lecular sciences yet they are inferred from experimental
by complicated procedures which often rely on severa
sumptions, including the Born–Oppenheimer approxima
Theory provides a direct route to equilibrium geometries
this paper, on the example of water, we have explored
direct computational route to the various equilibrium st
tures of nonlinear polyelectronic and polyatomic system
accordance with the well-established diatomic paradigm104

three equilibrium structure types have been deduced, na
Born–Oppenheimersmass-independentd, adiabatic smass
dependentd, and spectroscopicsnonadiabaticd structures. Th
former two equilibrium structure types have a clear phys
meaning, they are based on the concept of potential-e
surfaces. Spectroscopic equilibrium structures are less
defined and they correspond to effective spectroscopic
stants, derived by fitting an effective Hamiltonian, prefera
that given by Watson,80 to appropriate regions of the rovib
tional spectrum of water and corrected for centrifugal
perhaps electronic distortion effects.

It is shown that state-of-the-art electronic and nuc
motion calculations, when allowance is made for their c
pling, are capable of producing equilibrium structures
polyatomic systems somewhat more accurate than any
experimental/empirical procedures. In particular, the m
independentsBorn–Oppenheimerd equilibrium structure o
the ground electronic state of water is found to bere

BOsOHd
=0.957 82 Å andue

BOsHOHd=104.485°. The concept
mass-independent equilibrium structures seems to be va
about 3310−5 Å and 0.02° for water. The adiabatic, i.

mass-dependent, equilibrium structural parameters are
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re
ads16OHd=0.957 85 Å and ue

adsH16OHd=104.500° fo
H2

16O and re
ads16ODd=0.957 83 Å and ue

adsD16ODd
=104.490° for D2

16O. It is believed that these equilibriu
structural parameters should be nearly exact both in
Born–Oppenheimer and adiabatic limits, conservative e
limits are ±0.000 10 Å and ±0.010°.

Our fully ab initio adiabatic CVRQD PESs,42 incorpo-
rating equilibrium geometries some of which are repo
above, reproduce theJ=1 and 2 rotational term values
four isotopologs of water with an average accuracy
0.002 cm−1. A laborious adjustment of theab initio CVRQD
PESs, with equal weights for the low- and high-lying ro
brational states, results in only a minuscule improveme
these rotational frequency predictions. Inclusion of lin
terms of the PES in the fitting, representing changes in
equilibrium structure of water, resulted in divergent refi
ment attempts. These observations indicate that refinem
of the presently available high-accuracyab initio adiabatic
PESs of water,42 even if the refinement would be gea
toward the lowest-lying levels, are unlikely to offer impro
ments on the underlying adiabatic equilibrium structural
rameters. Adiabatic effects are small for the structural pa
eters of water. Nonadiabatic effects seem to be larger
the adiabatic ones for the structures of isotopologs of w
Therefore, the inverse route to Born–Oppenheimer or a
batic equilibrium geometries is seriously compromised.

Another possibility for judging the computed adiaba
equilibrium geometries and the CVRQD PESs is offered
comparison of computed and experimental vibrationally
eraged rotational constants. Spectroscopic vibration-rot
interaction constants, though apparently of very high p
sion, are somewhat phenomenological in nature and d
correspond very closely to the vibration-rotation interac
constants that can be obtained from a cubic force field
resentation of the PES via VPT2. The sizable differen
between the bestab initio and the spectroscopicDA, DB, and
DC values call attention to the fact that the accuracy of s
spectroscopic equilibrium structures obtained through
rections of spectroscopic rotational constants byab initio
vibration-rotation interaction constants might be com
mised, at least for small and light species.

The quality of our results suggests that more studies
similar nature are to be performed if really accurate value
Born–Oppenheimer, adiabatic, and spectroscopic equilib
geometry parameters are needed. This recommendat
based on the fact that while the indirect,ssemidempirical
route cannot eliminate all errors, the direct route, when
sible, is successful: theory is now capable of determi
physically relevant adiabatic equilibrium structures, in
present case those of water, more accurately than ca
meaningfully derived from available experimental data.
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Two methods are developed, when solving the related time-independent Schro¨dinger equation
~TISE!, to cope with the singular terms of the vibrational kinetic energy operator of a triatomic
molecule given in orthogonal internal coordinates. The first method provides a mathematically
correct treatment of all singular terms. The vibrational eigenfunctions are approximated by linear
combinations of functions of a three-dimensional nondirect-product basis, where basis functions are
formed by coupling Bessel-DVR functions, where DVR stands for discrete variable representation,
depending on distance-type coordinates and Legendre polynomials depending on angle bending. In
the second method one of the singular terms related to a distance-type coordinate, deemed to be
unimportant for spectroscopic applications, is given no special treatment. Here the basis set is
obtained by taking the direct product of a one-dimensional DVR basis with a two-dimensional
nondirect-product basis, the latter formed by coupling Bessel-DVR functions and Legendre
polynomials. With the basis functions defined, matrix representations of the TISE are set up and
solved numerically to obtain the vibrational energy levels of H3

1 . The numerical calculations show
that the first method treating all singularities is computationally inefficient, while the second method
treating properly only the singularities having physical importance is quite efficient. ©2005
American Institute of Physics.@DOI: 10.1063/1.1827594#
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I. INTRODUCTION

During the last three decades several solution strate
were proposed and related codes developed for the acc
computation of rovibrational energy levels of sma
molecules,1 sometimes up to the dissociation limit~s!. The
most efficient codes seem to employ variants of the disc
variable representation~DVR! technique2–7 and the related
quadrature approximation,4,8,9 and for triatomic species th
use of the Sutcliffe-Tennyson rovibrational Hamiltonian10

has become widespread.8,11 Strategies and codes applicab
for the four-,12–16 five-,17–19 and six-atomic20 ~ro!vibrational
problems have appeared. Nevertheless, accurate compu
of rovibrational states of triatomic molecules still provides
challenge when singularities in the Hamiltonian come in
play.6

Singularities will always be present in an internal coo
dinate rovibrational Hamiltonian expressed in the mov
body-fixed frame.21 Theoretical techniques that do not tre
the singularities in the rovibrational Hamiltonian may res
in sizeable errors for some of the higher-lying rovibration
wave functions, which have significant amplitude at the s
gularities. Radial singularities in the Hamiltonian becom
relevant especially for X3 species among triatomic molecule
but they may lead to eigenvalue convergence problem
122, 0240021-9606/2005/122(2)/024101/9/$22.50
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other, larger species, as well. We note in this respect
Gottfried, McCall, and Oka22 recently measured transition
from energy levels of the H3

1 molecular ion above the barrie
to linearity, when the isosceles equilibrium geometry of H3

1

is flattened by insertion of one of the hydrogens into a2
unit, present on the ground electronic state at about 10
cm21 above the ground vibrational level. These high-ene
experimental transitions provide a critical test of purelyab
initio techniques employed for their calculation, as a prelim
nary analysis by Gottfried, McCall, and Oka22 indicated.

Apart from approaches which avoid the introduction
certain singularities during construction of th
Hamiltonian,23–26i.e., a priori, we are aware of only a fewa
posteriori strategies to cope with singular terms in rovibr
tional Hamiltonians when solving the related tim
independent Schro¨dinger equation by means of~nearly!
variational techniques.

Henderson, Tennyson, and Sutcliffe27 combined a direct-
product basis with an analytic formula to calculate the ma
elements of theR2

22 part of the kinetic energy operator@see
Eq. ~1! below# by using spherical oscillator functions28 and
extra transformations. Using this algorithmall the bound vi-
brational states of H3

1 have been calculated successfully.
Watson29 employed an artificial wall of 1016 cm21 for

undesired linear and nonphysical regions of the potential
101-1 © 2005 American Institute of Physics
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024101-2 Czakó et al. J. Chem. Phys. 122, 024101 (2005)
ergy surface~PES! in his calculations, based on three Mor
coordinates corresponding to H–H bonds, on H3

1 . This pro-
cedure did not work above the barrier to linearity; con
quently, Watson advocated the use of hyperspherical coo
nates to avoid the radial singularity problem.

Bramley et al.30 ~BTCC! employed an efficient tech
nique treating the radial singularity by using tw
dimensional nondirect-product basis functions, which are
analytic eigenfunctions of the spherical harmonic oscilla
Hamiltonian,31 which includes a harmonicR2 potential. After
theR2

2 potential was added to the kinetic energy operator,
matrix elements of theR2- andΘ-dependent part of the ki
netic energy operator@see again Eq.~1! below# could be
calculated analytically resulting in a diagonal finite basis r
resentation~FBR! matrix. Consequently, theR2

2 potential had
to be subtracted from the potential energy. The potential
ergy with the harmonic2R2

2 term had only diagonal nonzer
matrix elements in theR1 DVR but off-diagonal nonzero
elements in the (R2 ,Θ) FBR, which were calculated by us
ing the quadrature approximation.

Instead of the nondirect-product FBR/DVR approach
BTCC, Mandelshtam and Taylor32 advocated a simple an
efficient direct-product DVR procedure made suitable
treat the singularity numerically by symmetrization of t
sinc-DVR basis employed and use of an angular momen
cutoff.

A simple and efficient regularization technique adv
cated by Baye and co-workers33 can also be employed t
treat terms singular in the Hamiltonian during grid-bas
variational calculations. This approach has been employe
treat the radial singularities present in triatomic rovibratio
Hamiltonians.34

In this paper we describe a FBR strategy based on
use of Bessel-DVR functions, developed recently by Litt
john and Cargo,35 and several resulting implementations f
coping with the radial singularity present, for example, in t
Sutcliffe-Tennyson triatomic vibrational Hamiltonian e
pressed in orthogonal internal coordinates.10 A concise over-
view of discrete Bessel representations was published
Lemoine36 in 2003, making their detailed discussion in th
paper unnecessary.

After the Introduction we describe in Sec. II what typ
of singularities are present in the Sutcliffe-Tennyson
atomic vibrational Hamiltonian expressed in orthogonal
ternal coordinates and how we propose to treat the ra
singularity if it becomes important during solution of th
related time-independent Schro¨dinger equation. In Sec. III an
implementation of a possible FBR method using thr
dimensional nondirect-product basis in orthogonal Radau
Jacobi coordinate systems is discussed. The potential en
matrix is set up employing two different FBRs. In Sec. IV
efficient algorithm is described, whereby the singular
problem is solved in the Jacobi coordinate system by usin
two-dimensional nondirect-product basis. The paper is en
with Conclusions~Sec. V!.
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II. SINGULARITIES IN THE SUTCLIFFE-TENNYSON
TRIATOMIC VIBRATIONAL HAMILTONIAN IN
ORTHOGONAL COORDINATES

In the Sutcliffe-Tennyson Hamiltonian10 the vibrational
kinetic energy operator of a triatomic molecule in the o
thogonal Jacobi37 or Radau38 coordinates (R1 ,R2 ,Θ) is writ-
ten in atomic units as

K̂52
1

2m1

]2

]R1
2
2

1

2m2

]2

]R2
2
2S 1

2m1R1
2

1
1

2m2R2
2D

3S ]2

]Θ2
1cotΘ

]

]ΘD , ~1!

wherem1 andm2 are appropriately defined mass-depend
constants,10 and the volume element of integration
dR1dR2d(cosΘ). In a mathematical senseK̂ has three sin-
gularities, at R150, at R250, and at sinΘ50. The
Θ-dependent part of Eq.~1! is always singular if the mol-
ecule vibrates to the linear geometry or, in a more techn
sense, if the basis functions sample the linear geometry.

A solution strategy of the bending singularity problem
offered by the differential equation

2S ]2

]Θ2
1cotΘ

]

]ΘD P,~cosΘ!5,~,11!P,~cosΘ!,

~2!

where the analytic eigenfunctions$P,(cosΘ)%,50
L21 are the

classical orthogonal Legendre polynomials. Therefore, L
endre polynomials are especially suitable basis functions
solving the bending singularity problem and most of t
variational ~ro!vibrational programs indeed use Legendr
DVR basis39 for describing angle-bending motions.

In most cases the radial~stretching-type! singularities
present in Eq.~1! may be ignored because the value of t
potential energy function is very high and the wave functi
is going to vanish when theR1 or R2 coordinates closely
approach or are equal to zero. In the case of the H3

1 molecu-
lar ion, however, one must solve the radial singularity pro
lem as linear geometries, arising from the insertion of
third H into a bond between two Hs, are sampled at re
tively low energies. Clearly, one cannot use the quadra
approximation for computing the matrix elements of theR1

22

andR2
22 operators when they become singular.

To move forward let us consider the matrix represen
tion of K̂ using Legendre polynomials

^P,uK̂uP,8&5K̂R1 ,,d,,,81K̂R2 ,,d,,,8 , ~3!

where

K̂Rj ,,52
1

2m j

]2

]Rj
2

1
1

2m jRj
2

,~,11! ~4!

and j 51 or 2. The Bessel-DVR functions developed recen
by Littlejohn and Cargo,35

H Fnnj
~Rj !5~21!nj 11

kj nznnj
A2Rj

~kj nRj !
22znnj

2
Jn~kj nRj !J

nj 50

Nj 21

,
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024101-3 Singularities in the vibrational Hamiltonian J. Chem. Phys. 122, 024101 (2005)
wheren5,11/2 andznnj
are the zeros of the Bessel fun

tions Jn(z), are suitable to solve the radial singularity pro
lem as the matrix elements of theK̂Rj ,, operators can be
evaluated using a simple analytical formula35

~KRj ,,!nj ,n
j8
5^Fnnj

uK̂Rj ,,uFnn
j8
&

5dnj ,n
j8

1

2m j

kj n
2

3
F 11

2F S ,1
1

2D 2

21G
znnj

2
G

1~12dnj ,n
j8
!

1

2m j
~21!nj 2nj8

38kj n
2

znnj
znn

j8

~znnj

2 2znn
j8

2
!2

. ~5!

The radial grid points can be obtained asr n j nj
5znnj

/kj n ,

wherekj n5znNj
/Rj n

max; therefore, all theNj grid points are in

the interval 0,r n j nj
<Rj n

max.

III. FULL TREATMENTS OF SINGULARITIES IN
ORTHOGONAL COORDINATE SYSTEMS

The three-dimensional nondirect-product ba
$Fnn1

(R1)Fnn2
(R2)P,(cosΘ)%n1 ,n2 ,,50

N121,N221,L21, where n5,

11/2, can be used for solving the singularity problems b
in the Jacobi and the Radau coordinate systems. Usin
FBR, the sparse kinetic energy matrix can be obtained a
lytically as

~KFBR!n1n2,,n
18 ,n

28 ,8

5~KR1 ,,!n1 ,n
18
dn2 ,n

28
d,,,81dn1 ,n

18
~KR2 ,,!n2 ,n

28
d,,,8 . ~6!

The matrix representation of the potential energy opera
V̂(R1 ,R2 ,cosΘ) can be set up via different FBR methods6

One can useN1N2L basis functions and the correspondi
(N1L)(N2L)L quadrature points, i.e., retaining all radi
quadrature points corresponding to all possible values o,,
$r n1n1

%,1 ,n150
L21,N121

^ $r n2n2
%,2 ,n250

L21,N221
^ $q,%,51

L , where n1 and

n2 are,111/2 and,211/2, respectively, and theq,s are the
zeros of PL(cosΘ). Therefore, a N1N2L
3N1N2L3-dimensional matrixF can be set up as

Fn8n
18n8n

28,8,n1n1n2n2,

5wn1n1

1/2 wn2n2

1/2 w,
1/2Fn8n

18
~r n1n1

!Fn8n
28
~r n2n2

!P,8~q,!, ~7!

wherewn1n1
, wn2n2

, andw, are the quadrature weights co
responding to ther n1n1

, r n2n2
, and q, grid points, respec-

tively. It is straightforward to calculate the function values
the Legendre polynomialsP,8(cosΘ) at theq, quadrature
points. One can set up theQ coordinate matrix with matrix
elements Q,,,85^P,(cosΘ)ucosΘuP,8(cosΘ)&, and the
quadrature points$q,%,51

L are the eigenvalues of theQ ma-
trix, while the T transformation matrix is defined by th
eigenvectors of theQ matrix. The elements of theT matrix
Downloaded 16 Dec 2004 to 157.181.193.177. Redistribution subject to A
s
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f

are T,8,,5w,
1/2P,8(q,), where thew,s are the Gaussian

quadrature weights. Calculation of the function values of
normalized Bessel-DVR basisFn8n

j8
(Rj ) at the r n j nj

radial

grid points is more involved. First one needs to determine
zeros of theJn8(z) Bessel functions, and then compute t
radial grid pointsr n j nj

. Whenn8Þn j in Fn8n
j8
(r n j nj

), one has

to calculate the function values of the Bessel functio
Jn8(kj n8r n j nj

). In the case ofn85n j the function values of
the normalized Bessel-DVR basis functions a

Fn8n
j8
(r n8nj

) 5 (21) nj8 1 1Akj n8 zn8n
j8
/ 2 Jn8

8 (zn8n
j8
) dn

j8 , nj
,

where the required function values of the Bessel deriva
functions Jn8

8 (zn8n
j8
) can be obtained by usingJn8

8 (zn8n
j8
)

5Jn821(zn8n
j8
).

A FBR for the matrix representation of the Schro¨dinger
equation of the Hamiltonian can be written as

HC5~K1VFBR!C5~K1S2dFVdiagF1Sd21!C5CE,
~8!

whereS5FF1, d is a real number, the diagonalE and the
C matrices contain the eigenvalues and eigenvectors of
Hamiltonian matrix~H!, respectively, and

Vn1n1n2n2,,n
18n

18n
28n

28,8
diag

5V~r n1n1
,r n2n2

,q,!dn1n1n2n2,,n
18n

18n
28n

28,8 . ~9!

Equation~8! remains valid if one employs more quadratu
points than the number of basis functions. In this caseVFBR

and consequently the eigenvalues become dependent o
weight functions. In all the computations reported t
weightswn1n1

51 andwn2n2
51 were employed.

One can set up different FBRs varying parameterd in
Eq. ~8!. Settingd51 andd51/2 an asymmetric6 ~AS-FBR!
and a symmetric2 ~S-FBR! representation can be defined, r
spectively. Using the AS-FBR the N1N2LN1N2L-
dimensional potential energy matrix becomesasymmetric.
The advantage of this representation is twofold:~a! AS-FBR
corresponds to the optimal-generalized DVR,6 which is the
most accurate generalized DVR method; and~b! when AS-
FBR is employed with the same number of basis functio
and quadrature pointsVFBR and the eigenvalues of th
Hamiltonian will not depend on the weights.

Two algorithms were programmed. In both cases Eq.~6!
was employed for the calculation of the kinetic energy m
trix @K in Eq. ~8!# elements, while either AS-FBR@d51 in
Eq. ~8!# or S-FBR@d51/2 in Eq.~8!# was used for setting up
the matrix of the potential energy.

The numerical results, on the example of the H3
1 mo-

lecular ion employing the PES of Polyanskyet al.,40 are pre-
sented in Table I. The vibrational eigenenergies~VE! have
also been calculated by a standard DVR technique term
DOPI ~DVR—Hamiltonian in orthogonal~O! coordinates—
direct product ~P! basis—iterative ~I! sparse Lanczos
eigensolver!,11,12 which employs analytic formulas39 and the
quadrature approximation during calculation of the kine
energy matrix elements. While this PES is not the most
curate available for H3

1 , it has the distinct advantage that i
dissociative behavior is correct, thus numerical results e
IP license or copyright, see http://jcp.aip.org/jcp/copyright.jsp
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Downloaded 16 Dec
TABLE I. Zero-point energy and the first 13 vibrational eigenenergies of H3
1 , in cm21, computed by the full

FBR treatment of the singularities as described in Sec. III. The PES of H3
1 is taken from Ref. 40 with the

minimum atr e(HH)51.649 99 bohrs.m(H)51.007 537 2u is used during all the computations. The number
basis functions is given as (N1 N2 L), where N1 , N2 , and L denote the number of theR1-, R2-, and
Θ-dependent functions, respectively. The radial grid points are in the intervals 0,r n1n1

<3.51@0.001(n1

11/2)# and 0,r n2n2
<3.01@0.001(n211/2)#, all in bohr. Without symmetry analysis of the wave function

symmetrization of the basis functions no proper symmetry labels can be attached to the degenerate
therefore, these labels are omitted here. The zero-point energy of H3

1 is the first entry of this table. All other
eigenenergies refer to this energy.

Symmetry

~10 10 10! ~16 16 16!

AccuratecAS-FBRa S-FBRb AS-FBRa S-FBRb

A1 4375.95 4375.94 4362.30 4362.30 4362.30
E 2449.29 2449.32 2521.19 2521.19 2521.19
E 2569.12 2569.03 2521.20 2521.20 2521.19
A1 3232.63 3232.53 3179.21 3179.21 3179.20
A1 4854.15 4854.17 4777.66 4777.66 4777.63
E 4893.82 4893.67 4997.61 4997.61 4997.60
E 5135.71 5135.61 4997.64 4997.64 4997.60
E 5492.34 5492.40 5554.82 5554.82 5554.82
E 5723.98 5723.28 5554.93 5554.93 5554.82
A1 6432.95 6432.48 6263.94 6263.94 6263.85
E 6577.50 6577.58 7005.02 7005.02 7005.00
E 7253.74 7252.94 7005.24 7005.24 7005.00
A1 7265.72 7265.79 7284.71 7284.71 7284.60
A2 7613.55 7613.64 7492.57 7492.57 7492.53

aSee text for the definition of AS-FBR.
bSee text for the definition of S-FBR.
cConverged results obtained by the DOPI algorithm~Ref. 11!, where the number of basis functions is~30 30 30!
and theR1 andR2 Hermite-DVR grid points are in the intervals@0.9,3.5# and @0.05,2.95# bohr, respectively.
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ploying quadrature points far from equilibrium are not su
ject to imprecision. The vibrational calculations have be
carried out employing the Jacobi coordinate system. N
that although these coordinates do not carry the full sym
try of H3

1 , which possessesS3 permutational symmetry, this
in itself causes no difficulty in obtaining an accurate vib
tional eigenspectrum of H3

1 , though it clearly hinders sym
metry classification of the eigenstates.

In all cases studied the two different representatio
have been found to yield almost identical VEs,41 indepen-
dently of the convergence of the solution. This can be
plained by the use ofN1N2L3 quadrature points, much
higher than the number of basis functions,N1N2L. It must
also be noted that the computation of the potential ene
matrix needs a large amount of CPU time. To wit, a re
tively small computation, e.g., withN15N25L516, when
even the lowest-lying VBOs are only quasiconverged, ne
several days of CPU time on an average personal compu42

Therefore, this mathematically rigorous FBR treatment
the singularity problem proves to be computationally unf
sible.

IV. AN EFFICIENT ALGORITHM
IN JACOBI COORDINATES

In the Jacobi coordinate system, whereR1 represents a
diatomic distance andR2 the separation of the third atom
from the center of the mass of the diatom, theR150 singu-
larity will not occur in physically relevant cases because
potential energy value is going to be infinite and the wa
function is going to vanish near nuclear coalescense po
 2004 to 157.181.193.177. Redistribution subject to A
-
n
te
e-

-
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y
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s
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f
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e
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Therefore, in the Jacobi coordinate system one can
a two-dimensional $R2 ,Θ% nondirect-product basis fo
treating the remaining radial singularity, as was done,
example, by BTCC.30 The full three-dimensional basis ca
be given by $xn1

(R1)Fnn2
(R2)P,(cosΘ)%n1 ,n2 ,,50

N121,N221,L21,

where$xn1
(R1)%n150

N121 is a one-dimensional DVR basis~e.g.,

Hermite-DVR basis!. One can obtain the matrix elements
the corresponding differential operator,

~KR1
!n1 ,n

18
5^xn1

~R1!u2
1

2m1

]2

]R1
2

uxn
18
~R1!&, ~10!

using exact analytical formulas.39 The DVR representation o
the R1

22 part of the kinetic energy operator matr
(R1

22)n1 ,n
18
5^xn1

(R1)u1/(2m1R1
2)uxn

18
(R1)& can be calcu-

lated using the quadrature approximation

~R1
22!n1 ,n

18
5

1

2m1r n1

2
dn1 ,n

18
. ~11!

In the case of a Hermite-DVR basis, employed in the cal
lations reported in this paper,

r n1
5

qn1

qN1

R1
max2R1

min

2
1

R1
max1R1

min

2
, ~12!

whereqn1
s are the appropriate Gaussian quadrature poi

Consequently, all grid points are defined in the interv
@R1

min ,R1
max#. This way one can ensure that all grid points a

in a physically meaningful region.
IP license or copyright, see http://jcp.aip.org/jcp/copyright.jsp
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FIG. 1. Pictorial representation of the shape and t
nonzero elements of the matricesF @Eq. ~14!#, S @Eq.
~8!#, VFBR @Eq. ~8!#, and H @Eq. ~8!# relevant for the
algorithm described in Sec. IV~note that in this figure
N153 andN254 and that the black boxes ofF also
have some zero elements!.
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Finally, using Eqs.~5!, ~10!, and~11! the DVR/FBR rep-
resentation of the kinetic energy operator can be calcula
by

~KDVR/FBR!n1n2,,n
18n

28,8

5~KR1
!n1 ,n

18
dn2 ,n

28
d,,,81~R1

22!n1 ,n
18
dn2 ,n

28
,~,11!d,,,8

1dn1 ,n
18
~KR2 ,,!n2 ,n

28
d,,,8 . ~13!

In the last section the two different FBRs, AS-FBR, a
S-FBR, were found to yield identical VEs. Therefore, t
potential energy matrix is set up using the more advan
geous S-FBR resulting in a symmetric representation. De
the N1N2L3N1N2L2-dimensional matrix,

Fn
18n8n

28,8,n1n2n2,

5wn1

1/2wn2n2

1/2 w,
1/2xn

18
~r n1

!Fn8n
28
~r n2n2

!P,8~q,!

5dn
18 ,n1

wn2n2

1/2 w,
1/2Fn8n

28
~r n2n2

!P,8~q,!. ~14!

F is a sparse matrix of special structure, sincexn
18
(r n1

)

5wn1

21/2dn
18 ,n1

, while wn1
andw, are Gaussian weights, an

wn2n2
were set to one during the computations. One can

up the S-FBR matrix of the Hamilton operator using Eq.~8!
and settingd51/2, where in this caseK is defined in Eq.
~13! andVn1n2n2,,n

18n
28n

28,8
diag

5V(rn1
,rn2n2

,q,)dn1n2n2,,n
18n28n

28,8 . Pic-

torial representation of the shape of the matricesF @Eq.
~14!#, S @Eq. ~8!#, VFBR @Eq. ~8!#, and H @Eq. ~8!# in the
special case ofN153 andN254 is shown in Fig. 1. The
Hamiltonian matrixH is a symmetric sparse matrix of sp
cial structure with (N11N2L21)N1N2L nonzero elements
~see Fig. 1!. Therefore, one can compute the required eig
values of this Hamiltonian matrix using a Lanczos metho43

specialized for sparse matrices. This algorithm is much m
efficient than that described in Sec. III: a computation w
the same basis size has used only a few minutes of CPU
instead of a couple of days. Note also that we observed
convergence problems during the Lanczos iterations, and
number of the iterations did not depend on the size of
final Hamiltonian matrix@H of Eq. ~8!#. This fast conver-
gence is very pleasing and is due to the fact that theR250
singularity does not degrade the convergence of the Lan
technique.12

The VEs of H3
1 between 11 000 and 15 000 cm21 above

the vibrational ground state, starting with the 36th vibratio
eigenvalue, are presented in Table II. Note that the barrie
linearity on the PES of H3

1 is at about 10 000 cm21. The
VEs have been calculated both by the DVR/FBR algorit
of this section and by the standard DVR technique term
DOPI.11,12In Table II and in the forthcoming text the numb
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of basis functions is given as (N1N2L), whereN1 , N2 , and
L denote the number of theR1-, R2-, andΘ-dependent func-
tions, respectively.

Only a modest portion of the eigenenergies compu
above 11 000 cm21 depend on the proper treatment of th
R250 singularity. Even for high-lying eigenenergies, e.
for the pairsE36,37(E) and E66,67(E), where the symmetry
characterization is given in parentheses, the DOPI algorit
with a modest number of basis functions, can yield reas
able, though sometimes not exceedingly accurate VEs.
fast convergence of the eigenenergies obtained using
DVR/FBR algorithm is apparent from the fact that even t
use of a modest 20 Bessel-DVR basis functions result i
maximum error of only 5 cm21, for the pairE62,63(E) and
compared to ‘‘accurate’’ VEs given in the last column
Table II, among the first 80 vibrational eigenenergies
ported. Convergence of the Bessel-DVR VEs is most p
tracted when the result from a small-basis DOPI and
DVR/FBR treatments deviate substantially, e.g., for the pa
E45,46(E), E48,49(E), E57,58(E), E62,63(E), E71,72(E), and
E75,76(E). One of the largest deviation coming from th
smallest,~20 20 20!, DOPI calculation reported is 260 cm21

for the pairE62,63(E), again compared to accurate VEs give
in the last column of Table II. At the same time, for this pa
the ~20 20 20! DVR/FBR calculation shows a deviation o
only 5 cm21. The extremely slow convergence ofE62 with
the DOPI scheme is noteworthy: the error of 260 cm21 de-
creases to only 245 cm21 when the basis is increased
~30 30 30!, while the same basis size results in an error of
cm21 when the DVR/FBR scheme is employed. A simil
statement holds to all of the pairs mentioned showing
tremendous difficulty of the simple DOPI scheme in deali
with theR250 singularity. Obviously, there are intermedia
cases between successes and failures of the DOPI sch
There seems to be no problem in predicting the eigene
gies of A2 symmetry: all eigenenergies reported, wheth
treating theR250 singularity or not, agree to within 0.1
cm21. The situation with theA1-symmetry eigenenergies i
less clearcut. In a few cases, e.g.,E41(A1) and E80(A1),
proper treatment of the singularity makes a rather small
ference, the largest DOPI and DVR/FBR eigenenergies di
at most by a couple of cm21, in cases only by 0.01 cm21.
Nevertheless, in other cases, e.g., forE54(A1) andE68(A1),
the two algorithms result in considerably different eigene
ergies. Again, improving the basis set makes the discrepa
smaller, e.g., forE54(A1) the difference of 407 cm21 ob-
tained with a basis set of~20 20 20! functions decreases t
212 cm21 when the size of the basis is increased to~30 30
IP license or copyright, see http://jcp.aip.org/jcp/copyright.jsp
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4.74
4.74
7.76
6.92
6.93
3.87
8.20
8.20
9.38
0.46
0.47
5.38
3.66
3.67
9.80
7.29
7.29
2.21
8.85
8.35
8.35
0.79
0.82
8.41
7.31
7.32
1.62
1.67
7.13
4.56
6.53
6.53
0.93
6.94
6.94
3.50
3.51
5.56
5.91
9.54
9.56
9.71
0.61
0.62
3.01
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TABLE II. All the vibrational eigenenergies of H3
1 , between 11 000 and 15 000 cm21 above the ground

vibrational state, in cm21. The PES of H3
1 is taken from Ref. 40 with the minimum atr e(HH)

51.649 99 bohrs.m(H)51.007 537 2u is used during all the computations. The number of basis function
given as (N1 N2 L), whereN1 , N2 , and L denote the number of theR1-, R2-, and Θ-dependent functions,
respectively. Without symmetry analysis of the wave function or symmetrization of the basis functio
proper symmetry labels can be attached to the degenerate levels; therefore, these labels are omitted h

Numbera Symmetry

~20 20 20! ~25 25 25! ~30 30 30!

AccuratedBESSELb DOPIc BESSELb DOPIc BESSELb DOPIc

36 E 11 324.81 11 324.81 11 324.76 11 324.76 11 324.74 11 324.74 11 32
37 E 11 325.65 11 325.71 11 324.79 11 324.78 11 324.74 11 324.74 11 32
38 A2 11 528.74 11 528.73 11 527.81 11 527.80 11 527.76 11 527.75 11 52
39 E 11 657.88 11 654.01 11 656.96 11 653.82 11 656.92 11 654.30 11 65
40 E 11 658.18 11 657.85 11 656.98 11 656.96 11 656.93 11 656.92 11 65
41 A1 11 814.44 11 813.97 11 813.88 11 813.62 11 813.86 11 813.65 11 81
42 E 12 078.77 12 077.24 12 078.21 12 077.53 12 078.19 12 077.72 12 07
43 E 12 079.32 12 079.30 12 078.25 12 078.24 12 078.19 12 078.19 12 07
44 A1 12 149.74 12 146.94 12 149.41 12 149.39 12 149.38 12 149.37 12 14
45 E 12 300.88 12 301.13 12 300.49 12 300.48 12 300.46 12 300.46 12 30
46 E 12 301.12 12 149.79 12 300.58 12 197.76 12 300.51 12 225.71 12 30
47 A1 12 376.20 12 334.41 12 375.55 12 338.73 12 375.44 12 342.41 12 37
48 E 12 374.02 12 474.01 12 473.67 12 473.67 12 473.66 12 473.66 12 47
49 E 12 474.57 12 433.12 12 473.88 12 437.94 12 473.75 12 441.78 12 47
50 A1 12 590.89 12 587.93 12 589.85 12 587.67 12 589.80 12 587.98 12 58
51 E 12 697.22 12 697.18 12 697.31 12 697.31 12 697.29 12 697.29 12 69
52 E 12 698.80 12 684.85 12 697.37 12 689.26 12 697.30 12 691.12 12 69
53 A2 12 833.33 12 833.27 12 832.27 12 832.26 12 832.21 12 832.21 12 83
54 A1 13 289.64 12 882.79 13 288.87 12 992.24 13 288.84 13 076.99 13 28
55 E 13 319.50 13 318.29 13 318.40 13 318.17 13 318.35 13 318.25 13 31
56 E 13 319.52 13 319.44 13 318.40 13 318.40 13 318.36 13 318.35 13 31
57 E 13 391.70 13 290.92 13 390.82 13 291.61 13 390.77 13 292.28 13 39
58 E 13 392.36 13 392.31 13 390.97 13 390.81 13 390.88 13 390.76 13 39
59 A1 13 399.89 13 393.69 13 398.62 13 393.94 13 398.49 13 394.02 13 39
60 E 13 587.28 13 583.32 13 587.36 13 587.15 13 587.31 13 587.31 13 58
61 E 13 588.48 13 588.43 13 587.39 13 587.35 13 587.34 13 588.40 13 58
62 E 13 686.43 13 432.24 13 691.61 13 439.69 13 691.62 13 446.99 13 69
63 E 13 691.68 13 691.68 13 692.65 13 691.61 13 692.17 13 691.62 13 69
64 A1 13 714.79 13 709.18 13 717.56 13 709.23 13 717.35 13 709.34 13 71
65 A2 13 756.03 13 756.02 13 754.60 13 754.59 13 754.55 13 754.54 13 75
66 E 14 056.79 14 056.78 14 056.52 14 055.71 14 056.53 14 055.85 14 05
67 E 14 057.87 14 056.89 14 056.58 14 056.57 14 056.53 14 056.53 14 05
68 A1 14 191.60 14 116.99 14 191.04 14 147.07 14 190.97 14 158.10 14 19
69 E 14 217.58 14 217.49 14 216.95 14 216.94 14 216.93 14 216.93 14 21
70 E 14 219.03 14 196.42 14 217.07 14 202.16 14 216.96 14 205.23 14 21
71 E 14 474.00 14 474.90 14 473.56 14 473.55 14 473.49 14 473.49 14 47
72 E 14 474.97 14 315.00 14 473.58 14 385.39 14 473.54 14 426.67 14 47
73 A2 14 565.55 14 565.52 14 565.55 14 565.54 14 565.55 14 565.54 14 56
74 A1 14 665.28 14 665.56 14 665.89 14 667.61 14 665.90 14 667.35 14 66
75 E 14 880.12 14 880.08 14 879.53 14 879.53 14 879.52 14 879.51 14 87
76 E 14 881.00 14 423.87 14 880.29 14 460.92 14 879.86 14 493.08 14 87
77 A1 14 883.81 14 579.18 14 889.90 14 650.76 14 889.81 14 702.72 14 88
78 E 14 890.59 14 888.44 14 890.51 14 888.61 14 890.59 14 888.66 14 89
79 E 14 890.67 14 890.67 14 890.59 14 890.57 14 890.61 14 890.59 14 89
80 A1 14 943.71 14 942.70 14 943.06 14 942.96 14 943.01 14 942.93 14 94

aThe first 35 eigenvalues, including the zero-point energy, are not reported in this table.
bBESSEL, results obtained by the algorithm described in Sec. IV, where theR1 Hermite-DVR grid points are in
the interval@0.9,4.5# and the radialR2 Bessel grid ponts are 0,r n2n2

<3.51@0.001(n211/2)#, all in bohr.
cDOPI, results obtained by DOPI, where theR1 andR2 Hermite-DVR grid points are in the intervals@0.9,4.5#
and @0.05,3.55# bohrs, respectively.

dConverged results obtained by a large~35 60 35! BESSEL computation.
m

B
ic
e

p-
BR

he
30!. Two examples concerning the convergence of the co
puted VEs are given on Fig. 2. The eigenvalueE12 is below
the barrier and thus both the DOPI and the Bessel-DVR/F
approaches work well and their convergence characterist
similar. The eigenvalueE46 is above the barrier and the larg
 2004 to 157.181.193.177. Redistribution subject to A
-

R
is

deviations resulting from not treating the singularity is a
parent. Note that the convergence behavior of the DVR/F
approach is similar for the two eigenvalues.

Using the Hermite-DVR in DOPI one can choose t
smallest grid point,R2

min @see Eq.~12!#. VEs of H3
1 between
IP license or copyright, see http://jcp.aip.org/jcp/copyright.jsp
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FIG. 2. Dependence of the vibrational eigenvaluesE12 at 7005.00 cm21 andE46 at 12300.46 cm21 of H3
1 on the size of the basis@basis 1,~20 20 20!; basis

2, ~25 25 25!; and basis 3,~30 30 30!# and the strategy, DOPI vs BESSEL~see Sec. IV!, employed for the solution of the Schro¨dinger equation, whereDVE
is the difference between the actual and the accurate eigenvalues.
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11 000 and 13 000 cm21, obtained by varyingR2
min , are pre-

sented in Table III. SettingR2
min to too small of a value, e.g.

0.01 bohr, results in errors in all the computed VEs. This c
be explained by the failure of the quadrature approximat
when theR250 singularity is present. By setting a high
R2

min value, converged VEs can be calculated when the
gularity does not come into play. For example, for the pa
E36,37(E) the same converged VEs were computed by set
R2

min either to 0.05 or to 0.1. When the singularity comes in
play, differentR2

min choices, employing the same basis si
result in different unconverged VEs. For example, for t
pairsE45,46(E) settingR2

min either to 0.05 or to 0.1, the sam
convergedE45 was obtained; however, in the case ofE46,
where the singularity becomes important, the two~30 30 30!
calculations result in a discrepancy of more than 30 cm21.
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V. CONCLUSIONS

Appearance of certain singular terms is unavoida
when the~ro!vibrational Hamiltonian is expressed in intern
coordinates. Two methods have been developed in this p
to cope with the singular terms of the vibrational kine
energy operator of a triatomic molecule given in orthogo
internal coordinates, such as Jacobi or Radau coordin
$R1 ,R2 ,Θ%, when solving the related time-independe
Schrödinger equation.

The first method, a FBR algorithm, gives a mathema
cally correct treatment of all singular terms. In this techniq
the vibrational eigenfunctions are approximated by line
combinations of functions of a three-dimensional nondire
product basis. These basis functions are formed by coup
324.74
324.74
527.76
656.92
656.93
813.87
078.20
078.20
149.38
300.46
300.47
375.38
473.66
473.67
589.80
697.29
697.29
832.21
TABLE III. All the vibrational eigenenergies of H3
1 , between 11 000 and 13 000 cm21 above the ground vibrational state, in cm21, computed by the DOPI

algorithm varying the smallestR2 grid point. In all the cases theR1 Hermite-DVR grid points are in the interval@0.9,4.5# bohrs. TheR2 Hermite-DVR grid
points are in the intervals@0.01,3.59#, @0.05,3.55#, and@0.1,3.5# bohrs, respectively. The PES of H3

1 is taken from Ref. 40, andm(H)51.007 537 2u is used
during the computations. The number of basis functions is given as (N1 N2 L), whereN1 , N2 , andL denote the number of theR1-, R2-, andΘ-dependent
functions, respectively.

Number Symmetry

~20 20 20! ~25 25 25! ~30 30 30!

Accurateb0.01 0.05 0.1 0.01a 0.05 0.1 0.01a 0.05 0.1

36 E 11 325.07 11 324.81 11 324.81 11 324.78 11 324.76 11 324.76 11 325.24 11 324.74 11 324.74 11
37 E 11 325.45 11 325.71 11 325.71 11 328.51 11 324.78 11 324.78 11 328.29 11 324.74 11 324.74 11
38 A2 11 528.71 11 528.73 11 528.73 11 526.80 11 527.80 11 527.80 11 528.62 11 527.75 11 527.75 11
39 E 11 653.73 11 654.01 11 654.85 11 655.89 11 653.82 11 654.58 11 656.72 11 654.30 11 655.02 11
40 E 11 657.92 11 657.85 11 657.86 11 658.60 11 656.96 11 656.96 11 674.61 11 656.92 11 656.92 11
41 A1 11 814.00 11 813.97 11 814.06 11 812.83 11 813.62 11 813.68 11 816.81 11 813.65 11 813.71 11
42 E 12 075.61 12 077.24 12 077.97 12 077.14 12 077.53 12 077.81 12 079.58 12 077.72 12 077.90 12
43 E 12 079.30 12 079.30 12 079.30 12 078.11 12 078.24 12 078.25 12 083.16 12 078.19 12 078.19 12
44 A1 12 112.14 12 146.94 12 149.51 12 148.50 12 149.39 12 149.40 12 150.58 12 149.37 12 149.37 12
45 E 12 301.11 12 301.13 12 301.13 12 300.70 12 300.48 12 300.48 12 303.21 12 300.46 12 300.46 12
46 E 12 149.42 12 149.79 12 199.69 12 212.75 12 197.76 12 238.26 12 305.33 12 225.71 12 258.31 12
47 A1 12 332.56 12 334.41 12 339.03 12 341.87 12 338.73 12 344.71 12 382.71 12 342.41 12 349.60 12
48 E 12 474.06 12 474.01 12 474.01 12 473.74 12 473.67 12 473.67 12 476.89 12 473.66 12 473.66 12
49 E 12 430.84 12 433.12 12 438.64 12 441.97 12 437.94 12 444.08 12 478.42 12 441.78 12 448.55 12
50 A1 12 586.78 12 587.93 12 588.64 12 591.76 12 587.67 12 588.20 12 590.31 12 587.98 12 588.46 12
51 E 12 697.03 12 697.18 12 697.20 12 697.88 12 697.31 12 697.31 12 699.52 12 697.29 12 697.29 12
52 E 12 680.33 12 684.85 12 689.90 12 688.02 12 689.26 12 692.03 12 703.34 12 691.12 12 693.29 12
53 A2 12 825.06 12 833.27 12 833.31 12 833.24 12 832.26 12 832.27 12 834.25 12 832.21 12 832.21 12

aThe too smallR2 grid point can result in a ghost eigenvalue and small errors in the vibrational eigenenergies.
bConverged results taken from Table II.
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Bessel-DVR functions35 depending on distance-type coord
natesR1 andR2 and Legendre polynomials depending on t
angle bending coordinateΘ.

In the Jacobi coordinate system theR150 singularity
will not occur in physically relevant cases as the poten
energy value is going to be infinite and the wave function
going to vanish near nuclear coalescense points, thus
unimportant for bound vibrational states. A second meth
is, therefore, formed by not treating the singular term ch
acterized by the Jacobi coordinateR1 . In this case the basi
set is obtained by taking the direct product of a stand
DVR basis, representingR1 , with a two-dimensional
nondirect-product basis, formed by coupling Bessel-DV
functions representingR2 and Legendre polynomials de
pending onΘ.

In the first case, given the basis functions detailed abo
matrix representations of the time-independent Schro¨dinger
equation are set up and solved numerically to obtain
vibrational energy levels of H3

1 . The matrix elements of the
kinetic energy operator are calculated analytically. The m
trix elements of the potential energy operator are calcula
by numerical quadrature. Two different prescriptions of n
merical integration corresponding to two special cases of
finite basis representation related to the generalized disc
variable representation6 are employed. The theoreticall
more accurate scheme gives an asymmetrical FBR, whe
another treatment,2 gives a symmetrical FBR. With the gri
points employed the symmetric and the asymmetric FB
give extremely similar results for all vibrational eigenene
gies irrespective of the basis size. This suggests that
quadrature points chosen may be close to optimal tho
their number is perhaps larger than needed. It is our inten
revisit the use of quadrature points and find a numeric
more easily managable set of quadrature points which
allows an efficient calculation of the potential matrix el
ments.

The numerical calculations performed for H3
1 , employ-

ing a published40 potential energy surface, have shown th
the first method, treating all singularities properly, require
large amount of CPU time for the construction of the pote
tial energy matrix and is thus computationally inefficien
The second method, treating properly only the physica
relevant singularities, is quite efficient. Using the more a
vantageous S-FBR to set up a symmetric potential ene
matrix the Hamiltonian matrix becomes a symmetric spa
matrix of special structure with (N11N2L21)N1N2L non-
zero elements. The desired number of converged en
eigenstates has been computed by an iterative Lanczos
rithm.

A standard DVR technique termed DOPI~Refs. 11 and
12! has also been used to compute the vibrational eigen
ergies of H3

1 employing the same PES. Comparison of t
DVR/FBR eigenvalues with those calculated by the DO
scheme, which employs basis functions inappropriate
handling the singular terms in question, clearly demonstra
the effect and importance of a proper treatment of singu
terms in the case of H3

1 .
It seems44 certainly appealing to employ the treatme

presented in this paper based on Bessel functions for c
Downloaded 16 Dec 2004 to 157.181.193.177. Redistribution subject to A
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puting resonances of H3
1 , and this will be investigated in the

near future.
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The currently most efficient finite basis representation �FBR� method �Corey et al., in Numerical
Grid Methods and Their Applications to Schrödinger Equation, NATO ASI Series C, edited by C.
Cerjan �Kluwer Academic, New York, 1993�, Vol. 412, p. 1; Bramley et al., J. Chem. Phys. 100,
6175 �1994�� designed specifically to deal with nondirect product bases of structures �n

l �s�f l�u�,
�m

l �t��n
l �s�f l�u�, etc., employs very special l-independent grids and results in a symmetric FBR.

While highly efficient, this method is not general enough. For instance, it cannot deal with nondirect
product bases of the above structure efficiently if the functions �n

l �s� �and/or �m
l �t�� are discrete

variable representation �DVR� functions of the infinite type. The optimal-generalized FBR�DVR�
method �V. Szalay, J. Chem. Phys. 105, 6940 �1996�� is designed to deal with general, i.e., direct
and/or nondirect product, bases and grids. This robust method, however, is too general, and its direct
application can result in inefficient computer codes �Czakó et al., J. Chem. Phys. 122, 024101
�2005��. It is shown here how the optimal-generalized FBR method can be simplified in the case of
nondirect product bases of structures �n

l �s�f l�u�, �m
l �t��n

l �s�f l�u�, etc. As a result the commonly used
symmetric FBR is recovered and simplified nonsymmetric FBRs utilizing very special l-dependent
grids are obtained. The nonsymmetric FBRs are more general than the symmetric FBR in that they
can be employed efficiently even when the functions �n

l �s� �and/or �m
l �t�� are DVR functions of the

infinite type. Arithmetic operation counts and a simple numerical example presented show
unambiguously that setting up the Hamiltonian matrix requires significantly less computer time
when using one of the proposed nonsymmetric FBRs than that in the symmetric FBR. Therefore,
application of this nonsymmetric FBR is more efficient than that of the symmetric FBR when one
wants to diagonalize the Hamiltonian matrix either by a direct or via a basis-set contraction method.
Enormous decrease of computer time can be achieved, with respect to a direct application of the
optimal-generalized FBR, by employing one of the simplified nonsymmetric FBRs as is
demonstrated in noniterative calculations of the low-lying vibrational energy levels of the H3

+

molecular ion. The arithmetic operation counts of the Hamiltonian matrix vector products and the
properties of a recently developed diagonalization method �Andreozzi et al., J. Phys. A Math. Gen.
35, L61 �2002�� suggest that the nonsymmetric FBR applied along with this particular
diagonalization method is suitable to large scale iterative calculations. Whether or not the
nonsymmetric FBR is competitive with the symmetric FBR in large-scale iterative calculations still
has to be investigated numerically. © 2006 American Institute of Physics.
�DOI: 10.1063/1.2141947�

I. INTRODUCTION

Solution of the molecular rovibrational Schrödinger
equation and the calculation of reaction dynamics may be
carried out efficiently by employing the method of discrete
variable representation �DVR�.1 The utility and basic aspects
of DVR were realized by different authors independently and
somewhat different methods were developed: discrete vari-

able representation,2,3 Lagrange-mesh method,4 and quadra-
ture discretization method.5,6 The Fourier grid method7–9

should also be mentioned.
In the DVR method one employs both a set of basis

functions and a set of grid points. Within this method the
operators of physical quantities may be represented by ma-
trices whose indices refer either to the grid points or to the
spectral basis functions. The former is the DVR, the latter is
the finite basis representation �FBR� of the operator. The
DVR of the potential-energy operator is a diagonal matrix
with the �ii�th diagonal element equal to the value of the
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potential-energy function taken at the ith grid point. The
FBR of the potential-energy operator corresponds to evalu-
ating the defining integrals of the potential matrix elements
in the spectral basis by numerical quadrature, where the
quadrature grid is identical to the one defining the DVR. The
DVR and FBR of an operator may be transformed into each
other.

Initially, the DVR was developed with standard orthogo-
nal polynomial bases and the associated Gaussian quadra-
tures. The same number of basis functions and quadrature
points was employed. DVRs based on such basis sets,
quadrature points, and weights possess a number of remark-
able properties. The most important is the diagonality of the
potential-energy matrix. Another important property is re-
lated to the eigenvectors obtained by solving the matrix rep-
resentation of the time-independent Schrödinger equation set
up in a DVR. At convergence the ith element of the nth
eigenvector is proportional to the value of the nth eigenfunc-
tion taken at the ith quadrature point. The proportionality
factor is just the square root of the ith quadrature weight. A
more complete list of the various interesting and useful prop-
erties of the DVR is given, for example, in Ref. 10.

Generalizations of the DVR method to general basis
functions depending on a single variable and to multidimen-
sional nondirect product basis sets have been
developed.3,10–16 These generalizations could be achieved
only by sacrificing some of the important properties which
the original DVR features.

For example, for general one-dimensional bases one may
construct a DVR �Refs. 11, 12, 17, and 18� by utilizing the
transformation method.19,20 While the representation so de-
rived can still give highly accurate results, and, in fact, it can
be related to Gaussian quadrature,12 the elements of the
eigenvectors one obtains are no longer proportional to the
values of the eigenfunctions taken at the grid points.

The multidimensional generalization of the DVR by Co-
rey and co-workers13,21 sacrifices the diagonality of the
potential-energy matrix and employs more grid points than
basis functions. The simple relation between eigenvectors
and eigenfunctions of the standard DVR is also broken down
in this representation. Since the number of grid points is
higher than the number of basis functions it is not the Corey-
Tromp DVR,13 but the related symmetric FBR developed by
various authors21–23 which has been employed in
practice22–27 and became the common method for dealing
with nondirect product bases such as the spherical harmonics
basis set.

With the application of joint approximate diagonaliza-
tion methods28–33 one may generalize the transformation
method to multidimensional nondirect product bases and one
can construct nondirect product DVRs.14 However, like in
the case of the generalization to one-dimensional �1D� gen-
eral basis functions, the simple relation of eigenvectors and
eigenfunctions is no longer valid. Although this method has
been employed successfully in a number of problems,14,34 its
efficiency still has to be demonstrated with as standard non-
direct product bases as the spherical harmonics basis set.

The coherent DVR has been introduced recently.15 It is
restricted to two-dimensional �2D� nondirect product bases.

It preserves neither the diagonality of the potential-energy
matrix nor the simple relation of the eigenvectors and eigen-
functions. Similar to the DVRs based on joint approximate
diagonalization, the method’s capabilities have been demon-
strated neither with spherical harmonics nor with nondirect
product basis functions with structure similar to that of
spherical harmonics.

The standard DVR and its generalizations mentioned so
far are special in that they require very special quadrature
points. The question whether a truly generalized DVR, a
DVR based on both a general set of quadrature points and a
set of general one- or multidimensional basis functions, can
be derived was raised two decades ago by Light et al.,3 who
described a method for constructing such a DVR.3 A success-
ful numerical application of this method involved the asso-
ciated Legendre polynomials, Pn

L�cos ��, with L=0, 1,…,
Lmax; n=L, L+1,…, Nmax.

35

The optimal-generalized DVR was introduced in Ref.
10. It is optimal in the sense that, as shown both analytically
and numerically, it gives the best possible results with a
given set of grid points and basis functions within a family of
generalized discrete variable representation �GDVR� meth-
ods including the method of Light et al.3 Of the various
generalizations it is the optimal-generalized DVR method
which preserves most of the characteristic properties of the
standard DVR, including the diagonality of the potential-
energy matrix and the simple relation of eigenvectors and
eigenfunctions. In addition, as shown in Ref. 16, it has also
exponential convergence. However, it has disadvantages, as
well: �a� the optimal GDVR leads to a nonsymmetric matrix
representation, and �b� in the particular case of spherical har-
monics and basis functions of structure similar to that of
spherical harmonics a randomly selected grid generally leads
to linear dependencies which degrade the accuracy of the
results. Nevertheless, the method has shown a certain degree
of success even with the spherical harmonics basis.10

One way of overcoming the difficulty mentioned above
in selecting grid points in the optimal GDVR is to employ a
corresponding finite basis representation,10 to be called
optimal-generalized finite basis representation �GFBR�. An-
other might be the construction of a nondirect product grid
by joint approximate diagonalization. In a GFBR one can use
more grid points than basis functions, thereby improving the
accuracy of the results. Recently, we have tested the GFBR
by solving the vibrational Schrödinger equation for the mo-
lecular ion H3

+ by treating the singular terms of the triatomic
Sutcliffe-Tennyson vibrational Hamiltonian36 exactly by a
judicious choice of basis functions.37 Basis sets which can
handle the singularities in the Sutcliffe-Tennyson vibrational
Hamiltonian properly contain nondirect product basis func-
tions of the general form �m

l �t��n
l �s�f l�u� or �n

l �s�f l�u�, with
f l�u�= Pl�cos ��, where Pl�cos �� are Legendre polynomials,
� is the Jacobi angle, and s and t stand for the radial vari-
ables r and R of the Jacobi�Radau� internal coordinate sys-
tem, or for some function, depending on the particular choice
of the functions �n

l and �m
l , of them. The functions �n

l and �m
l

may be chosen at least in four different ways: �a� associated-
Laguerre polynomials, �b� associated-Laguerre DVR func-
tions �i.e., different DVR functions for different values of l�,
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�c� spherical Bessel functions, and �d� Bessel-DVR
functions.38–40 At this point a number of comments are in
order. In cases �a� and �b� s and t denote the square of the
respective radial variables. The basis set corresponding to
selection �a� has been employed for solving the vibrational
Schrödinger equation of triatomic molecules, see, e.g., Refs.
23, 41, and 42. To the best of our knowledge the basis sets
corresponding to choices �b� and �c� have not been tried.
Choice �d� was investigated in Ref. 37. Choices �b� and �d�
correspond to choosing localized radial functions which is
advantageous when calculating the matrix elements of the
potential-energy operator by numerical quadrature. Finding
the appropriate quadrature for choices �a� and �b� is simple,
but it is less obvious for the case when Bessel-DVR func-
tions of the infinite type38 are used. Clearly, the basis func-
tions corresponding to selection �d� with Bessel-DVR func-
tions of the infinite type are ideal for testing the usefulness of
the GFBR scheme. The results obtained in Ref. 37 demon-
strated the high accuracy that can be achieved by the optimal
GFBR. The calculations of the matrix elements of the
potential-energy operator, however, required extremely long
computer time, on the order of days.

The main purpose of this communication is to show how
the optimal GFBR scheme with nondirect product basis
functions of the structures �n

l �s�f l�u� and �m
l �t��n

l �s�f l�u� can
be modified to make the computer time required for calcu-
lating the matrix elements of the potential-energy operator
negligibly small, on the order of seconds instead of days,
without compromising the accuracy of the final results �Sec.
II�. Our results are of special interest, since many analyti-
cally known nondirect product bases consist of functions of
this particular or of similar structure. The new scheme is
tested first by calculating the eigenvalues of a simple model
Hamiltonian with the nondirect product basis of spherical
harmonics and then by calculating the vibrational energy lev-
els of the H3

+ molecular ion with nondirect product basis
functions formed by coupling Legendre polynomials with
Bessel-DVR functions of the infinite type38 �Sec. III�. The
results are summarized in Sec. IV.

II. OPTIMAL-GENERALIZED FINITE BASIS
REPRESENTATIONS

To begin with it is appropriate to recall some of the
relevant ideas and relations of the optimal-generalized dis-
crete variable representation and the related optimal-
generalized finite basis representation. Then it will be shown
how the optimal GFBR method can be modified by taking
advantage of the special structure of the nondirect product
basis functions employed. It is assumed that the matrix ele-
ments of the kinetic-energy operator can be calculated ana-
lytically. Thus the discussion is focused on the problem of
evaluating the matrix elements of the potential-energy
operator.

A. Generalized finite basis representations

Let ��n�, n=0, 1,… be a complete set of orthonormal
states in a Hilbert space. The matrix elements of the self-

adjoint operator V̂ representing the potential energy are de-
fined by

Vmn = ��m�V̂��n� �1�

in this basis. In practical numerical calculations one works
with a truncated basis ��n�, n=0,1,…, N−1. Then the poten-
tial energy may be represented by an N by N real symmetric
matrix V. The effect of the potential-energy operator on a
basis state may be expressed as

V̂��n� = �
m=0

N−1

Vmn��m� + �
p=N

�

Vpn��p� . �2�

With �q� denoting an eigenstate of the coordinate opera-
tor q̂ acting in a D-dimensional coordinate space, that is,
q̂�q�=q�q�, where q= �q1 ,q2 ,… ,qD� is a D tuple of coordi-
nates q1, q2,…, qD, the coordinate representation of Eqs. �2�
and �4� can be derived. The coordinate representation of Eq.
�2� reads as

V�q��n�q� = �
m=0

N−1

Vmn�m�q� + �
p=N

�

Vpn�p�q� , �3�

and the coordinate representation of Eq. �1� is

Vmn = 	
a

b

�m�q�V�q��n�q�d� , �4�

where real basis functions are assumed, d� is the volume
element of integration, and a and b are the lower and upper
integration limits, respectively, characteristic of the coordi-
nate space and basis functions considered.

In most cases of practical interest the complexity of the
potential-energy function V�q� prevents analytical evaluation
of the potential matrix elements; therefore, one has to resort
to approximate numerical quadratures. Ideally, the construc-
tion of DVRs requires the application of the same number
of quadrature points, 
qi�i=0

N−1= 
�q1i ,q2i ,… ,qDi��i=0
N−1, and

weights, 
wi�i=0
N−1, as the number of basis functions employed.

This set of N quadrature points and weights is supposed
to give an approximation of reasonable accuracy for N�N
+1� /2 different integrals �note that V is symmetric� simul-
taneously. If, in addition, one places no restriction on the
points, except that they should be distinct, one faces the chal-
lenge of developing, as required for construction of a truly
generalized DVR, a quadrature formula which is of reason-
able accuracy for all the N�N+1� /2 different integrals irre-
spective of the choice of the N distinct grid points.

In Ref. 10 quadrature formulas were derived allowing
the evaluation of the potential matrix elements by employing
a general grid and a general basis set. These can be summa-
rized in the expression

Vmn � �
i=0

N−1

�
j=0

N−1

�
k=0

N−1

Fmi��−d�ijV�q j���d−1� jkFnk, �5�

where
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Fmi = �F�mi = wi
1/2�m�qi� , �6�

� = FTF , �7�

real basis functions are assumed, superscript T denotes trans-
position, and d can take any real value. That is, the matrix of
the potential-energy operator is approximated as

V � F�−dV�d−1FT, �8�

where V denotes a diagonal potential-energy matrix whose
elements are defined as

Vij = �ijV�qi� , �9�

where

�ij = 1 if i = j

0 if i � j .
� �10�

d parametrizes an infinite number of quadrature formulas and
approximations to V. Of these, the quadrature with d=1
gives the most accurate results and leads to the representa-
tions called optimal-generalized finite basis representation
and optimal-generalized discrete variable representation. For
d=1

V � F�−1VFT. �11�

The superiority of the quadrature given in Eq. �11� with re-
spect to those corresponding to d�1, and thus the optimal
nature of the related generalized FBR and DVR, can be
shown as follows.

First, note that by introducing d=1+ p

V � F�−dV�d−1FT = F�−1�−pV�pFT �12�

=F�−1VFT + F�−1�−p�V,�p�FT �13�

with �V, �p� denoting the commutator of V and �p. Second,
note that

�VFT�in = wi
1/2V�qi��n�qi� , �14�

and from Eqs. �3� and �6�

wi
1/2V�qi��n�qi� = �

m=0

N−1

VmnFmi + �
p=N

�

VpnFpi. �15�

Therefore, one can find, by combining Eqs. �13�–�15�, that

Vmn � �F�−dV�d−1FT�mn

= Vmn + �
p=N

�

�
i=0

N−1

�
j=0

N−1

Fmi��−1�ijFpjVpn

+ �
i=0

N−1

�
j=0

N−1

�
k=0

N−1

Fmi��−1�ij
�−p�V,�p�� jkFnk, �16�

where use has been made of the relation

F�−1FT = IN�N, �17�

where IN�N denotes the N by N unit matrix. The second and
third terms in the right-hand side of Eq. �16� are the error
terms arising due to the quadrature approximation. The sec-
ond term is called aliasing error. It may appear whenever the

space spanned by the truncated basis is not closed with re-
spect to the operation by the potential-energy operator, i.e.,
when Vpn�0. The expression for the aliasing error is the
same for all GFBRs. The third term depends on p. Thus, it
distinguishes various GFBR �and GDVR� methods. Since the
commutator �V, �p� does not in general vanish, unless p
=0, i.e., d=1, the GFBR approximation with d=1 is the best.
In the d=1 case the approximation even changes to equality

for all matrix elements if V̂��n�, n=0, 1,…, N−1 remain in
the space spanned by the truncated basis.

It must be noted that in the derivations starting from Eq.
�12� no use has been made of the definition of the � matrix
up until Eq. �16�. The first term in the right-hand side in Eq.
�16� is equal to Vmn, that is, a reasonable approximation can
be obtained if and only if � is defined such that it satisfies
Eq. �17� �or Eq. �7��. Equation �17� can also be viewed as the
defining equation of �. The fulfillment of Eq. �17� is a nec-
essary condition of obtaining a reasonable approximation to
the potential-matrix elements. As long as the � matrix so
defined is not singular one may expect results of reasonable
accuracy, but if � is singular the accuracy may be lower due
to large aliasing error.

The application of the optimal GFBR and the equivalent
optimal GDVR revealed unanticipated difficulties when
spherical harmonics10 and basis functions suitable for treat-
ing the singularities in the Sutcliffe-Tennyson vibrational
Hamiltonian37 were used. Randomly selected distinct grid
points led to singular � matrices, that is, to linear dependen-
cies, which severely degraded the accuracy of the results.
Finding grid points causing no linear dependencies turned
out to be difficult. In fact, a search algorithm, the genetic
algorithm, was called for selecting a suitable grid in the case
of spherical harmonics. As to the other set of basis functions
we considered a different strategy. We gave up efforts of
searching for suitable grid points of the same number as the
number of basis functions. We decided to use more grid
points than the number of basis functions employed.

The GFBR allows one to use more grid points than basis
functions. Let us introduce a matrix, S, defined as

S = FFT. �18�

One can show that

�−d = FTS−d−1F . �19�

By using Eq. �19� one may replace � with S in the quadra-
ture formulas. In particular, the optimal GFBR of the
potential-energy operator and the necessary condition for ob-
taining a quadrature of reasonable accuracy read as

V � S−1FVFT �20�

and

S−1FFT = IN�N, �21�

respectively. Once the replacement has been made it is irrel-
evant how the resulting equations were derived and more
grid points than basis functions can be employed. What one
hopes for is that by employing more grid points than basis
functions S becomes nonsingular and accurate results are
obtained.
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This strategy has been quite successful in all but one
respect.37 The evaluation of the potential-energy matrix by
the optimal GFBR expression, Eq. �20�, required too much
computer time to be practical when basis functions of struc-
ture �m

l �t��n
l �s�f l�u� were employed. In the next subsection

we show how this expression can be simplified, without los-
ing accuracy, thereby making the calculations efficient.

In passing we note that one may improve the accuracy of
Eq. �20� by dealiasing. The fulfillment of the equation

S−1F�FTFalias
T � = �IN�N0N�M� , �22�

where Falias is an M by N matrix whose elements are defined
in Eq. �1� with m=N, N+1,…, N+M and 0N�M denotes a
matrix of the size N�M having all elements equal to zero,
ensures the removal of M aliasing terms, as can be seen from
Eq. �16� once it has been expressed in terms of the S matrix.
This and a Monte Carlo-based dealiasing method have been
pointed out along with the fact that the optimal-generalized
FBR formula, Eq. �20�, corresponds to that one obtains when
calculating the potential-energy matrix by the least-squares
pseudospectral method of Friesner,43 in Ref. 10.

B. Modified optimal GFBR for nondirect product
bases of special structure

By considering the optimal GFBR formula, Eq. �20� and
Eqs. �14� and �15�, one can see that S−1F projects out the
desired potential matrix elements from VFT. One is allowed
to modify S−1F. As long as Eq. �21� is satisfied by the modi-
fied matrix, this modification will essentially preserve the
accuracy of the original GFBR. We say essentially as a modi-
fication may either decrease or increase the quadrature error
due to aliasing.

Since Eq. �21� defines S, one can modify only the matrix

F. Let F̃ denote such a modified F matrix. The most signifi-
cant simplification in Eq. �20� may be achieved by choosing

an F̃ such that it satisfies

F̃FT = IN�N, �23�

or

F̃�FTFalias
T � = �IN�N0N�M� , �24�

when dealiasing is required.
Then,

V � F̃VFT. �25�

Note that the approximation in Eq. �25� is expected to have
similar accuracy as in Eq. �20�, since, due to the fulfillment
of Eq. �23�, the �mn�th element of the approximating matrix,

�F̃VFT�mn, is equal to the sum of the exact matrix element,
Vmn, of the potential-energy operator and an aliasing term,
exactly as in the case of the quadrature approximation of Eq.
�20� under the condition Eq. �21�.

As shown below, the simplified GFBR expression, Eq.
�25�, can be implemented in practice for nondirect product
basis functions having structure similar to that of spherical
harmonics, e.g., �m

l �t��n
l �s�f l�u�, �n

l �s�f l�u�, etc.

Let the discussion be confined to basis functions of
structure �n

l �s�f l�u�. Assume that the basis functions are real
valued. �This is not a severe restriction, since one can easily
obtain the appropriate expressions by replacing transposition
with Hermitian conjugation and by invoking complex conju-
gation when required.� Furthermore, assume that the basis
functions are orthonormal, that is,

��m
k fk��n

l f l� = �fk�f l���m
k ��n

l � = �kl��m
l ��n

l � = �kl�mlnl
, �26�

where subscript l is attached to the indices m and n to indi-
cate that they number the functions ��*�

l . For �n
l , from now

on we shall also use the notation �nl

l .
Consider the truncated basis defined by letting the indi-

ces l and nl take the following values:

l = 0,1,…,L − 1, nl = 0,1,…,Nl − 1.

This truncated basis consists of �l=0
L−1Nl basis functions.

To achieve our goal we must give up using arbitrary grid
points. Only particular grid points will do.

1. The choice of grid points: Grid I

Choose an L-point grid, 
ui�i=0
L−1 for the variable u such

that with appropriate weights wu,i

�
i=0

L−1

wu,i fk�ui�f l�ui� = �kl, �27�

where subscript u reminds us that the weights belong to a
quadrature approximation of integrals with respect to the co-
ordinate u. Discretize the variable s on the grid

sil
,il = 0,1,…,Nl − 1, l = 0,1,…,L − 1

defined such that with appropriate weights

�
il=0

Nl−1

ws,il
�m

l �sil
��n

l �sil
� = �nlml

. �28�

Then, a 2D grid is obtained by taking direct product of the u
grid and the sl grids �with subscript l indicating that for each
value of l there is a different s grid�. Altogether we have
L�l=0

L−1Nl grid points. In the discussion to come we shall
assume the smallest grid which may satisfy Eqs. �27� and
�28�, that is, the grid corresponding to L=L and Nl=Nl.

2. A suitable F̃ matrix defined with grid I

Form the matrix F according to the standard GFBR pre-
scription, Eq. �6�,

Flnl,iik
= ws,ik

1/2wu,i
1/2�nl

l �sik
�f l�ui� . �29�

This is a matrix of size ��l=0
L−1Nl��L�l=0

L−1Nl.

A matrix F̃ obeying Eq. �23� can be obtained from F as

F̃lnl,iik
= 0 if l � k

Flnl,iil
if l = k .� �30�

Direct substitution shows that Eq. �23� is satisfied:
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�F̃FT�kmk,lnl
= �

i=0

L−1

�
l�=0

L−1

�
il�=0

Nl�−1

F̃kmk,iil�
Flnl,iil�

= �
i=0

L−1

�
ik=0

Nk−1

Fkmk,iik
Flnl,iik

= �
i=0

L−1

�
ik=0

Nk−1

ws,ik
1/2wu,i

1/2�mk

k �sik
�fk�ui�

�ws,ik
1/2wu,i

1/2�nl

l �sik
�f l�ui�

= �
ik=0

Nk−1

ws,ik
�mk

k �sik
��nl

l �sik
�

��
i=0

L−1

wu,i fk�ui�f l�ui�

= �
ik=0

Nk−1

ws,ik
�mk

k �sik
��nk

k �sik
��kl = �kl�mknk

, �31�

where use has been made of Eqs. �27� and �28�.
The quadrature approximation to an element of the

potential-energy matrix is then

Vkmk,lnl
� �F̃VFT�kmk,lnl

= �
i=0

L−1

�
l�=0

L−1

�
il�=0

Nl�−1

F̃kmk,iil�
V�sil�

,ui�Flnl,iil�

= �
i=0

L−1

�
ik=0

Nk−1

F̃kmk,iik
V�sik

,ui�Flnl,iik

= �
i=0

L−1

�
ik=0

Nk−1

ws,ik
wu,i�mk

k �sik
�fk�ui�V�sik

,ui��nl

l �sik
�f l�ui� .

�32�

If one can choose the basis functions �m
k �s� such that

they have the property

ws,ik
1/2�m

k �sik
� = �mkik

, �33�

then

F̃kmk,iil
= 0 if l � k

�mkil
wu,i

1/2fk�ui� if l = k ,� �34�

and the quadrature formula simplifies further:

Vkmk,lnl
� �

i=0

L−1

�
ik=0

Nk−1

F̃kmk,iik
V�sik

,ui�Flnl,iik

= �
i=0

L−1

wu,i
1/2fk�ui�V�smk

,ui�Flnl,imk

= �
i=0

L−1

ws,mk

1/2 wu,i fk�ui�V�smk
,ui��nl

l �smk
�f l�ui� . �35�

Similar discussion applies to the case of basis functions
of structure �m

l �t��n
l �s�f l�u�. Therefore, it suffices to present

the final quadrature formulas. By using the truncated basis

�ml

l �t��nl

l �s�f l�u��l=0,nl=0,ml=0
L−1,Nl−1,Ml−1 they read as

Vkmkok,lnlpl
� �

i=0

L−1

�
jk=0

Mk−1

�
ik=0

Nk−1

wt,jk
ws,ik

wu,i

� �ok

k �tjk
��mk

k �sik
�fk�ui�V�tjk

,sik
,ui�

��pl

l �tjk
��nl

l �sik
�f l�ui� �36�

and

Vkmkok,lnlpl
� �

i=0

L−1

wt,ok

1/2 ws,mk

1/2 wu,i fk�ui�V�tok
,smk

,ui�

��pl

l �tok
��nl

l �smk
�f l�ui� , �37�

where in deriving the latter approximation the functions
�m

k �s� are assumed to satisfy Eq. �33�, and the functions �o
k�t�

are assumed to satisfy similar equations.
When compared to the detailed expression of the poten-

tial matrix elements arising from Eq. �20�, the simplicity, and
thus the efficiency, of the quadrature formulas given in Eqs.
�32� and �35�–�37� are obvious. The effectiveness of this ap-
proach also becomes obvious from counting the number of
multiplications and additions required to evaluate these ex-
pressions, as given in Tables I and II.

The accuracy of the quadrature formulas given in Eqs.
�32� and �35�–�37� is to be similar to that of Eq. �20� due to
the fulfillment of the condition Eq. �21�.

While it is possible, it is not worth transforming Eqs.
�32� and �35�–�37� to the DVR, since the potential-energy
matrix will not be diagonal, and the size of the DVR will be
larger than that of the FBR.

3. The choice of grid points: Grid II

Discretize the coordinate u as in grid I. Then, if the
coordinate s can be discretized, say, on a P-point,
l-independent grid such that the equations

�
i=0

P−1

ws,i�m
l �si��n

l �si� = �nlml
, l = 0,1,…,L − 1 �38�

hold, F̃=F is an appropriate choice. Then, S=FFT is identi-
cal to a unit matrix, and the optimal GFBR simplifies to the
symmetric form

V � FVFT. �39�

This symmetric FBR has been introduced in Refs. 21 and 23
and became a commonly employed method.24–26,44 It is also
the FBR corresponding to the Corey-Tromp GDVR.13,21

Note that in the case of the truncated three-dimensional �3D�
nondirect product basis an equation similar to Eq. �38� ap-
plies to the function of variable t with an upper summation
limit, M, say.

The simplified nonsymmetric FBRs compare favorably
with the symmetric FBR if we consider the evaluation of the
potential-energy matrix. Indeed, its evaluation with the sym-

014110-6 Czakó, Szalay, and Császár J. Chem. Phys. 124, 014110 �2006�



TABLE I. The number of arithmetic operations required to evaluate the potential matrix element Vkmk,lnl
and the potential matrix in the truncated nondirect

product basis 
�nl

l �s�f l�u��l=0,nl=0
L−1,Nl−1 by different quadrature grids and formulas. In calculating the number of operations it was assumed that the quadrature

weights had been built into the basis functions. In addition to the exact number of operations, an estimated number of operations relative to the quadrature of
least operation count is also given. It is equal to or smaller than the ratio of the exact operation count in a given quadrature formula and that in the reference
quadrature formula. Thus, it is equal to 1 for the reference quadrature.

Basis 
�nl

l �s�f l�u��l=0,nl=0
L−1,Nl−1

Number of basis functions N=�l=0
L−1Nl

Number of points LNa LN LN PL

Number of matrix elements to be calculated N2 N2 N2 N�N+1� /2b

Quadrature formula Eq. �20�c Eq. �32� Eq. �35� Eq. �39�

Matrix element: Vkmk,lnl

Number of multiplications 2N�L+1� 2Nk�L+1� 2L+1 2P�L+1�
Number of additions NL−1 NkL−1 L−1 PL−1

Potential matrix evaluation
Number of multiplications 2N3�L+1� 2N�L+1��l=0

L−1Nl
2 N2�2L+1� PN�N+1��L+1�

Number of additions N3L−N2 N��l=0
L−1Nl

2�L−N2 N2�L−1� N�N+1��PL−1� /2

Matrix element: Vkmk,lnl

Relative number of multiplications �N �Nk 1 �P
Relative number of additions �N �Nk 1 �P

Potential matrix evaluation
Relative number of multiplications �N �N−1�l=0

L−1Nl
2 1 �P /2

Relative number of additions �N �N−1�l=0
L−1Nl

2 1 �P /2

aThis is the minimum number of points which may satisfy Eqs. �27� and �28�.
bIt suffices to calculate fewer matrix elements, since this quadrature leads to a symmetric potential matrix.
cIn this case VFBR=S−1�FVFT� and the operation counts refer to that of the expression in the parentheses.

TABLE II. The exact and estimated relative number of arithmetic operations in evaluating the potential matrix element Vkmkok,lnlpl
and the estimated relative

number of operations in calculating the potential matrix with the truncated nondirect product basis 
�ml

l �t��nl

l �s�f l�u��l=0,nl=0,ml=0
L−1,Nl−1,Ml−1 by different quadrature grids

and formulas. When calculating the number of operations it was assumed that the quadrature weights had been built into the basis functions. The estimated
relative number of arithmetic operations is equal to or smaller than the ratio of the exact operation count in a given quadrature formula and that in the reference
quadrature formula. Thus, it is equal to 1 for the reference quadrature.

Basis 
�ml

l �t��nl

l �s�f l�u��l=0,nl=0,ml=0
L−1,Nl−1,Ml−1

Number of basis functions N=�l=0
L−1MlNl

Number of points NP=L��l=0
L−1Nl���l=0

L−1Ml�
a NP NP MPL

Number of matrix elements
to be calculated

N2 N2 N2 N�N+1� /2b

Quadrature formula Eq. �20�c Eq. �36� Eq. �37� Eq. �39�

Matrix element: Vkmkok,lnlpl

Number of multiplications 2L��l=0
L−1Ml���l=0

L−1Nl�+2��l=0
L−1Ml���l=0

L−1Nl�+2�l=0
L−1Nl 2LMkNk+2MkNk+2Nk 2L+2 2LMP+2MP+2P

Number of additions L��l=0
L−1Ml���l=0

L−1Nl�−1 LMkNk−1 L−1 LMP−1

Relative number
of multiplications ���l=0

L−1Ml���l=0
L−1Nl� �MkNk 1 �MP

of additions ���l=0
L−1Ml���l=0

L−1Nl� �MkNk 1 �MP

Potential matrix evaluation
Relative number
of multiplications ���l=0

L−1Ml���l=0
L−1Nl� �N−1�l=0

L−1Ml
2Nl

2 1 �MP /2
of additions ���l=0

L−1Ml���l=0
L−1Nl� �N−1�l=0

L−1Ml
2Nl

2 1 �MP /2

aThis is the minimum number of points which may satisfy Eqs. �27� and �28�.
bIt suffices to calculate fewer matrix elements, since this quadrature leads to a symmetric potential matrix.
cIn this case VFBR=S−1�FVFT� and the operation counts refer to that of the expression in the parentheses.
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metric FBR requires at least P /2 and PM /2 times more
arithmetic operations than the application of the simplified
nonsymmetric FBR given in Eqs. �35� and �37�, respectively
�see Tables I and II�. Thus, even with assuming a small
value, say, P=10 and M =10, the simplified nonsymmetric
FBRs will be at least 5 and 50 times faster. As to the simpli-
fied nonsymmetric FBRs given in Eqs. �32� and �36� we note
that with typical choices of the functions �n

l and �m
l , e.g.,

associated Legendre polynomials, the smallest P-point
quadrature satisfying Eq. �38� may have P=max
Nl ; l
=0,1 ,… ,L−1�. In this case the nonsymmetric FBRs, Eqs.
�32� and �36�, are only slightly more efficient than the sym-
metric FBR. With P	max
Nl , l=0,1 ,… ,L−1�, and this
may be the general situation, the nonsymmetric FBRs of Eqs.
�32� and �36� clearly outperform the symmetric FBR.

The operation counts given in Tables I and II are ob-
tained by sequential summation.21,45 Since the order of sum-
mations with respect to some of the indices can still be in-
terchanged, different operation counts can be obtained.
However, the relative operation counts remain the same irre-
spective of these changes.

The symmetric and nonsymmetric FBRs are expected to
have similar accuracy, since Eq. �21� is obeyed in both cases.

The product of the potential-energy matrix, VFBR, with a
vector of expansion coefficients, c, i.e. c�=VFBRc, must be
calculated repeatedly, when diagonalizing the Hamiltonian
matrix by an iterative method, such as the Lanczos
algorithm.46 If the potential matrix is not symmetric, one
must also calculate v�= �VFBR�Tc. To compare the efficiency
of the symmetric FBR and the simplified nonsymmetric
FBRs in evaluating the potential matrix vector product, let us
consider the case of the 2D truncated basis.

Assuming that the quadrature weights have been built
into the basis functions, introducing

dlk* = �
i=0

L−1

fk�ui�V�ui,s*�f l�ui� , �40�

and employing sequential summation, c� can be evaluated
according to the expressions

ckmk
� = �

t=0

P−1

�mk

k �st��
l=0

L−1

dlkt �
nl=0

Nl−1

�nl

l �st�clnl
, �41�

ckmk
� = �

ik=0

Nk−1

�mk

k �sik
��

l=0

L−1

dlkik �
nl=0

Nl−1

�nl

l �sik
�clnl

, �42�

and

ckmk
� = �

l=0

L−1

dlkmk �
nl=0

Nl−1

�nl

l �smk
�clnl

, �43�

corresponding to the symmetric FBR, the simplified nonsym-
metric FBR of Eq. �32�, and the simplified nonsymmetric
FBR of Eq. �35�, respectively. v� can be evaluated according
to the expressions


lnl
� = �

k=0

L−1

�
ik=0

Nk−1

dlkik
�nl

l �sik
� �

mk=0

Nk−1

�mk

k �sik
�ckmk

, �44�

and


lnl
� = �

k=0

L−1

�
mk=0

Nk−1

dlkmk
�nl

l �smk
�ckmk

, �45�

corresponding to the nonsymmetric FBRs of Eqs. �32� and
�35�, respectively.

The number of multiplications and additions performed
in evaluating these expressions is summarized in Table III.

One can see from Table III that the relative performance
of the symmetric and nonsymmetric FBRs in evaluating the
product of the potential-energy matrix with a vector may
depend on the particular basis and truncation scheme em-
ployed and neither representation can claim superiority, in
general. Indeed, if P�N the symmetric FBR may be the
fastest, but if N� P the simplified nonsymmetric FBR of Eq.
�35� is the fastest. With reasonable truncation schemes and
the most well-known 2D nondirect product bases of structure
similar to that of spherical harmonics P�N. Nevertheless,
even when P�N the simplified nonsymmetric FBR may be
employed in solving large scale eigenvalue problems effi-
ciently.

As displayed in Table III, the simplified nonsymmetric
FBR of Eq. �35� is significantly, about P times, faster in
evaluating an individual element of the potential-energy ma-
trix vector product than the symmetric FBR. One may take
advantage of this fact in calculating selected eigenpairs of
the Hamiltonian matrix with a recent generalization of the
variational optimal relaxation method.47,48 This method re-
quires only as many elements of the Hamiltonian matrix vec-
tor product as the number of eigenvalues sought, it extends
easily to nonsymmetric matrix eigenvalue problems, and it
has been shown to be competitive with the Lanczos
algorithm.47,48 We shall explore this type of computation in
future works.

Besides the promise of being suitable for large scale
computations there is another reason why l-dependent grid
simplified nonsymmetric FBR calculations can be useful.

In general, no l-independent grid can satisfy Eq. �38� and
no grid can satisfy Eq. �27� exactly. For the special case of
spherical Bessel functions Lemoine49,50 has found quadrature
points and weights satisfying Eq. �38� with sufficient accu-
racy to allow one to do calculations efficiently �i.e., P�N�
and accurately. In general, a direct product grid of equidis-
tant grids can satisfy these equations approximately and they
can do so to any desired accuracy at the price of increasing
grid size. Then, if one is willing to accept the loss of some
accuracy and a substantial increase of computational time,
one can use the symmetric FBR.

This might be the way of dealing with nondirect product
basis functions wherein the Bessel-DVR functions of the in-
finite type,38 Jn

l+1/2�r�, are coupled to Legendre polynomials,
i.e., �n

l �s�f l�u��Jn
l+1/2�r�Pl�cos ��, had it not been trivial to

find an l-dependent grid satisfying Eq. �28� and a u grid
satisfying Eq. �27�. Indeed, for this case of basis functions,
no l-independent grid, which would allow one to employ the
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simplest FBR formula efficiently, has been derived. How-
ever, efficient use can be made of the simplified nonsymmet-
ric FBR expression, Eq. �25�, with l-dependent grid points,
as is demonstrated by the numerical results presented in the
next Section.

4. The choice of grid points: Grid III

In principle, one might look for a nondirect product grid
of, say, P points such that

�
i=0

P−1

wi�m
k �si�fk�ui��n

l �si�f l�ui� = �kmk,lnl
. �46�

The corresponding FBR would be that of the simplest
symmetric form. Practically, however, little is known
about how such grid points and weights could be determined.
The Lebedev grid developed for spherical harmonics51 is a

notable exception. An example of its application to nuclear
motions in a molecule is given in Ref. 52.

III. APPLICATIONS

In this section we demonstrate numerically that �a� the
optimal GFBR formulas, Eqs. �32� and �35�–�37�, have simi-
lar accuracy, and �b� they have superiority, in terms of com-
putational time, when compared with the more robust opti-
mal GFBR expression, Eq. �20�, and the symmetric FBR,
Eq. �39�.

Two examples will be considered. One involves the
same simple model Hamiltonian as employed by Sharafeddin
and Light53 in their study of “pointwise” versus basis repre-
sentations for two-dimensional spherical dynamics. The
other example deals with a more complicated problem, the

TABLE III. The number of arithmetic operations required to evaluate the potential matrix vector product and a
single element of this product in the truncated nondirect product basis 
�nl

l �s�f l�u��l=0,nl=0
L−1,Nl−1 by different quadra-

ture grids and formulas. In calculating the number of operations it was assumed that the quadrature weights had
been built into the basis functions. An estimated relative number of arithmetic operations is also given. It is
equal to or smaller than the ratio of the exact operation count in a given quadrature formula and that in the
reference quadrature formula. Thus, it is equal to 1 for the reference quadrature.

Basis 
�nl

l �s�f l�u��l=0,nl=0
L−1,Nl−1

Number of basis functions N=�l=0
L−1Nl

Number of points LNa LN PL

Quadrature formula Eq. �32� Eq. �35� Eq. �39�

Potential matrix vector product
VFBRc
Number of multiplications N2+LN+�k=0

L−1Nk
2 N2+LN 2PN+ PL2

Number of additions N2+LN+�k=0
L−1Nk

2−2N N2−N 2PN+ PL2−2PL−N

Relative number
of multiplications 	1 1 	P /N
of additions 	1−1/ �N−1� 1 	2P /N−1/N

cTVFBR

Number of multiplications 2N2+�k=0
L−1Nk

2 2N2 2PN+ PL2

Number of additions N2+LN+�k=0
L−1Nk

2−2N N2−N 2PN+ PL2−2PL−N

Relative number
of multiplications 	1 1 	P /N
of additions 	1−1/ �N−1� 1 	2P /N−1/N

A single element of the potential matrix vector product
�VFBRc�kmk

Number of multiplications NkN+NkL+Nk N+L PN+ PL+ P
Number of additions NkN−1 N−1 PN−1

Relative number
of multiplications 	Nk 1 	P
of additions 	Nk 1 	P

�cTVFBR�lnl

Number of multiplications 2N+�k=0
L−1Nk

2 2N PN+ PL+ P
Number of additions �k=0

L−1Nk
2−1 N−1 PN−1

Relative number
of multiplications 	1 1 	P /2
of additions 	1 1 	P

aThis is the minimum number of points which may satisfy Eqs. �27� and �28�.
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calculation of some of the vibrational energy levels of the H3
+

molecular ion. The numerical GFBR results presented were
obtained by direct diagonalization.

A. Simple model calculations

Consider the Hamiltonian

Ĥ = −
1

sin �

�

��
sin �

�

��
−

1

sin2 �

�2

�2 + 10 sin � cos  , �47�

where � and  are spherical polar coordinates. Find approxi-
mate solutions of the corresponding eigenvalue equation by
employing two basis sets. Basis I is a truncated spherical
harmonics basis defined as �n

l �s�f l�u�� Pn
�l��cos ��exp�il�

with n=0, 1,…, N−1 and l=−n, −n+1,…, n. Basis II is
obtained from basis I by replacing the associated Legendre
polynomials with the corresponding associated Legendre-
DVR functions,54 i.e., ��

l �s�f l�u��P�
�l��cos ��exp�il�, with

�=0,…, N− �l�−1 and l=0, ±1,…, ±�N−1�. While the two
basis sets are different, they span the same space and contain
the same number of basis functions, �Lmax+1�2, where Lmax

= �lmax�=N−1.
The matrix elements of the Hamiltonian can be calcu-

lated analytically in these basis sets. Thus variational basis

representations �VBRs� of the eigenvalue equation can be set
up. The results of the variational calculations provide the
reference to which the results of different FBR calculations
will be compared.

We employed in our calculations Lmax=8, that is, 81 ba-
sis functions. In the FBR calculations we used different grids
and different quadrature formulas for evaluating the matrix
elements of the potential-energy operator approximately, but
the matrix elements of the kinetic-energy operator were cal-
culated exactly by employing analytical expressions.

Two different sets of quadrature points and weights were
employed. In both sets the grid for the azimuthal angle was a
Fourier grid defined as  j =2�j / �2Lmax+1�; j=0, ±1,…,
±Lmax, and the corresponding quadrature weights were w,j

=1/ �2Lmax+1�. In grid I we employed l-dependent Gauss-
associated Legendre quadrature points and weights, i.e., dif-
ferent sets of points and weights for different values of L
= �l�, for the variable s=cos �. In grid II an L-independent
quadrature consisting of Gauss-Legendre quadrature points
and the associated weights was employed. The number of
quadrature points and weights employed was as small as
minimally required to ensure the fulfillment of Eqs. �27� and
�28� in the case of grid I and the fulfillment of Eqs. �27� and

TABLE IV. Selected eigenvalues of Ĥ given in Eq. �47� as calculated with various quadratures and quadrature formulas in two different basis sets.

Basisa Basis I: 
�Pn
�l��cos ��exp�il��n=0,l=−n

Lmax,n Basis II: 
�P�
�l��cos ��exp�il���=1,l=0

Lmax−�l�,Lmax

Grid Grid I Grid II Grid I Grid II
L dependent L independent L dependent L independent

Number of points 765 765 153 765 765 153

Method Eq. �20� Eq. �32� Eq. �39� Eq. �20� Eq. �35� Eq. �39� VBR

State
1 −6.045 08 −6.045 08 −6.045 08 −6.045 08 −6.045 08 −6.045 08 −6.045 08
5 3.911 46 3.911 46 3.911 46 3.911 46 3.911 46 3.911 46 3.911 46
10 10.685 16 10.685 18 10.685 18 10.685 16 10.685 18 10.685 18 10.685 18
15 12.681 09 12.681 10 12.681 10 12.681 09 12.681 10 12.681 10 12.681 10
20 19.721 56 19.721 32 12.721 32 19.721 56 19.721 32 12.721 32 12.721 32
25 20.671 08 20.670 81 20.670 81 20.671 08 20.670 81 20.670 81 20.670 80
30 30.027 38 30.026 65 30.026 66 30.027 38 30.026 65 30.026 66 30.026 72
35 30.388 94 30.385 61 30.385 61 30.388 94 30.385 61 30.385 61 30.385 61
40 41.752 18 41.758 20 41.758 20 41.752 18 41.758 20 41.758 20 41.758 20
45 42.191 16 42.216 13 42.216 13 42.191 16 42.216 13 42.216 13 42.216 13
50 55.522 10 55.639 29 55.639 56 55.522 10 55.639 29 55.639 56 55.640 43
55 55.742 63 55.948 69 55.948 69 55.742 63 55.948 69 55.948 69 55.948 69
60 56.014 13 56.198 82 56.199 03 56.014 13 56.198 82 56.199 03 56.234 60
65 69.054 55 68.943 40 69.060 77 69.054 55 68.943 40 69.060 77 72.000 00
70 72.737 77 72.667 50 72.667 50 72.737 77 72.667 50 72.667 50 72.667 50
75 73.358 89 73.168 42 73.168 37 73.358 89 73.168 42 73.168 37 73.296 81
80 73.931 90 73.480 77 73.480 77 73.931 90 73.480 77 73.480 77 73.480 77
81 77.991 05 78.099 28 77.969 30 77.991 05 78.099 28 77.969 30 73.503 69

Relative CPU time of
evaluating VFBR 91 12 10 90 1 10
Predicted relative
CPU time of
evaluating VFBR 81�83�b 3.5�3.6� 4.5�4.7� 81�83� 1 4.5�4.7�
aIn each calculation a truncated basis corresponding to Lmax=8 was employed.
bThe numbers in parentheses were calculated using the exact number of operation counts, those not in parentheses are obtained by the approximate expressions
�see Table I�.
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�38� in the case of grid II with the given truncated bases.
That is, the calculations with grids I and II involved �2Lmax

+1��Lmax+1��Lmax+2� /2 and �2Lmax+1��Lmax+1� quadra-
ture points �and weights�, respectively. The quadrature for-
mulas employed are given in Table IV.

The results of our numerical calculations with different
combinations of the basis sets, quadratures, and quadrature
formulas are presented in Table IV and Fig. 1. The most
important conclusions one can draw from the numerical re-
sults are as follows.

�1� Calculations using an L-dependent quadrature of the
minimum number of points required to satisfy Eqs. �27�
and �28� along with the simplified nonsymmetric FBR
formulas, Eqs. �32� and �35�, are as accurate as calcu-
lations using an L-independent quadrature of the mini-
mum number of points required to satisfy Eqs. �27� and
�38� along with the symmetric FBR expression, Eq.
�39�.

�2� The L-dependent grid calculations with Eq. �32� are as
efficient as, whereas the calculations with Eq. �35� are
more efficient than, the L-independent grid calculations
with the symmetric FBR, even though the former em-
ploy more grid points.

�3� The simplified nonsymmetric FBR calculations are sig-
nificantly faster than, yet as accurate as, the calcula-
tions with the more general and robust FBR formula,
Eq. �20�.

These are remarkable results, since L-dependent grids
have generally been considered not worth applying and thus
they are avoided in favor of L-independent grids.13,23,25,53

Furthermore, there are basis sets where an efficient
L-independent grid, i.e., an L-independent grid satisfying Eq.
�38� with P�N, is yet to be determined, whereas the con-
struction of an appropriate L-dependent grid is almost trivial.
For such basis sets the approach adapted, for instance, in
Refs. 13, 23, 25, and 53, cannot be employed, but application
of the simplified nonsymmetric FBR is straightforward. In
the next subsection we describe such an example.

B. The vibrational energy levels of H3
+

The singularities present in the Sutcliffe-Tennyson vibra-
tional Hamiltonian of a triatomic molecule may be treated by
employing a nondirect product basis set. In one suitable basis
set Legendre polynomials, Pl�cos ��, are coupled to Bessel-
DVR functions of the infinite type, Jm

l+1/2�R� and Jn
l+1/2�r�,

that is, �ml

l �t��nl

l �s�f l�u��Jml

l+1/2�R�Jnl

l+1/2�r�Pl�cos ��. Re-
cently, we have employed this basis set with l=0,1,…,L−1
=15 and 9; ml=0,1,…,M −1=15 and 9; and nl=0,1,…,
N−1=15 and 9 in calculating the vibrational energy levels of
H3

+.37 Unlike for other basis sets, such as those employed in
Ref. 23, for this basis set no efficient l-independent grid has
been derived. The l-independent grids tried by us proved to
be unacceptable. Therefore, we employed a grid formed by
taking the direct product of L=16�10� Gauss-Legendre
quadrature points with a grid of the variable R consisting of
M =16�10� points for each value of l, i.e., for l=0,1,…,
15�9�, and with a grid of the variable r consisting of N
=16�10� points for each value of l. This grid proved to be
successful and it was used along with the optimal GFBR, Eq.
�20�, in evaluating the potential matrix and in eventually
solving the vibrational eigenvalue problem of H3

+. Not sur-
prisingly, the calculations turned out to be very time consum-
ing, but we were not aware of any other method of employ-
ing such an l-dependent grid more efficiently.

But now, by observing that the radial grid and basis
functions employed in Ref. 37 satisfy Eq. �33�, the simplified
nonsymmetric FBR evaluating the potential matrix elements
according to Eq. �37� can be used instead of the more robust
and general GFBR expression, Eq. �20�. The application of
this simplified nonsymmetric FBR leads to an enormous de-
crease of computer time, but no loss of accuracy, in compari-
son with calculations carried out by the direct use of the
optimal GFBR formula, as is demonstrated by the numerical
results given in Table V. The relative CPU times obtained are
in accord with the operation counts predicting at least 10 000
and at least 65 000 times faster computation with the smaller
and larger basis sets, respectively, when employing Eq. �37�.

IV. SUMMARY

In quantum-mechanical calculations of nuclear motion
dynamics in molecules the form of the Hamiltonian chosen is
indicative of the kind of basis functions to be employed.
Often it suggests the use of nondirect product basis sets.
Many analytically known nondirect product basis sets consist
of basis functions having structure identical or similar to that
of the functions �m

l �t��n
l �s�f l�u�, �n

l �s�f l�u�, etc. Since with
realistic potential-energy surfaces the potential matrix ele-
ments cannot be obtained analytically, one should employ
some approximate numerical quadrature for their evaluation.
Finding a numerical quadrature for nondirect product bases
that is both efficient and accurate is not always simple. Nev-
ertheless, nondirect product basis sets of the above type have
been applied successfully to a number of complicated sys-
tems. For instance, Leforestier and Rasmussen et al. used
Wigner functions in calculating nuclear motion dynamics of
Ar ·H2O,25 �H2O�2,26 and ketene,24 Bramley et al. employed
spherical oscillator functions in their benchmark quality cal-

FIG. 1. Absolute deviation of the approximate eigenvalues of the Hamil-
tonian given in Eq. �47� calculated by different FBR methods from those of
the VBR calculations �see Table IV�. Filled triangles, empty circles, and
asterisks denote the deviations of the results obtained by using Eq. �32� �and
Eq. �35��, Eq. �39�, and Eq. �20�, respectively. The deviations corresponding
to levels n=65 and n=81 are relatively large and not shown in the figure.
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culation of the vibrational energy levels of H3
+ �Ref. 23� and

HF2
−,41 Corey and Lemoine, and Somers et al. used spherical

harmonics in calculations of scattering of molecules on
surfaces,22,44 and Sharafeddin and Light employed spherical
harmonics in their exploratory study on the use of DVR ver-
sus FBR methods with nondirect product bases.53 With no
exception these calculations employed l-independent quadra-
tures and more quadrature points than basis functions �cf.
Sec. III�. The use of l-dependent quadratures has been con-
sidered impractical.22,23

The optimal GDVR �Ref. 10� provides a DVR with gen-
eral, direct and/or nondirect product bases. The optimal
GDVR possesses more characteristic properties of the stan-
dard DVR than any other generalized DVR method devel-
oped so far. Applications of the method have revealed that
finding appropriate grid points is difficult in the case of non-
direct product basis functions of structure identical or similar
to that of spherical harmonics.10,37 The FBR related to the
optimal GDVR has turned out to be easier to employ, even
though it requires the use of more grid points than basis
functions.37 Our calculations of the vibrational energy levels
of H3

+ by this optimal-generalized FBR method employed a
nondirect product basis of structure similar to that of spheri-
cal harmonics for which no l-independent grid has been de-
rived. While being highly accurate, the calculations were
slow, due to the slowness of the evaluation of the potential-
energy matrix with the l-dependent grid which we were
forced to employ. Thus, we had to ask the question if
l-dependent grids could be used efficiently inspite of their
bad reputation.

In this communication we have described a method for

the efficient use of l-dependent grids with nondirect product
basis functions of structures �m

l �t��n
l �s�f l�u�, �n

l �s�f l�u�, etc.
In particular, we have shown how and under what condition
the robust generalized FBR formula, Eq. �20�, can be simpli-
fied to a form, Eq. �25�, essentially retaining the accuracy of
Eq. �20�, whose evaluation does not require the inversion of
a matrix. Fulfillment of the condition, Eq. �24�, derived re-
quires the use of special grid points whereby the generality
of Eq. �20� is lost. We have pointed out that the complexity
of the simplified nonsymmetric FBR formula, Eq. �25�, can
be decreased further, resulting in extremely simple expres-
sions, such as given in Eqs. �35� and �37�. This only requires
the modification of the basis functions, i.e., the replacement
of the functions �n

l �and possibly �m
l �, present in the nondi-

rect product basis functions, with their DVR-function coun-
terparts satisfying Eq. �33�. The simplified nonsymmetric
FBR formulas exhibit low arithmetic operation counts in
evaluating the potential-energy matrix elements and the indi-
vidual elements of the product of the potential matrix with a
vector �see Tables I–III�. This ensures the efficiency of
l-dependent grid-simplified nonsymmetric FBR calculations
with direct �i.e., noniterative� diagonalization methods and
with the iterative diagonalization method of the generalized
variational optimal relaxation.47,48 As far as large scale itera-
tive calculations are concerned, it still remains to be investi-
gated numerically whether or not the l-dependent grid-
nonsymmetric FBR calculations are competitive with
calculations employing the l-independent grid-symmetric
FBR,21,23 i.e., the FBR corresponding to the generalized

TABLE V. Selected vibrational energy levels of H3
+ obtained by different methods. For the sake of comparison,

converged, accurate eigenvalues calculated by the DOPI algorithm �Ref. 55� are also given.

Basis 
Jml

l+1/2�R�Jnl

l+1/2�r�Pl�cos ���l=0,ml=0,nl=0
9,9,9 
Jml

l+1/2�R�Jnl

l+1/2�r�Pl�cos ���l=0,ml=0,nl=0
15,15,15

Number of basis
functions 1000 4096

Number of points 100 000 1 048 576

Method Eq. �20� Eq. �37� Eq. �20� Eq. �37� DOPI

State a

1 4375.95 4366.78 4362.30 4362.30 4362.30
2 2449.29 2452.88 2521.19 2521.17 2521.19
3 2569.12 2560.97 2521.20 2521.19 2521.19
4 3232.63 3222.24 3179.21 3179.19 3179.20
5 4854.15 4831.45 4777.66 4777.65 4777.63
6 4893.82 4836.20 4997.61 4997.61 4997.60
7 5135.71 5114.48 4997.64 4997.63 4997.60
8 5492.34 5485.60 5554.82 5554.78 5554.82
9 5723.98 5551.59 5554.93 5554.82 5554.82
10 6432.95 6361.02 6263.94 6263.77 6263.85

Approximate
CPU time h s day s
Relative number of
arithmetic operations
in evaluating VFBRb 	10 000 1 	65 536 1

aThe energies of states 2,3,… are referred to the ground state. They are given in units of cm−1.
bCalculated by using formulas presented in Table II.
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DVR method of Corey and co-workers.13,21 This symmetric
FBR has been rederived as a special case of the GDVR�FBR�
method of Ref. 10.

The efficiency and high accuracy of the new simplified
FBR expressions have been demonstrated by calculating the
eigenvalues of a simple model Hamiltonian with employing
basis sets admitting both l-independent and l-dependent grids
and by calculating the vibrational energy levels of H3

+ with
employing a nondirect product basis which is not as yet ame-
nable to l-independent grid calculations. The matrix eigen-
value equations were solved by noniterative, direct diagonal-
ization. The first example has demonstrated that even in the
case of a simple Hamiltonian and a small basis set, an
l-dependent grid-nonsymmetric-simplified GFBR calculation
can be more efficient than an l-independent grid-symmetric
FBR calculation. The second example has demonstrated the
enormous decrease of CPU time which can be achieved, with
respect to that of a direct application of the GFBR formula,
Eq. �20�, by employing the nonsymmetric-simplified GFBR.

A couple of related problems remain. The efficiency of
the simplified nonsymmetric FBR in large scale iterative cal-
culation of selected eigenpairs still has to be demonstrated
numerically, and there is the question how l-dependent grids
can be used efficiently in wave-packet propagation.
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A technique has been developed which in principle allows the determination of the full

rotational–vibrational eigenspectrum of triatomic molecules by treating the important singularities

present in the triatomic rotational–vibrational kinetic energy operator given in Jacobi coordinates

and the R1 embedding. The singular term related to the diatom-type coordinate, R1, deemed to be

unimportant for spectroscopic applications, is given no special attention. The work extends a

previous [J. Chem. Phys., 2005, 122, 024101] vibration-only approach and employs a generalized

finite basis representation (GFBR) resulting in a nonsymmetric Hamiltonian matrix [J. Chem.

Phys., 2006, 124, 014110]. The basis set to be used is obtained by taking the direct product of a 1-

D DVR basis, related to R1, with a 5-D nondirect-product basis, the latter formed by coupling

Bessel-DVR functions depending on the distance-type coordinate causing the singularity,

associated Legendre polynomials depending on the Jacobi angle, and rotational functions

depending on the three Euler angles. The robust implicitly restarted Arnoldi method within the

ARPACK package is used for the determination of a number of eigenvalues of the nonsymmetric

Hamiltonian. The suitability of the proposed approach is shown by the determination of the

rotational–vibrational energy levels of the ground electronic state of H3
+ somewhat above its

barrier to linearity. Convergence of the eigenenergies is checked by an alternative approach,

employing a Hamiltonian expressed in Radau coordinates, a standard direct-product basis, and

no treatment of the singularities.

I. Introduction

Although strategies and codes applicable not only to the three-,1

but to the four-,2–6 five-,7 and even six-atomic8 variational

(ro)vibrational problems have appeared, many of these exact

approaches can be employed efficiently only for the lower end

of the full spectrum. This presents a considerable problem as

there is significant interest in high-lying states which are hardly

amenable to experiments but should be possible to determine

with the sophisticated techniques of molecular quantum me-

chanics (see, e.g., ref. 9–11). Theoretical techniques that do not

treat the singularities occurring12 in the rotational–vibrational

Hamiltonians may result in sizeable errors for some of the

higher-lying rovibrational wave functions which depend on

coordinates characterizing the singularity. Even though such

singularities are not actually physical, they can have practical

implications. They arise because it is not possible mathemati-

cally to separate rotational motion from internal motion

without transforming to a coordinate system in which, in

some region, the Jacobian of the transformation vanishes,

leading to singularities in the Hamiltonian when expressed in

the system coordinates. If a singular region contains a config-

uration of physical interest, it cannot be described with such a

coordinate choice. It is however often possible to choose a

transformation in which the Jacobian vanishes only in regions

which are physically inaccessible in the energy range of inter-

est. Thus, the choice of coordinates, though mathematically

arbitrary, and the related choice of basis functions do have

physical and computational consequences. In certain practical

applications it may be possible to avoid the consequences of

singularities by appropriate coordinate choices and/or suitable

computational protocols; for examples, see ref. 2 and 13–17.

Results obtained with variational procedures which are able to

determine accurate rotational–vibrational eigenenergies up to

the dissociation limit(s) of the related potential energy surfaces

(PESs) are still relatively scarce.18–22 The most efficient codes

employ variants of the discrete variable representation (DVR)

technique23–27 and the related quadrature approxima-

tion,25,28,29 and for triatomic species the use of rovibrational

Hamiltonians expressed in orthogonal coordinates30 has be-

come widespread.28,31,32

As to vibrational (J= 0) triatomic Hamiltonians in internal

coordinates, different strategies have been developed for treat-

ing the singularities characterizing them. Henderson et al.15

combined a direct-product basis with an analytic formula to

calculate the matrix elements of the R�22 -dependent part of the
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Sutcliffe–Tennyson kinetic energy operator [see eqn (1b) be-

low] by using spherical oscillator functions33 and extra trans-

formations. Watson14 advocated the use of hyperspherical

coordinates34 to avoid the radial singularity problem. Bramley

et al.20 advocated the use of a nondirect product basis with a

Jacobi Hamiltonian within a pseudospectral Lanczos algo-

rithm. Mandelshtam and Taylor21 advanced a simple and

efficient direct-product DVR procedure made suitable to treat

the singularity numerically by symmetrization of the sinc-

DVR basis employed and use of an angular momentum cutoff.

A simple and efficient regularization technique advocated by

Baye et al.35 can also be used to treat terms singular in the

Hamiltonian during grid-based variational calculations. This

approach has been employed to treat the radial singularities

present in three-body vibrational Hamiltonians employing

model potentials (harmonic, Gaussian, and Coulomb poten-

tials).36

If the radial and angular singularities present in the kinetic

energy operator are coupled, an optimal basis is always a non-

direct product of the functions of the coupled coordinates.

Nevertheless, to the best of our knowledge there are only two

techniques available that treat the singularities using a non-

direct-product basis. Bramley et al. (BTCC)20 advocated an

approach that treats the radial singularity in a triatomic

vibrational problem by using 2-D nondirect-product polyno-

mial basis functions, which are the analytic eigenfunctions of

the spherical harmonic oscillator Hamiltonian. In 2005 some

of the authors of this study published37 a similar nondirect-

product basis method employing a generalized finite basis

representation (GFBR) method27,38 for the triatomic vibra-

tional problem, whereby Bessel-DVR functions, developed by

Littlejohn and Cargo,39 were coupled to Legendre polyno-

mials. These basis functions are not polynomials; therefore, a

standard Gauss quadrature could not be used to determine the

potential energy matrix. The same authors later40 much

improved their technique for computing the elements of the

potential energy matrix (see also below).

As briefly, and perhaps incompletely, summarized, various

techniques have been developed to solve the radial singularity

problem occurring in variational vibrational computations.

Again, to the best of our knowledge methods have not yet

appeared that treat all the important radial singularities in the

full 6-D rotational–vibrational Hamiltonian of triatomic mo-

lecules using nondirect-product bases. Therefore, the work

described here had been executed with three particular aims in

mind. First, we wanted to extend our nondirect-product

technique37 and code based on Bessel-DVR functions and

GFBR so that it could be used to obtain the full rotational–vi-

brational eigenspectrum of triatomic molecules. Second, re-

cognizing that determination of a large number of eigenvalues

of large nonsymmetric Hamiltonians is a nontrivial problem,

we wanted to test the utility of the implicitly restarted Arnoldi

technique,41 as implemented in the ARPACK package,42 to

obtain a desired set of rotational–vibrational eigenenergies. At

the same time, the use of a non-polynomial nondirect-product

basis is a good test of the GFBR methods. Third, a particu-

larly straightforward test of the algorithm is offered by

computing rotational–vibrational energy levels of X3 species,

H3
+ in this paper, somewhat above their barrier to linearity.

Convergence of the eigenvalues in the case of H3
+ can be

checked with a particularly simple direct-product DVR com-

putation31,32 utilizing the orthogonal Radau coordinates.43

The advantage of the Radau coordinates is that they minimize

the problem of a radial coordinate going to zero with low-

energy linear structures. Of course, the Radau coordinate

Hamiltonian is not devoid of the singularity problem but it

shows up only at considerably higher energies. Convergence

characteristics and computer resource utilization of the dras-

tically different approaches used to determine rotational–vi-

brational eigenenergies of H3
+ allow for interesting and useful

comparisons.

II. Algorithmic details

A. Coordinate system, Hamiltonian, and basis functions

Singularities will always be present in an internal coordinate

rotational–vibrational Hamiltonian expressed in a rotating

body-fixed frame.12 The number and type of singularities

depend on the choice of the internal coordinate system and

the embedding of the axis system chosen. In the orthogonal

Jacobi coordinate system, the coordinate R1 is the diatomic

distance, R2 is the separation of the third atom from the center

of mass of the diatom, and Y is the enclosed angle. The

singularity associated with R1 (eqn (1), vide infra) occurs for

the nuclear coalescence point of the diatom, which is a

physically irrelevant region for rovibrational computations

because the potential energy value is going to be infinite and

the wave function tends to vanish there. For this reason it is

clearly advantageous to choose for the z-axis of the molecule-

fixed frame to lie along the R1 coordinate, called the R1

embedding.30 In this embedding the molecular plane is per-

pendicular to the y-axis. The rovibrational Hamiltonian of a

triatomic molecule in Jacobi coordinates (R1, R2, Y) and

employing the R1 embedding is given in atomic units as30,44

Ĥrot-vib ¼ T̂ þ V̂ ¼ T̂vib þ T̂ rot-vib þ V̂ ; ð1aÞ

T̂vib ¼ �
1

2m1

@2

@R2
1

� 1

2m2

@2

@R2
2

� 1

2m1R2
1

þ 1

2m2R2
2

� �

� @2

@Y2
þ cotY

@

@Y
� j2z
sin2 Y

� �
;

ð1bÞ

T̂ rot-vib ¼
1

2m1R2
1

ðĴ2 � 2Ĵzĵz � Ĵþ ĵ� � Ĵ� ĵþÞ ð1cÞ

where m1 and m2 are the usual reciprocal reduced masses, the

volume element of integration is taken as dR1dR2d(cosY), Ĵ is

the total angular momentum, and ĵ refers to the rotational

angular momentum of the diatom.

T̂ has three singularities, at R1 = 0, at R2 = 0, and at sin Y
= 0. As has been emphasized repeatedly, the R1 = 0 singu-

larity needs no special attention. The Y-dependent part of eqn

(1b) is always singular if the molecule vibrates to the linear

geometry or, in a more technical sense, if the basis functions

sample the linear geometry. This sin Y = 0 singularity does

not mean generally that R2 is also zero. However, the R2 = 0

singularity is coupled with the angular singularity, because if
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R2 is zero then Y becomes undefined. Therefore, in the Jacobi

coordinate system one should use20 a 2-D {R2, Y} nondirect-

product basis for treating the radial singularity in R2 which is

coupled with the angular singularity.

The full 6-D basis function with angular momentum J,

parity p [p = (0/1) corresponds to (odd/even)], and the usual

quantum numbers M = |m| and K = |k|, corresponding to

space-fixed and body-fixed projections of the rotational angu-

lar momentum on the z axis, can be written as

FK
n1;n2;‘

ðR1;R2;YÞCJp
MKðj; w;cÞ: ð2Þ

In eqn (2) CJp
MK(j, w, c) is the rotation function (parity-

adapted symmetric-top eigenfunctions), which depends on

the three Euler angles defining the orientation of the body-

fixed frame with respect to the laboratory frame.

The function Fn1,n2,c
K(R1, R2,Y) is taken as the product of a

1-D DVR basis {wn1(R1)} with a Bessel-DVR set {Fcn2
(R2)}

times an associated Legendre polynomial set {PK
c (cos Y)}:

FK
n1;n2 ;‘

ðR1;R2;YÞ ¼ wn1 ðR1ÞF‘n2ðR2ÞPK
‘ ðcosYÞ: ð3Þ

The index c couples the associated Legendre polynomials to

the Bessel-DVR functions, which are defined as

F‘n2ðR2Þ ¼ ð�1Þn2þ1
ffiffiffiffiffiffi
Kv

p
zvn2

ffiffiffiffiffi
2z
p

z2 � z2vn2
JvðzÞ ð4Þ

where z = Kv R2, Kv = zvN2
/Rmax

v , zvn2 is the n2th zero of the

Bessel function of fractional order Jv(z), and v ¼ ‘þ 1
2
. The set

of Bessel grid points is defined as rcn2 = zvn2/Kv, thus all the

grid points are in the interval 0 o rcn2 rRmax
v . The v-

dependent Rmax
v is a free parameter used to define the range

of the R2 coordinate.

The size of the basis set in an actual calculation is defined as

follows. The number of R1-dependent functions is N1. The

total number of Bessel-DVR functions is N2 for each c and the

number of associated Legendre polynomials is L for each K.

The index c is set to run from K to K + L � 1. K goes from 0

to J, with the exception of the even-parity functions, where the

K = 0 rotation function does not exist. The size of the total 6-

D basis is therefore N1N2L(J + 1 � p). The rk1 radial points

are defined for the R1-dependent functions, whereas for each K

a set of L angular Gaussian quadrature points qKk is defined

corresponding to the set of PK
c associated Legendre polyno-

mials. Therefore, the size of the angular grid is L(J + 1 �p).

B. The kinetic energy matrix

The matrix representation of T̂vib, starting with the integral

over the angular coordinates, is

hPK
‘ C

Jp
MK jT̂vibjPK 0

‘0 C
Jp
MK 0 i ¼ T̂

ð1Þ
‘K d‘;‘0dK;K 0

þ T̂
ð2Þ
‘K d‘;‘0dK;K 0 ; ð5Þ

where

T̂
ðjÞ
‘K ¼ �

1

2mj

@2

@R2
j

þ 1

2mjR2
j

‘ð‘þ 1Þ ð6Þ

and j = 1 or 2.

The matrix elements of the R1-dependent T̂
(1)
cK operator are

computed as

ðTð1Þ‘K Þn1;n01 ¼ ðT
ð1ÞÞn1;n01 þ ðR

�2
1 Þn1;n01‘ð‘þ 1Þ; ð7Þ

where the matrix elements of the corresponding differential

operator,

ðTð1ÞÞn1;n01 ¼ wn1ðR1Þj �
1

2m1

@2

@R2
1

jwn0
1
ðR1Þ

� �
; ð8Þ

can be obtained by exact analytical formulae.45 The DVR

representation of the R�21 part of the kinetic energy operator

matrix is calculated using the quadrature approximation and

the radial points rn1 as

ðR�21 Þn1;n01 ¼ wn1ðR1Þj
1

2m1R2
1

jwn0
1
ðR1Þ

� �
ffi 1

2m1r2n1
dn1;n01 : ð9Þ

As to the R2-dependent T̂(2)
cK operator, we avoid using the

quadrature approximation for computing its matrix elements

in order to treat the R2
�2 singularity. The matrix elements of

T̂cK
(2),

ðTð2Þ‘K Þn2;n02 ¼ F‘n2ðR2ÞjT̂
ð2Þ
‘K jF‘n02 ðR2Þ

D E
; ð10Þ

are evaluated using an analytical formula taken from ref. 37

and 39.

Employing eqns (7) and (10), the DVR/FBR representation

of T̂vib is written as

ðTvibÞn1n2‘K ;n01n02‘0K 0 ¼ ðT
ð1Þ
‘K Þn1 ;n01dn2 ;n02d‘;‘0dK ;K 0

þ dn1;n01ðT
ð2Þ
‘K Þn2 ;n02d‘;‘0dK ;K 0 : ð11Þ

For the matrix representation of T̂rot-vib one takes advantage

of the properties of the CJp
MK(j, w, c) rotational functions. The

matrix representation of T̂rot-vib is

ðTrot-vibÞn1n2‘K ;n01n02‘0K 0 ¼ð
~RK
1 Þn1 ;n01dn2 ;n02d‘;‘0dK ;K 0

þ ð~R�21 Þn1;n01dn2;n02ðB
þ
K Þ‘;‘0dKþ1;K 0

þ ð~R�21 Þn1;n01dn2;n02ðB
�
K Þ‘;‘0dK�1;K 0 ;

ð12Þ

where

ð~RK
1 Þn1;n01 ¼

JðJ þ 1Þ � 2K2

2m1r2n1
dn1;n01 ; ð13aÞ

ðB�KÞ‘;‘0 ¼ �ð1þ dK0 þ dK 00Þ1=2L�JKL�‘Kd‘�1;‘0 ; ð13bÞ

and L�ZK ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ZðZþ 1Þ � KðK � 1Þ

p
.

The matrix representation of the total kinetic energy opera-

tor resulting from the combination of eqns (11) and (12) is

sparse and it has a particularly simple structure. Fig. 1 shows a

pictorial representation of its nonzero elements.
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C. The potential energy matrix

Elements of the potential energy matrix are defined as

Vn1n2‘K;n
0
1
n0
2
‘0K 0 ¼ VK

n1n2‘;n
0
1
n0
2
‘0dK;K 0

¼ hFK
n1 ;n2;‘

jVðR1;R2; cosYÞjFK
n0
1
;n0
2
;‘0 idK ;K 0 ;

ð14Þ

where advantage is taken of the fact that the potential energy

operator does not depend on the Euler angles.

Since the Bessel-DVR functions are non-polynomial and in

order to take advantage of a quadrature approximation, we

evaluate the potential energy matrix elements by means of the

generalized finite basis representation (GFBR).40 Two meth-

ods are considered for determining the matrix representation

of the potential energy operator.

Method I employs a symmetric GFBR written as

VK ffi ðSKÞ�1=2VKðSKÞ�1=2

¼ ðSKÞ�1=2FKVK
diagðFKÞþðSKÞ�1=2; ð15Þ

where SK = Fk (Fk)+ and

ðVK
diagÞk1‘2k2k;k01‘02k02k0 ¼ Vðrk1 ; r‘2k2 ; qKk Þdk1;k01d‘2;‘02dk2 ;k02dk;k0 :

ð16Þ

For each K, an N1N2L � N1N2L
2-dimensional sparse rectan-

gular matrix of special structure, K, is defined as

FK
n1n2‘;k1‘2k2k

¼w1=2
k1

w
1=2
‘2k2
ðwK

k Þ
1=2wn1ðrk1ÞF‘n2ðr‘2k2ÞP

K
‘ ðqKk Þ

¼dn1;k1w
1=2
‘2k2
ðwK

k Þ
1=2F‘n2ðr‘2k2ÞPK

‘ ðqKk Þ;
ð17Þ

where wn1 (rk1) = wk1

�1/2 dn1,k1, and wk1
and wK

k are Gaussian

weights. wc2k2
were set to 1 during the computations. The

implementation of Method I involves two steps. First, the

matrices DK and SK are computed as

ðVKÞn1n2‘;n01n02‘0 ¼
XN1

k1¼1

XN2

‘2¼1

XL
k2¼1

XL
k¼1

FK
n1n2‘;k1‘2k2k

� ðVK
diagÞk1‘2k2k;k1‘2k2kFK

k1‘2k2k;n
0
1
n0
2
‘0

¼dn1;n01
XN2

‘2¼1

XL
k2¼1

XL
k¼1

w‘2k2w
K
k F‘n2ðr‘2k2ÞPK

‘ ðqKk Þ

� Vðrk1 ; r‘2k2 ; qKk ÞF‘0n02ðr‘2k2ÞP
K
‘0 ðqKk Þ

ð18Þ

and

ðSK Þn1n2‘;n01n02‘0 ¼
XN1

k1¼1

XN2

‘2¼1

XL
k2¼1

XL
k¼1

FK
n1n2‘;k1‘2k2k

FK
k1‘2k2k;n

0
1
n0
2
‘0

¼ dn1 ;n01
XN2

‘2¼1

XL
k2¼1

XL
k¼1

w‘2k2w
K
k F‘n2ðr‘2k2ÞPK

‘ ðqKk ÞF‘0n02ðr‘2k2ÞP
K
‘0 ðqKk Þ:

ð19Þ

Next, the expression for VK is obtained through matrix multi-

plications. The explicit expression for the matrix elements is

ðVK Þn1n2‘;n01n02‘0 ¼
XN1N2L

j¼1

XN1N2L

i¼1
ðSKÞ�1=2n1n2‘;i

V i;j

 !
n1n2‘;j

ðSKÞ�1=2
j;n0n0

2
‘0 :

ð20Þ

The N1N2L � N1N2L-dimensional VK is a block-diagonal

matrix containing N2L � N2L-dimensional blocks (see Fig. 1).
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Fig. 1 Pictorial representation of the shape and the nonzero elements of the matrices appearing in eqns (20) or (21) and (22)–(25), (for the sake of

clarity, N1 = 3 and N2 = 4). In this figure the total rovibrational Hamiltonian matrix, Hrot-vib, is given for J = (3/4) for (odd/even) parity. The

matrix B� is either the subdiagonal B+ or the superdiagonal B� in H(K,K+1) or H(K,K�1), respectively.
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Method II, involving a minor modification of Method I,

provides a considerably more efficient algorithm for determin-

ing VK. The key idea40 is that for each c a set of quadrature

points {rck2} can be chosen satisfying Fcn2
(rck2) = wck2

�1/2

dn2,k2, where w
�1=2
‘k2
¼ ð�1Þk2þ1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Kvzvk2=2

p
J 0vðzvk2Þ. There are

two possible choices for the radial points {rck2}, as they can

be coupled to the bra or the ket of eqn (14). In eqn (21), vide

infra, we have used the former, whereas the use of the latter

would have resulted in the transpose of VK. Then, the matrix

elements are

ðVK Þn1n2‘;n01n02‘0 ffi
XN1

k1¼1

XN2

k2¼1

XL
k¼1

wk1w‘k2w
K
k wn1ðrk1ÞF‘n2ðr‘k2Þ

� PK
‘ ðqKk ÞVðrk1 ; r‘k2 ; qKk Þwn01ðrk1ÞF‘0n02ðr‘k2ÞP

K
‘0 ðqKk Þ

¼
XN1

k1¼1

XN2

k2¼1

XL
k¼1

wk1w‘k2w
K
k w
�1=2
k1

dn1 ;k1w
�1=2
‘k2

dn2;k2P
K
‘ ðqKk Þ

� Vðrk1 ; r‘k2 ; qKk Þw
�1=2
k1

dn0
1
;k1F‘0n02

ðr‘k2ÞPK
‘0 ðqKk Þ

¼ dn1;n01w
1=2
‘n2

F‘0n0
2
ðr‘n2Þ

XL
k¼1

wK
k P

K
‘ ðqKk ÞVðrn1 ; r‘n2 ; qKk ÞPK

‘0 ðqKk Þ

ð21Þ

It is important to note that in Method II a basis function

dependent (c-dependent) grid is used. Further details can be

found in ref. 40. Use of Method I results in a symmetric

potential energy matrix, while that of Method II in an asym-

metric matrix.

D. The final Hamiltonian matrix and its eigenvalues

To set up the matrix representation of the Hamiltonian, it is

useful to group the basis functions into separate sets of even

and odd parity. The total Hamiltonian matrix for a given J is

built up of blocks (Fig. 1), and one cycles through K to build

the Hamiltonian matrix, where K also denotes the index of the

cycle.

The matrix elements of the final rotational–vibrational

Hamiltonian can be given as

ðH rot-vibÞn1n2‘K ;n01n02‘0K 0 ¼ ðTvibÞn1n2‘K ;n01n02‘0K 0

þ ðTrot-vibÞn1n2‘K ;n01n02‘0K 0 þ ðV
K Þn1n2‘;n01n02‘0dK ;K 0 :

ð22Þ

Fig. 1 shows the structure of the Hamiltonian matrix, where-

by

ðTK Þn1n2‘;n01n02‘0 ¼ ðT
ð1Þ
‘K Þn1;n01dn2;n02d‘;‘0

þ dn1 ;n01ðT
ð2Þ
‘K Þn2n02d‘;‘0 þ ð

~RK
1 Þn1;n01dn2;n02d‘;‘0 ;

ð23Þ

ðH ðK;K�1ÞÞn1n2‘;n01n02‘0 ¼ ðR
�2
1 Þn1;n01dn2;n02ðB

�
K Þ‘;‘0 ; ð24Þ

and

H ðK;KÞ ¼ TK þ VK ð25Þ

Building the kinetic energy matrix, as compared to that of the

potential energy matrix, requires almost no computer time.

Therefore, to judge the cost of the computation of the

Hamiltonian matrices through Methods I and II it is enough

to consider the cost associated with assembling VK. In Method

I, each element of the potential matrix is computed using the

same grid of N1N2L
2 points, which requires on the order of

N2L
2 additions for each nonzero element [see eqns (18) and

(19)]. In Method II, the same integral can be obtained employ-

ing only N1N2L special points corresponding to the appro-

priate Bessel-DVR function. Furthermore, the use of the

N1N2L special points within Method II requires only a single

summation, see eqn (21). Consequently, building the Hamil-

tonian matrix according to Method II is about N2L times less

expensive than that using Method I. For the largest calcula-

tions presented this means close to three orders of magnitude

saving when building VK. For Methods I and II the final

symmetric or asymmetric Hamiltonian matrices have the same

structure (Fig. 1). One can take advantage of the considerable

sparsity and special structure of these Hamiltonian matrices by

employing an iterative algorithm for the computation of the

required eigenpairs or eigentriplets. Diagonalization of an

asymmetric Hamiltonian matrix requires about twice as much

effort as that of a symmetric matrix. For all problems of

practical interest, the time-determining step of Method I is the

expensive computation of the potential energy matrix, scaling

as (J + 1 � p)N1N2
3L4. Due to the simplification introduced

in Method II, its time-determining step becomes the computa-

tion of the eigenvalues. Use of special iterative algorithms and

efficient matrix-vector product evaluations during the deter-

mination of the eigenvalues makes Method II appealing for

nuclear motion computations when the determination of the

full rotational–vibrational spectrum is the goal, especially if

the use of a nondirect-product basis results in a compact

representation.

Determination of eigenenergies of a nonsymmetric matrix is

not a simple task. Furthermore, given the efficient computa-

tion of the Hamiltonian matrix using Method II means that

most of the computer time is spent on the determination of the

eigenvalues. The relatively widely known implicitly restarted

Arnoldi method,41 whose robust implementation is available

within the ARPACK package,42 has been incorporated into

our code. During the matrix-vector multiplications advantage

has been taken of the sparsity and the special structure of the

Hamiltonian. The implicitly restarted Arnoldi algorithm

proved very stable in all test computations. For the symmetric

case a local implementation31 of the standard sparse-matrix

Lanczos algorithm46 has been used. The same algorithm was

employed for the standard direct-product computations utiliz-

ing the DOPI3R code,31,32 where DOPI stands for DVR (D) of

the Hamiltonian in orthogonal (O) internal coordinates using

a direct product (P) basis followed by iterative (I) diagonaliza-

tion of the resulting sparse Hamiltonian.

III. A numerial test: H3
+

As a numerical test, rotational–vibrational energy levels of

H3
+ have been computed employing the algorithms described

in section II. The global PES of H3
+ used in these computa-

tions is taken from ref. 47. To show the deteriorating effect of

the R2 singularity, the rotational–vibrational energy levels

have also been computed by the direct-product DOPI
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technique.31,32 Naturally, all these DOPI computations were

performed in the Jacobi coordinate system with R1 embed-

ding. When using DOPI, no attempt is made to treat the

important radial singularity involving R2 so no convergence is

expected for a large number of levels. In the Method I and

Method II computations the R1-dependent 1-D DVR basis set

was the Hermite-DVR basis, which was also used as the R1

and R2 radial bases during the DOPI computations. In DOPI,

associated Legendre-DVR functions have been employed for

Y. In all the tables and in the text the number of basis

functions is denoted as (N1 N2 L), where N1, N2, and L are

the numbers of the R1-, R2-, and Y-dependent functions,

respectively.

To test the convergence of the eigenenergies obtained from

Methods I and II, they need to be compared to tightly

converged reference values. These have been provided by

DOPI computations utilizing the Hamiltonian in orthogonal

Radau coordinates. The average discrepancies, given in energy

intervals, between the reference and those J = 2 rovibrational

energy levels of H3
+ which were computed by Methods I and

II and the Jacobi-DOPI technique are given in Table 1. The

results presented there can be summarized as follows:

(i) Even with small basis sets, basically the same results are

obtained regardless of whether Method I or II is employed.

Naturally, the two representations provide exactly the same

converged eigenenergies.

(ii) The full eigenspectrum of the nonsymmetric Hamilto-

nian matrix from Method II can contain complex eigenvalues.

In the finite basis cases the converged or nearly converged

energies are real numbers, even for the smallest, (20 20 20) case

presented in Table 1. The convergence of the imaginary part of

the eigenvalues to zero is much faster than the convergence of

the real part.

(iii) Below the barrier to linearity, which is at about 15 000

cm�1 above the minimum of the PES, treatment of the

singularities is not necessary. Therefore, Methods I and II

and the Jacobi-DOPI algorithm give basically the same eigen-

energies. As a small technicality, note that in the odd-parity

case the low-lying energy levels obtained by the DOPI proce-

dure become compromised by the radial singularity when the

number of quadrature points is increased. To obtain con-

verged results with the DOPI algorithm below the barrier to

linearity, the smallest R2 grid point has to be chosen carefully,

as it has already been discussed in ref. 37.

(iv) Above the barrier to linearity, in the even-parity case the

radial singularity does not come into play. Therefore, Methods

I and II and DOPI give highly similar results and the eigen-

energies are converging fast to their accurate values as the

number of basis functions is increased.

(v) Above the barrier to linearity, it is essential to treat the

R2-dependent radial singularity present in Jacobi coordinates

in the odd-parity case.

Table 2 contains selected odd-parity energy levels above the

barrier to linearity. Considering the pairs E231,232, E249,250,

E251,252, and E333,334, where the subscripts denote the position

of the eigenenergies in the full spectrum, one component of

each degenerate pair depends slightly on the radial singularity.

Therefore, for this component, the Method II and DOPI

results agree with each other to within 0.86 cm�1 in the case

of the smallest (20 20 20) basis and the average agreement is

about 0.24 and 0.11 cm�1 when the basis size is increased to

(25 25 25) and (30 30 30), respectively. The other component
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Table 1 Average discrepancies in the given energy intervals between the converged and the incomplete basis set rovibrational energy levels of H3
+

with rotational angular momentum J= 2, all in cm�1, computed by different algortihms in the Jacobi coordinate system using the R1 embeddinga

Interval Parity
(20 20 20) (25 25 25) (30 30 30)

Method Ib Method IIb DOPIc Method Ib Method IIb DOPIc Method Ib Method IIb DOPIc

0–10000 Odd 0.05 0.05 0.05 0.00 0.00 0.01 0.00 0.00 0.06
Even 0.05 0.05 0.05 0.00 0.00 0.00 0.00 0.00 0.00

10000–11000 Odd 0.05 0.06 0.06 0.01 0.01 0.02 0.00 0.00 0.05
Even 0.06 0.06 0.06 0.01 0.01 0.01 0.00 0.00 0.00

11000–12000 Odd 0.23 0.22 0.22 0.02 0.02 0.02 0.00 0.00 0.04
Even 0.23 0.22 0.22 0.02 0.02 0.02 0.00 0.00 0.00

12000–13000 Odd 0.14 0.13 0.14 0.02 0.02 0.03 0.00 0.00 0.07
Even 0.11 0.11 0.12 0.02 0.02 0.02 0.00 0.00 0.00

13000–14000 Odd 0.50 0.49 0.49 0.03 0.03 0.03 0.00 0.00 0.05
Even 0.45 0.45 0.45 0.03 0.03 0.03 0.00 0.00 0.00

14000–15000 Odd 0.49 0.45 0.46 0.03 0.03 0.03 0.00 0.00 0.06
Even 0.47 0.44 0.44 0.03 0.03 0.03 0.00 0.00 0.00

15000–16000 Odd 0.76 0.70 0.67 0.04 0.03 0.26 0.01 0.01 0.21
Even 0.77 0.75 0.76 0.04 0.03 0.03 0.01 0.01 0.01

16000–17000 Odd 0.78 0.66 9.01 0.05 0.02 6.53 0.01 0.01 5.19
Even 0.71 0.67 0.64 0.03 0.02 0.03 0.01 0.01 0.01

17000–18000 Odd 0.75 0.53 16.87 0.05 0.03 14.06 0.01 0.01 10.60
Even 0.69 0.51 0.49 0.04 0.03 0.06 0.01 0.01 0.03

18000–19000 Odd 1.16 1.20 15.33 0.09 0.06 10.10 0.03 0.03 9.71
Even 1.26 1.26 1.49 0.05 0.06 0.19 0.02 0.03 0.08

a The PES of H3
+ is taken from ref. 47, the minimum of the PES is at re(HH) = 1.64999 a0. m(H) = 1.0075372 u is used during all the

computations. All the eigenenergies refer to the minimum of the PES. The number of basis functions is given as (N1 N2 L), where N1, N2, and L

denote the number of the R1-, R2-, and Y-dependent functions, respectively. b See text for the description of methods I and II. The R1 Hermite-

DVR grid points are in the interval [0.9, 4.5], while the radial R2 Bessel grid ponts are in the interval 0 o rcn2 r 3.5 + (0.001) (c + 1)), all in

a0.
c DOPI = results obtained with DOPI,31,32 where the R1 and R2 Hermite-DVR grid points are in the intervals [0.9, 4.5] and [0.05, 3.55] a0,

respectively.
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depends strongly on the radial singularity; therefore, the DOPI

method using Jacobi coordinates cannot yield converged

eigenenergies. The average discrepancies between the accurate

and the computed values are 19.93, 8.97, and 6.26 cm�1

employing (20 20 20), (25 25 25), and (30 30 30) basis

functions, in order. Using Method II, the average errors are

only 0.61 and 0.02 cm�1 when using the (20 20 20) and (30 30

30) bases, respectively.

There are nondegenerate energy levels where the correct

treatment of the singularities is important. For example, the

level E193 obtained by Method II is converged to within 0.94,

0.03, and 0.01 cm�1 using the (20 20 20), (25 25 25), and (30 30

30) bases, respectively. However, employing the DOPI method

the convergence pattern is much worse; the discrepancies are

2.19, 2.31, and 1.96 cm�1 using the same number of basis

functions. This observation emphasizes the more facile con-

vergence characteristics of algorithms treating properly the

singularities and the use of a nondirect-product basis.

Finally, a brief note concerning the accurate results referred

to in Tables 1 and 2, obtained in Radau coordinates employ-

ing the exceedingly simple DOPI algorithm.31,32 As perhaps

mentioned first by Tennyson et al.,48 in any variational

calculation of the (ro)vibrational eigenspectrum of H3
+ it is

important to distinguish between the coordinate-independent

barrier to linearity and the coordinate-dependent occurrence

of a singularity. In the Jacobi coordinate system the radial

coordinate R2 has to be treated at and above the barrier to

linearity, because R2 becomes zero exactly when the third H

atom vibrates to the center of mass of the diatom, which is by

definition the barrier to linearity of H3
+ (though not so for

many of the isotopologues). This occurs when the value of the

potential energy is about 10 000 cm�1 above the zero-point

energy (ZPE). Consequently, many of the (ro)vibrational

energy levels even just slightly above the barrier to linearity

cannot be converged by a computation of reasonable size in

Jacobi coordinates which does not treat the R2 singularity.

However, in Radau coordinates only the term containing sin

Y becomes singular at the barrier. Of course, one of the radial

Radau coordinates also becomes zero at a certain linear

arrangement, where H3 is about three times closer to H1 than

to H2 (see Fig. 2 for notation). However, the lowest energy

when one of the radial Radau coordinates is zero, is about

30 000 cm�1 above the ZPE (see Fig. 2). Therefore, singula-

rities related to the radial Radau coordinates do not need

special treatment during variational (ro)vibrational calcula-

tions of H3
+ very high up on the energy ladder. This is the

reason why converged rovibrational energies of H3
+ above the

barrier to linearity could be computed employing the DOPI

algorithm, which does not treat the radial singularities at all.

Finally, it should be noted that the (ro)vibrational Hamilto-

nians can be expressed in bond coordinates and due to the

interatomic radial coordinates the radial singularities are

shifted to physically irrelevant regions. Bond coordinates are

not orthogonal; thus, the kinetic energy operator contains

mixed derivatives. Furthermore, in comparision with Jacobi or

Radau coordinates, bond coordinates are a poor choice for
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Table 2 Selected rotational–vibrational eigenenergies of H3
+, with rotational angular momentum J = 2, above the barrier to linearity, all in

cm�1, computed by different algorithms in the Jacobi coordinate system using the R1 embeddinga

No.b
(20 20 20) (25 25 25) (30 30 30)

Accuracye

Method IIc DOPId Method IIc DOPId Method IIc DOPId

193 16215.98 16212.85 16215.07 16212.73 16215.03 16213.08 16215.04
231 17014.77 16995.59 17014.66 17000.34 17014.64 17003.08 17014.65
232 17015.47 17015.50 17014.69 17014.67 17014.65 17014.61 17014.65
249 17308.22 17293.50 17308.23 17304.25 17308.22 17305.89 17308.24
250 17308.24 17308.22 17308.27 17308.26 17308.25 17308.24 17308.24
251 17341.89 17322.97 17342.20 17335.01 17342.21 17337.86 17342.22
252 17342.64 17342.68 17342.25 17342.25 17342.22 17342.17 17342.22
315 18527.63 18528.08 18527.40 18527.19 18527.35 18527.23 18527.35
332 18738.54 18722.22 18737.97 18728.42 18737.94 18730.86 18737.96
333 18782.92 18757.26 18783.85 18773.56 18783.87 18777.15 18783.91
334 18783.46 18780.90 18783.89 18782.98 18783.90 18783.57 18783.91

a See footnote a of Table 1. b No. is the level number obtained by counting all the eigenvalues, regardless of their parity. c The R1 Hermite-DVR

grid points are in the interval [0.9, 4.5] and the radial R2 Bessel grid ponts are in the interval 0 o rcn2 r 3.5 + (0.001) (c + 1)), all in a0.
d See

footnote c of Table 1. e Converged results obtained by a large DOPI computation utilizing the Radau coordinate system.

Fig. 2 Energy of onset of the radial singularity, with the PES of ref.

47, as a function of the end atom distance at linear arrangement of the

three atoms of H3
+ in Jacobi and Radau coordinates. The singular

geometries occur at R(H1–H3)/R(H1–H2) = 1/2 and R(H1–H3)/

R(H1–H2) = 0.26794919 in the Jacobi and Radau coordinates,

respectively. The zero-point energy is at 4362.30 cm�1 and the first

dissociation asymptote of H3
+ is at around 37 000 cm�1.
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floppy molecules due to the slow convergence of the related

variational procedure, as pointed out before.2

IV. Summary

A (pseudo)variational method, using a tailor-made nondirect-

product basis, and a related computer code have been devel-

oped for treating the important radial singularities present in

the triatomic rovibrational kinetic energy operator given in

Jacobi coordinates in the R1 embedding allowing, in principle,

the computation of the full rotational–vibrational eigenspec-

trum of triatomic species. The algorithm involves application

of a recently proposed40 method for evaluating the potential

energy matrix elements in the generalized finite basis repre-

sentation (GFBR) required by the use of a non-polynomial

nondirect-product basis. Two realizations of the GFBR pro-

cedure have been tested, Methods I and II. In Method I,

resulting in a symmetric Hamiltonian matrix, each element of

the potential matrix VK is computed using the same grid of

N1N2L
2 points, which requires additions for each nonzero

element on the order of N2L
2 [see eqns (18) and (19)]. In

Method II, resulting in a nonsymmetric Hamiltonian matrix,

the same integral is obtained employing only N1N2L special

points corresponding to the appropriate Bessel-DVR function.

Furthermore, the use of the N1N2L special points within

Method II requires only a single summation, see eqn (21). A

highly special feature of Method II is that it employs different

grid points corresponding to the different basis functions for

determination of the potential energy matrix elements. Over-

all, Method II is about N2L times less expensive than Method

I. For the largest calculations presented this means close to

three orders of magnitude saving when building VK. There-

fore, we advocate the use of Method II in further applications.

Similarly to direct-product DVRs, in Method II the overall

cost of the nuclear motion calculation is determined solely by

the cost of obtaining the desired eigenvalues and eigenfunc-

tions.

The relatively widely known implicitly restarted Arnoldi

method has been used to obtain the eigenvalues of the non-

symmetric Hamiltonian resulting from the use of Method II.

Within this method, during the matrix-vector multiplications

advantage can easily be taken of the sparsity and special

structure of the Hamiltonian. The implicitly restarted Arnoldi

algorithm proved very stable in all test computations. Further

refinement of the iterative determination of eigensolutions

might make Method II even more appealing for nuclear

motion computations when the goal is the determination of

the full rotational–vibrational spectrum.

The results obtained during this study show that a basis-

function-dependent grid is accurate and efficient though this

GFBR results in a nonsymmetric Hamiltonian matrix. As the

numerical tests suggest, all the at least nearly converged

eigenvalues of this Hamiltonian have zero imaginary counter-

parts. The new algorithm easily results in converged rotatio-

nal–vibrational energy levels, for example, for X3 species

above the barrier to linearity. As a test of the algorithm, J

= 2 rotational–vibrational energy levels of H3
+ have been

presented. The eigenenergies obtained by the new method,

based on the use of a nondirect-product basis within Methods

I and II, are compared to converged results computed by a

simple technique,31,32 which does not treat the radial singula-

rities but uses the Radau coordinate system. For H3
+, the use

of the Radau Hamiltonian with a DOPI-like algorithm can be

advocated for determining eigenenergies perhaps up to about

30 000 cm�1 above the ZPE.
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The Coulomb three-body problem in Jacobi coordinates was solved by treating the distance of the
particles having equal charge as a parameter. This method allows computation of electronic energies
with finite nuclear masses while maintaining the notion of a potential energy curve. The rotationless
ground-state electronic and the so-called adiabatic Jacobi correction �AJC� energies are presented
for H2

+, D2
+, and HD+ at fixed internuclear separations. The AJCs are defined as the difference

between the results obtained from calculations using proper finite and infinite nuclear masses.
Except at the united atom limit, the AJCs are smaller than the traditional first-order diagonal
Born-Oppenheimer corrections. Expectation values of proton-electron, p-e, and deuteron-electron,
d-e, distances for HD+ have been computed as a function of internuclear separation. Similarly to the
fully nonadiabatic approach, the present method is able to follow the symmetry breaking in HD+.
Exact and approximate analytical and numerical results are given for counterfactual systems as well.
In these cases changes are allowed for the values of the electron rest mass or the elementary charge,
as well as for the mass or charge of the unique particle �electron�. © 2007 American Institute of
Physics. �DOI: 10.1063/1.2406068�

I. INTRODUCTION

The three-body problem with Coulomb interactions has
been much studied in atomic and molecular physics as the
most tractable problem in which the more general features of
atomic and molecular structures are exhibited.1–5

To put this problem in its general context and to estab-
lish our notation, let the laboratory-fixed coordinates for the
three particles be denoted as xi, i=1,2 ,3, where xi is a
�3�1� column matrix of Cartesian components x�i, �=x, y,
or z. To avoid the completely continuous part of the spectrum
of the three-body Schrödinger Coulomb Hamiltonian, the
translational motion is separated from the full Hamiltonian
by using the center-of-mass coordinate X and two
translation-free coordinates ti, i=1,2.6

The translationally invariant part of the kinetic energy
operator is

K̂�t� =
− �2

2 �
i,j=1

2
1

�ij
� �ti� · ��t j� , �1�

where ��ti� is the usual grad operator expressed in the vari-
able ti.

Let us limit our attention to systems with three unit
charges with the particle of mass m1 having the negative
�positive� unit charge and the other two, with masses m2 and
m3, chosen to have positive �negative� charges. Choose t1 as
the interparticle vector for the two particles of equal charge

and t2 as the vector to the remaining particle from the center
of mass of the two particles of equal charge �these are Jacobi
coordinates, a special case of general orthogonal
coordinates6�. Then,

1

�1
=

m2 + m3

m2m3
,

1

�2
=

1

m1
+

1

m2 + m3
,

1

�12
= 0, �2�

and the Hamiltonian operator becomes

Ĥmol =
− �2

2 �
i=1

2
1

�i
�2�ti�

+
e2

4��0
� 1

�t1�
−

1

�m+t1 + t2�
−

1

�m−t1 − t2�� , �3�

where m+=m3 / �m2+m3� and m−=m2 / �m2+m3�. If m3 is cho-
sen to be dm2, then

m+ =
d

1 + d
, m− =

1

1 + d
, �4�

so that the potential term in �3� depends only on the relative

masses of the two particles of equal charge. Ĥmol is also
completely expressible in terms of the internal coordinates,

R1 = �t1�, R2 = �t2�, and �, where t1
Tt2 = R1R2 cos � .

�5�
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The operator Ĥmol can be shown to be both Hermitian
and self-adjoint. The proof of this, first shown in 1951 by
Kato7 �see also Thirring8�, depends on the fact that the po-
tential operator is, in a well-defined sense, small compared to
the kinetic energy operator. It is only for a self-adjoint op-
erator that it can be shown that normalization of the wave
function will be preserved. Self-adjointness is the same as
hermiticity for a finite-dimensional operator but is a stronger
condition for continuous operators such as the Hamiltonian.
The spectrum of the Coulomb Hamiltonian can have two
parts: a discrete part, consisting of all isolated eigenvalues of
countable multiplicity, and an essential part, which is the
complement of the discrete part. The discrete part describes
the bound states of the system, and the essential part de-
scribes both the metastable and scattering states of the sys-
tem. The essential spectrum begins at the energy of the low-
est two-body cluster decomposition of the system. This is a
consequence of the Hunzicker–Van Winter–Zhislin �HVZ�
result which is proved as Theorem XIII.17 in Ref. 9.
Whether or not a given three-particle Hamiltonian has any
discrete spectrum is a matter that requires careful study of
the individual problem and few general results are known. At
present what is known for these and other few-body prob-
lems is surveyed in the review by Armour et al.1 What hap-
pens to the discrete spectrum in the cases where first one and
then two nuclear masses are increased without limit is dis-
cussed by Frolov10 in a study of the hydrogen molecular ion.
He showed that when one mass is increased without limit,
any discrete spectrum persisted, but when two masses were
allowed to increase without limit, the Hamiltonian ceased to
be well-defined and this failure led to what he called adia-
batic divergence in attempts to compute discrete eigenstates.

A paper that appears to have rather similar aims to the
present one, by Takahashi and Takatsuka,11 uses a semiclas-
sical theory to describe the motion of the unique charged
particle. It also deploys ordinary perturbation theory as used
by Born and Oppenheimer to account for the fact that in their
calculations the error in the Born-Oppenheimer approxima-
tion seems to scale as m1

3/2, and that the fifth-order term in
the expansion vanishes. While not doubting the results of
their calculations, the perturbation theoretical analysis of-
fered by them for their form must be regarded as of doubtful
validity since it can be shown12 that the Born-Oppenheimer
perturbation is singular and cannot be considered by using an
ordinary perturbation theory.

Here, however, the full three-body problem will not be
considered and the approach of Wolniewicz and Poll13 will
be pursued but not, however, to the same accuracy. Although
the present formulation is, in principle, capable of yielding
wave functions and energies for the full three-body system,
much as in Refs. 14–16, the choice of Jacobi coordinates is
not one that is usually made if that is the goal. The advantage
of Jacobi coordinates for our purposes is that the internuclear
distance is a variable in the formulation. It would also be a
variable if interparticle coordinates had been chosen, but in
this system the integration ranges are entangled and if
choices are made to disentangle the ranges by, for example,
the choice of perimetric coordinates, the separation of the
various kinds of internal motion is obscured. The aim of this

study will be to perform consistent converged calculations at
various values of the internuclear parameter for different
choices of the particle masses to show what happens both to
the energies and the wave functions for the particular
choices.

Our calculations are performed in a frame located in the
molecule but with fixed values of R1. It is thus not necessary
to treat the nuclear masses as infinite as is the custom in
traditional electronic structure calculations. However, as we
shall not consider rotational motions �J=0�, if we were to
allow the nuclear masses to increase without limit, then our
results would exactly match the traditional clamped nuclei
calculation results to within computational accuracy. Tradi-
tionally, a first-order perturbative energy correction, the so-
called diagonal Born-Oppenheimer correction �DBOC�, has
been advocated17–22 to move simply beyond the BO approxi-
mation in standard clamped nuclei calculations. The DBOC
is defined by means of

EDBOC�X� = −
1

2�
a=1

A

	��x,X��
�2�Xa�

Ma
���x,X�
x, �6�

where ��x ,X� is the electronic wave function calculated in
the clamped nucleus approximation. The electronic coordi-
nates are designated as x, and the A sets of nuclear coordi-
nates �in the present case A=2� are designated as X. This is
the leading term in the corrections arising in the Born-Huang
approach23 to the separation of electronic and nuclear mo-
tion. It is regarded as modifying the potential energy as cal-
culated in the clamped nuclei approximation. In the case of
an atom there is only one nucleus and that is placed at the
origin of coordinates in a clamped nuclei calculation so that
the DBOC can be realized as a number. It is easy to show in
the case of the hydrogen atom that the so calculated DBOC
corrects the clamped nucleus energy to the energy that would
be calculated if the reduced mass was used in the full calcu-
lation. That is, it describes the internal motion correctly after
the separation of translations. In the present formulation it is
perfectly possible to calculate the results both for the infinite
and the correct nuclear masses and hence to construct an
adiabatic Jacobi correction �AJC�, which should be the same
as the DBOC if it really accounts for translational motion in
the case of a molecule.

The wave functions resulting from the present approach
can be used to compute different expectation values which
can be compared to expectation values from the full nona-
diabatic solution of the same problem made recently by Bu-
bin et al.24

II. SOLUTION OF THE COULOMB TWO-BODY
PROBLEM IN JACOBI COORDINATES

The Jacobi coordinate system offers the advantage that it
is straightforward to fix the distance of the two nuclei by
fixing the R1 coordinate. In the case of J=0, where J is the
usual rotational quantum number, the resulting two-
dimensional Hamiltonian is given as
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Ĥ = K̂ + V23 − V+�R2,�� − V−�R2,�� , �7�

with

K̂ = −
1

2�2

�2

�R2
2 − � 1

2�1R1
2 +

1

2�2R2
2�� �2

��2 + cot �
�

��
� ,

�8�

V23 =
1

R1
, and

V±�R2,�� =
1

��m±R1�2 + R2
2 ± 2m±R1R2 cos �

. �9�

The integration volume over the internal coordinates is
sin �d�dR2, because the radial part of the Jacobian has been
included in the internal motion trial function. In this section
a practical method is presented for solving the Schrödinger

equation corresponding to Ĥ using a variational technique.

A. Basis functions

Let us define a two-dimensional basis
�	n2

�R2�Pl�cos ��, where n2 runs from 0 to N2−1 and l runs
from 0 to L−1. This is a direct product basis of one-
dimensional radial functions and one-dimensional angular
functions. The choice of the normalized orthogonal Legendre
polynomials Pl�cos �� is explained as follows. First, one has
to handle the singularity present in the �-dependent part of
the kinetic energy operator. The Legendre polynomials can
treat this singularity, which occurs at linear geometries, be-
cause they are analytic eigenfunctions of the �-dependent
part of the kinetic energy operator. Second, one has to find a
suitable basis for setting up the matrix representation of the
potential energy operator. As it will be introduced in Sec.
II C, the Legendre polynomials satisfy this requirement as
well.

Due to the radial singularity present in the 1/R2
2 term of

the kinetic energy operator, the radial basis functions 	n2
�R2�

have to be suitable for treating this singularity. Let us con-
sider different choices for the radial basis functions.

1. An orthogonal basis set

Let us define 	n2
�R2�=Nn2

−1/2K3/2R2Ln2

�2��KR2�
�exp�−KR2 /2� with Nn2

= �n2+2��n2+1�, where the Ln
�2��x�

functions are the associated Laguerre polynomials, and K is a
positive real parameter. The Ln

�2��x� are orthogonal in the in-
terval �0,
� with the weight function x2 exp�−x�. Therefore,
the above defined radial basis functions are orthogonal and
they are able to treat the radial singularity in the kinetic
energy operator, because the matrix elements, which can be
defined by a nonsingular integral using these basis functions,
of the singular term can be computed by employing the fol-
lowing analytical formula �only the upper triangle elements
�n2��n2� of the symmetric matrix�:

�R2
−2�n2,n2�

= 		n2
�R2��

1

R2
2 �	n2�

�R2�


= �
0




Nn2

−1/2Nn2�
−1/2K3Ln2

�2��KR2�Ln2�
�2��KR2�

�exp�− KR2�dR2

= Nn2

1/2Nn2�
−1/2K2

6
�3n2� − n2 + 3� . �10�

Computation of the matrix elements of the radial differential
operator of the Hamiltonian can also be done analytically,
and the upper triangle elements �n2��n2� of the symmetric
matrix can be given as

�KR2
�n2,n2�

= 		n2
�R2��

�2

�R2
2 �	n2�

�R2�


= − Nn2

1/2Nn2�
−1/2K2

12
�4n2 + 6 − 3�n2,n2�

� . �11�

2. A nonorthogonal basis set

Let us define 	n2
�R2�=K1/2R2Ln2

�KR2�exp�−KR2 /2�,
where the Ln�x� functions are the Laguerre polynomials and
K is a positive real parameter. The Ln�x� are orthogonal in
the interval �0,
� with the weight function exp�−x�. These
radial basis functions are nonorthogonal and their overlap
integrals can be given by a simple analytical formula �only
the upper triangle elements �n2��n2� of the symmetric ma-
trix�,

�S�n2,n2�
= 		n2

�R2��	n2�
�R2�


=
1

K2 �6n2
2 + 6n2

2 + 2��n2,n2�

−
4

K2 �n2 + 1�2�n2+1,n2�

+
1

K2 �n2 + 1��n2 + 2��n2+2,n2�
. �12�

Due to the multiplication of the orthogonal Laguerre func-
tions with R2 the radial basis functions become nonorthogo-
nal, however, they have the advantage that they are able to
treat the radial singularity in the kinetic energy operator by
cancelling the 1/R2

2 term. The matrix elements of the singu-
lar operator are defined simply by the overlap integrals of the
orthogonal Laguerre polynomials resulting in a unit matrix,

�R2
−2�n2,n2�

= 		n2
�R2��

1

R2
2 �	n2�

�R2
 = �n2,n2�
. �13�

Computation of the matrix elements of the radial differential
operator of the Hamiltonian can also be done analytically,
and the upper triangle elements �n2��n2� of the symmetric
matrix can be given as
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�KR2
�n2,n2�

= 		n2
�R2��

�2

�R2
2 �	n2�

�R2�


= −
1

2
�n2�n2 + 1� + 1��n2,n2�

+
1

4
��n2 + 1��n2 + 2��n2+2,n2�

. �14�

It is important to note that if the same number of or-
thogonal and nonorthogonal basis functions are employed for
setting up the eigensystem problem the computed eigenval-
ues are exactly the same. We also note that Baye et al.16

employed similar basis sets, however, the matrix elements of
the one-dimensional model Hamiltonians were given in a
grid representation.

B. The kinetic energy matrix

Employing either �10� and �11� or �13� and �14� the ma-
trix elements of the kinetic energy operator can be computed
employing the following analytical formula:

�K�n2l,n2�l� = −
1

2�2
�KR2

�n2,n2�
�l,l�

+
1

2�1R1
2 �S�n2,n2�

l�l + 1��l,l�

+
1

2�2
�R2

−2�n2,n2�
l�l + 1��l,l�. �15�

In this equation matrix S is the unit matrix in the case of
the orthogonal basis functions and is defined in �12� for the
nonorthogonal basis set.

C. The potential energy matrix

The function V±�R2 ,�� can be written as

V±�R2,�� = �
i=0



R

i

R�
i+1 Pi��cos �� , �16�

where R �R�� is the smaller �larger� m±R1 and R2. The
integral over the coordinate � is

Vll�
± �R2� = 	Pl�cos ���V±�R2,���Pl��cos ��


= �
i=0



R

i

R�
i+1 ��1�i	Pl�cos ���Pi�cos ���Pl��cos ��


= �
i=�l−l��

l+l�
R

i

R�
i+1 ��1�ici

ll�, �17�

where25

ci
ll� = 	Pl�cos ���Pi�cos ���Pl��cos ��


= ��2l + 1��2l� + 1�� l i l�

0 0 0
�2

and �l − l�� � i � l + l�. �18�

Although the series in �16� has an infinite number of

terms, the integral of three Legendre polynomials is zero if
i �l− l�� or i� l+ l�. Therefore, only a finite number of terms
have to be summed during the computation of the matrix
elements of V±�R2 ,��. Since the integral of three Legendre
polynomials is zero if l+ i+ l� is odd, during evaluation of the
final sum in Eq. �17� only every other i must be considered.

Using �18� one can set up the matrix representation of
V±�R2 ,�� as

�V±�n2l,n2�l�

=		n2
�R2��Vll�

± �R2��	n2�
�R2�


= �
i=�l−l��

l+l�

ci
ll���1�i��

0

m±R1

	n2
�R2�

R2
i

�m±R1�i+1	n2�
�R2�dR2

+ �
m±R1




	n2
�R2�

�m±R1�i

R2
i+1 	n2�

�R2�dR2� . �19�

The required one-dimensional integrals can be calculated by
numerical integration with arbitrary precision employing
computer algebra, in the present case the MATHEMATICA pro-
gram package.26

The matrix elements of the repulsion term corresponding
to the two particles with m2 and m3 are simply

�V23�n2l,n2�l� =
1

R1
�S�n2,n2�

�l,l�, �20�

where matrix S is the unit matrix in the case of the orthogo-
nal basis functions and is defined in �12� for the nonorthogo-
nal basis set.

D. The Hamiltonian matrix

The matrix representation of the final Hamiltonian ma-
trix is given as

H = K + V23 − V+ − V−. �21�

When m2 equals m3 �e.g., in H2
+ and D2

+� both m+ and m−

are 1/2, and m±R1 equals R1 /2. The relation between V+ and
V− then becomes

�V+�n2l,n2�l� = �V−�n2l,n2�l� if l + l� is even,

�V+�n2l,n2�l� = − �V−�n2l,n2�l� if l + l� is odd. �22�

All the matrix elements of K and V23 are zero when l� l�,
and elements of V++V− are also zero when l+ l� is odd �see
Ref. 22�. Therefore, only cases when l+ l� is even result in
nonzero matrix elements. This explains why the H matrix
can be separated for an even and odd blocks, where both l
and l� are even and odd, respectively. It means that one can
build the Hamiltonian matrix using either the even or odd
Legendre polynomials. The ground-state energy of H2

+ and its
symmetric isotopologs can be obtained by employing the
even Legendre functions.

It is clear that after building either the even or odd
blocks of the symmetric H matrix an eigenvalue problem has
to be solved and the lowest eigenvalue is the requested en-
ergy level. The potential energy matrix will be the same for
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both H2
+ and D2

+, therefore the most time consuming part of
the calculation, i.e., computation of the potential energy ma-
trix, does not need to be repeated when different masses are
employed �e.g., mass of H or D�. Furthermore, the kinetic
energy matrix can also be easily recomputed by scaling the
stored one-dimensional matrices with the new reduced
masses �see Eq. �15��.

III. RESULTS AND DISCUSSION

Since our calculations are performed in a frame fixed in
the molecule but with fixed values of R1 we are free to vary
the masses assigned to the nuclei. As we are not considering
the rotational motions �J=0�, if we were to allow the nuclear
masses to increase without limit then our results would ex-
actly match the traditional clamped nuclei calculation results
to within computational accuracy. For comparison and to an-
chor our less traditional approach, accurate BO energies have
been computed through conventional, nonrelativistic elec-
tronic structure computations. All energies are reported in
hartree units �Eh=mee

4 / �4��0��2� and all distances in bohrs
�a0=4��0�2 /mee

2� based on the electron rest mass me and
the elementary charge e.27 All energy differences are given in
cm−1. Quoted energies include the nuclear repulsion energy,
unless otherwise noted. In the case of a one-electron system,
i.e., for H2

+ and all of its symmetric and nonsymmetric iso-
topologs, the complete basis set �CBS� limit at the Hartree-
Fock �HF� level yields the exact electron energies corre-
sponding to the BO approximation.

In this study the conventional nonrelativistic BO and
DBOC electronic structure computations have been per-
formed with the program package PSI3,28 with energies com-
puted using the correlation-consistent �cc� aug-cc-pVNZ �N
=Q�4� ,5 ,6� basis sets of Dunning.29 The BO energies cor-
responding to the CBS limit have been obtained using a
two-parameter30 and a three-parameter31 exponential ex-
trapolation technique, where the extrapolated energies �ECBS�
are obtained as

ECBS = E6Z +
E6Z − E5Z

�6/7�exp�9��6 − �5�� − 1
�23�

and

ECBS =
E4ZE6Z − E5Z

2

E4Z − 2E5Z + E6Z
, �24�

respectively, and the E4Z, E5Z, and E6Z energies are com-
puted employing the aug-cc-pVQZ, aug-cc-pV5Z, and aug-
cc-pV6Z basis sets, respectively. The two extrapolation for-
mulas gave the same results within 0.3 cm−1, the perhaps
slightly more accurate30 two-parameter results are reported
in Table I as BO energies.

In a clamped nuclei calculation the only mass to con-
sider is the electron mass. If the distances involved are ex-
pressed as multiples of a*, where a* is defined exactly as a0

but with the actual mass me* of the unique particle used in
the calculation, then the Hamiltonian operator can be scaled
to produce a form in which there is no explicit reference to
the mass. Thus the clamped nuclei form in Jacobi coordi-
nates �3� can be written in terms of the scaled coordinates ti

*,


Ĥmol
* = −

1

2
�2�t2

*�

+ � 1

�t1
*�

−
1

�t1
*d/�1 + d� + t2

*�
−

1

�t1
*/�1 + d� − t2

*�� . �25�

The energy spectrum of this Hamiltonian for a fixed value of
D1= �t1

*� will consist simply of numbers, Q�D1�, and the re-
quired absolute energies are determined by multiplying these
numbers by the atomic unit of energy E* which is defined
just as is Eh but using me* instead of me. Thus any particular
eigenvalue represents an electronic state for an electron of
mass me* at R1=D1a* and the same state for an electron of
mass me but at R1=D1a0. The clamped nuclei molecular
Hamiltonian has essentially the same properties as an atomic
Hamiltonian and thus Zhislin’s result32 holds and here, as for
any positive ion, there are an infinite number of bound states
whatever the electron mass is.

TABLE I. Ground-state electronic energies, DBOCs, and AJCs for H2
+, D2

+, and HD+ as a function of internu-
clear separation. The internuclear separations �R1� are given in bohr. Complete basis set Born-Oppenheimer
�BO� energies are in Eh. Diagonal Born-Oppenheimer corrections �DBOCs� and the adiabatic Jacobi corrections
�AJCs� are given in cm−1. The AJCs are differences between the results obtained from calculations using proper
finite and infinite nuclear masses. All the AJCs are converged within the given precision. The AJCs were
computed with basis sets �denoted as �N2 L�, where N2 and L are the number of R2- and �-dependent basis
functions, respectively� of �56 56�, �56 56�, �68 68�, and �116 116� functions at 1, 2, 4, and 10 bohr internuclear
separations, respectively. For H2

+ and D2
+ the employed variational parameters K of the radial basis functions

�see text�, are 32, 28, 28, and 38, in order. For HD+ values of K were set to 32, 27, 27, and 40, in order. The
nuclear masses employed for H and D are 1.007 276 47u and 2.013 553 21u, respectively.

R1 BO

H2
+ D2

+ HD+

DBOC AJC DBOC AJC DBOC AJC

1 −0.451 786 79.87 63.92 39.96 31.98 59.92 46.63
2 −0.602 635 56.87 44.54 28.45 22.28 42.66 32.71
4 −0.546 081 50.37 39.25 25.20 19.64 37.78 28.89

10 −0.500 577 59.48 49.22 29.76 24.63 44.62 �30.23�a

aNot converged. The corresponding �92 92� and �104 104� results are 28.95 and 29.64 cm−1, respectively.
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If R1 is chosen to be 0 and so a united atom results, the
scaling simply becomes

E* =
me*

me
E . �26�

In general one has to consider scaling for distance as well as
for energy. If an equilibrium internuclear distance Deq is
found for an energy Qeq then

Req
*

a*
=

Req

a0
�27�

or

Req
* =

me

me*
Req, �28�

and at Deq the energy scales as given in �26� if E* and E
correspond to Req

* and Req, respectively.
Because the general Jacobi coordinate Hamiltonian �3�

contains two distinct masses it is not possible to use scaling
arguments in quite the same way and so a computational
exploration must be undertaken there and neither does Zhis-
lin’s result apply to its eigenvalues.

A. The effects of varying the nuclear mass
„H2

+, D2
+, and HD+

…

In Table I, rotationless �J=0� ground-state electronic,
adiabatic correction, and AJC energies are presented for the
isotopologs H2

+ �ppe�, D2
+ �dde�, and HD+ �pde� at fixed

internuclear separations of R1=1, 2, 4, and 10 bohrs, em-
ploying finite as well as infinite nuclear masses. These inter-
nuclear separations were selected for presentation as they
represent a short, an almost equilibrium, an intermediate, and
a long separation. The DBOC energies have been extrapo-
lated with Eq. �23�, the differences between the CBS and
aug-cc-pV6Z HF DBOC results are less than 0.01 cm−1. The
so-called AJCs are defined as the difference between the re-
sults obtained from calculations using proper finite and infi-
nite nuclear masses.

The variational Jacobi calculations employed basis sets
that are denoted as �N2 L�, where N2 and L are the number of
R2- and �-dependent basis functions, respectively. It is im-
portant to note that in the case of symmetric systems, e.g.,
H2

+ and D2
+, only the even block of H was built �see Sec.

II D�. Therefore, the dimension of the matrix, whose eigen-
value problem was solved, is N2L /2 �if L is even� instead of
N2L. Preliminary computations at different internuclear sepa-
rations and basis sizes established how the optimum value of
the variational parameter of the radial basis functions, K �see
Sec. II A�, changes. K should be increased with decreasing
R1 and with an increase in the size of the radial basis. Opti-
mal values of K have been chosen for the final computations.
Due to the more compact and more spherically symmetric
electron density in the cases of shorter internuclear separa-
tions the convergence behavior is better at R1 which is
smaller than the respective equilibrium value.

Since the potential energy matrix depends only on the
relative masses of the two equally charged particles, see �4�,
for H2

+ �and D2
+� only the kinetic energy matrices were dif-

ferent when either infinite or finite masses were employed.
The infinite nuclear masses were realized by neglecting the
term involving 1/�1. The Jacobi calculation with infinite
mass should converge, within computational accuracy, to the
exact BO energy. At 1 bohr internuclear separation the ex-
trapolated BO electronic energy of H2

+ is −0.451 786 Eh. The
difference between the Jacobi result and this BO value is
about 1 �Eh when the basis set of �92 92� functions is used.
It seems reasonable therefore to take the two distinct infinite
nuclear mass formulations as corresponding to the same
physical situation and to suppose that no ambiguity will arise
in comparing calculated results between formulations. The
AJCs converge much faster with basis size than the absolute
energies, and even small basis sets �on the order of about �32
32� functions� reproduce the AJCs to better than 0.1 cm−1 at
internuclear separations less than about 4 bohrs.

The infinite mass results for HD+ are obtained from
computations where d=m3 /m2 is fixed at m�D� /m�H�, while
both m2 and m3 go to infinity. This ensures that even for HD+

the potential energy matrix is the same during computations
with finite and infinite masses.

It is possible to set only one of the nuclear masses to
infinity during the variational Jacobi calculations while the
other mass has its proper finite value. This way the center of
mass of the two nuclei is shifted into the nucleus having
infinite mass. �Relevant plots of the wave functions of this
molecular ion, denoted as 
HH+, are given in Figs. 3 and 5�.

The AJCs for H2
+ and D2

+ given in Table I are converged
to within 0.01 cm−1. The AJCs given in Table I for HD+ are
converged to a similar accuracy, except at 10 bohrs. These
AJCs were computed with basis sets of �56 56�, �56 56�, �68
68�, and �116 116� functions at 1, 2, 4, and 10 bohr internu-
clear separations, respectively.

Neither the DBOCs nor the AJCs involve the repulsion
term 1/R1, and so both are expected to move smoothly to a
united atom limit as R1 tends to 0. For example, the AJCs of
H2

+ are 116.19, 119.45, and 119.50 cm−1 at 0.1, 0.01, and
0.001 bohr internuclear separations, respectively �the exact
united atom limit is 119.50 cm−1�.

The general relation for the DBOC energy of an isoto-
polog AB is

EDBOC�AB;R1� =
1

mA
FA�R1� +

1

mB
FB�R1� , �29�

where mA and mB are the masses of nuclei A and B, and FA

and FB are the related atomic �isotope-independent� correc-
tion functions. Therefore, the DBOCs of the different isoto-
pologs of H2

+ can be obtained at all internuclear separations
from the DBOC of H2

+ using a simple scaling with the
nuclear masses as

EDBOC�D2
+� =

mp

md
EDBOC�H2

+� �30�

and
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EDBOC�HD+� =
1

2
�1 +

mp

md
�EDBOC�H2

+� . �31�

Since the mass of the proton, mp, is almost half of the mass
of the deuteron, md, the DBOC of D2

+ and HD+ is almost
exactly 50% and 75% of the DBOC of H2

+, respectively.
However, the picture is not this simple for the AJCs, as the
AJCs of D2

+ and HD+ cannot be obtained by scaling the AJC
of H2

+. Therefore, it is important to note that the AJCs of D2
+

are about half of the AJCs of H2
+, similar to the DBOCs. On

the other hand, the AJCs of HD+ are not 75% of the AJCs of
H2

+ and the proportions do depend on the internuclear sepa-
rations. The AJCs of HD+ are about 73% of the AJCs of H2

+

at 1, 2, and 4 bohrs. There is otherwise no obvious relation-
ship between the DBOC and the AJC. Because the DBOC is
uniformly larger in magnitude than the AJC it must be as-
sumed to correct the BO approximation for more than simply
the translational motion.

B. Wave functions

One-dimensional �1D� plots of the two-dimensional �2D�
wave functions, ��R2 ,cos ��, are given in Fig. 1–6, where
the Jacobi angle is fixed at either 0° �cos �=1� or
180° �cos �=−1�. In the case of H2

+ and D2
+, the wave func-

tions are symmetric with respect to cos �, i.e., ��R2 ,1�
=��R2 ,−1�, and the cusp is at R1 /2.

For the nonsymmetric isotopologs HD+ and 
HH+, let us
consider first the wave function at R1=2 bohrs. In the case of
HD+, the nuclear positions correspond to m+R1 and m−R1 if
the wave functions are ��R2 ,1� and ��R2 ,−1�, respectively.
Therefore, the cusps are at m+R1 and m−R1. As to 
HH+, the
origin of R2 in the proton having infinite mass, therefore,

��R2 ,−1� has a cusp at R2=0, and the peak of ��R2 ,1� is at
R2=R1. Even at the internuclear separation of 2 bohrs the
asymmetry can be recognized in the wave functions, namely,
the peaks are a little bit higher at the positions of the heavier
nuclei. If a much longer internuclear distance is considered
�see figures with R1=10 bohrs�, one can see that the electron
density will be much larger around the heavier nucleus �D or

H�.

C. Expectation values

Expectation values of the proton-electron distance and
the deuteron-electron distance for H2

+ and its isotopologs
have been computed at different fixed internuclear separa-
tions.

At short internuclear separation the average p-e distance
equals the d-e distance within numerical precision. However,
upon increasing the nuclear separation the proton-electron
distance is getting longer than the deuteron-electron distance.
For example, at R1=1 bohr both the p-e and d-e average
distances are 1.138 bohr, while at R1=4 bohrs a small differ-
ence between the expectation values can be observed, since
the p-e and d-e distances are 2.720 and 2.715 bohrs, respec-
tively. Note that the convergence of the expectation values is
excellent at short internuclear separations and becomes
worse with the increase of R1.

Next, let us consider the average p-e and d-e distances at
long internuclear separations. HD+ dissociates to H++D,
while the H+D+ dissociation channel is less preferred.33 This
is not surprising since the energy of the separated D atom is
a bit lower than that of the H atom, though traditional
clamped nuclei electronic structure theories cannot deal with
this charge asymmetry in HD+. Our method is able to follow

FIG. 1. Wave functions ��R2 ,cos �=1� of H2
+ at R1=2 bohrs �left� and R1=10 bohrs �right�, using proper finite masses for all three particles and a basis of

�44 44� functions �the variational parameter K has been set to 23 and 15 for left and right plots, respectively�.

FIG. 2. Wave function ��R2 ,cos �� of HD+ at R1=2 bohr internuclear
separation using proper finite masses for all three particles and a basis of �56
56� functions �the variational parameter K has been set to 27�.

FIG. 3. Wave function ��R2 ,cos �� of 
HH+ at R1=2 bohr internuclear
separation using infinite mass for 
H and proper finite mass for H and a
basis of �44 44� functions �the variational parameter K has been set to 23�.
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this symmetry breaking. At 10 bohr nuclear separation the
p-e average distance is 8.5 bohrs, while the d-e distance is
only 3.1 bohrs �with a basis of �116 116� functions�. This
means that the electron is localized near to the deuteron,
which can also be seen from the wave function of Fig. 4.

In 2005 Bubin et al.24 published a theoretical study
where the full nonadiabatic problem of HD+ was solved
variationally, and the expectation values of d-p, p-e, and
d-e distances for the J=0 vibrational levels of HD+ were
computed. We can compare the average distances obtained
from the present approach to the nonadiabatic ones if the
fixed R1 distance in the Jacobi method is set to the expecta-
tion value of the d-p distance corresponding to one of the
vibrational states. For example, considering the ground vi-
brational state, the nonadiabatic calculation provided
2.055 bohrs for the d-p distance and 1.688 bohrs for both the
p-e and d-e distances. If the fixed internuclear distance is set
to 2.055 bohrs, the same 1.688 bohr values are obtained for
the nucleus-electron distances in our 2D treatment as in the
full three-dimensional treatment.24 This proves the utility of
the adiabatic Jacobi approach at small internuclear separa-
tions. As to longer d-p separations, for example, 6.227 bohrs
corresponding to the v=18 vibrational level, the full nona-
diabatic calculation showed some asymmetry of the electron
distribution since the p-e average distance is 3.91 bohrs,
while the d-e distance is only 3.82 bohrs. At fixed internu-
clear separation of 6.227 bohrs the present method provides
3.90 and 3.85 bohrs for the p-e and d-e average distances,
respectively. Therefore, the present method is able to provide
an almost quantitative way to deal with the asymmetry in
HD+ and demonstrates a breakdown of the BO approxima-
tion.

D. Varying the masses and the charges

The present method investigated allows change in �a� the
value of the electron rest mass, �b� the mass of the unique
particle �electron�, �c� the value of the elementary charge,
and �d� the charge of the unique particle �electron�. In the
case of �a� both mp and me are changed, while mp /me re-
mains 1836.15. Similarly, in the case of �c� both p and e have
the same nonunit charge with opposite sign.

For case �b� numerical results are presented in Table II
for those counterfactual three-particle systems, �ppe*�, which
contain two protons having either infinite or finite masses
and one particle with unit negative charge having different
masses from 0.1me to 10me. These energies were obtained at
different internuclear separations of the two positive charges.
In the case of infinite nuclear masses �a� and �b� provide, of
course, the same results. All the computations have been
performed using a basis of �32 32� functions, and K has been
optimized for each basis and internuclear separation. The
optimal value of K increases linearly with the mass of the
negatively charged particle.

Considering the energies in cases �a� and �b�, corre-
sponding to infinite nuclear masses, the following exact for-
mula holds

Eppe*�R1� =
me*

me
Eppe�me*

me
R1� . �32�

This relation implies that the equilibrium distances of the
�ppe*� systems scale with me /me*, therefore,

FIG. 4. Wave function ��R2 ,cos �� of HD+ at R1=10 bohr internuclear
separation using proper finite masses for all three particles and a basis of
�116 116� functions �the variational parameter K has been set to 40�. Note
that the AJC is not converged with this basis �Table I�.

FIG. 5. Wave function ��R2 ,cos �� of at R1=10 bohr internuclear separa-
tion using infinite mass for 
H and proper finite mass for H and a basis of
�44 44� functions �the variational parameter K has been set to 8�. Note that
the wave function is not converged with this basis.

FIG. 6. Wave functions ��R2 ,cos �=1� of �ppe*� at R1=2 bohr internuclear separation using proper finite masses for the protons and different masses for the
negatively charged particle e*, namely, me* =10me, me* =0.1me, and me* =me for the left, middle, and right plots, respectively. A basis of �32 32� functions �with
the variational parameter K set to 60, 2, and 19 for the left, middle, and right plots, respectively� has been used.
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Req�ppe*� =
me

me*
Req�ppe� . �33�

As to the AJCs, in case �a� the following exact relation holds

Eppe*
AJC �R1� = �me*

me
�2

Eppe
AJC�me*

me
R1� . �34�

The numerical results given in Table II show that in case �b�
Eq. �34� remains an excellent approximation if me* �mp.
Two numerical examples follow. At 1 bohr intenuclear sepa-
ration the AJC corresponding to the proper mass of the elec-
tron is 63.9 cm−1. If me* is 0.1me, the AJC at a 10 bohr
internuclear separation is 0.639 cm−1, while in the case of
me* =10me, the AJC is 6370 cm−1 at a 0.1 bohr distance.

On Fig. 6 1D cuts of the wave functions are shown,
where the distance of the two protons is fixed at 2 bohrs and
the mass of the particle carrying the negative charge is in-
creased and decreased by one order of magnitude. This fixed
internuclear separation corresponds closely to the equilib-
rium distance for �ppe�, therefore, 2 bohrs is a dissociative
distance if the mass of e* is ten times larger than the proper
mass of e, and this distance is much shorter than the equilib-
rium distance of �ppe*� if me* =0.1me. These are the reasons
why the wave function is localized near the proton when the
mass of the negatively charged particle is huge, i.e., ten times
larger than the proper mass of the electron, and the density
halfway between the two protons is exceedingly small.

In case �c� the following exact formulas hold:

Eppẽ�R1� = �qẽ

qe
�4

Eppe��qẽ

qe
�2

R1� �35�

and

Eppẽ
AJC�R1� = �qẽ

qe
�4

Eppe
AJC��qẽ

qe
�2

R1� , �36�

where q refers to the charge of the particle and ẽ refers to an
electron with a nonunit charge.

In case �d� the AJCs scale as

Eppẽ
AJC�R1� = �qẽ

qe
�2

Eppe
AJC�qẽ

qe
R1� , �37�

while in the case of infinite nuclear masses no relation was
found for the energies which include the nuclear repulsion
energy. However, the following exact formula:

Eppẽ
el �R1� = �qẽ

qe
�2

Eppe
el �qẽ

qe
R1� �38�

holds for the electronic energy when the constant energy of
the nuclear repulsion is neglected.

Since the AJCs scale with the square of me* /me, while
the energies scale linearly, the decrease of the electron rest
mass provides relatively smaller and smaller AJCs. More im-
portantly, the increase of either the electron rest mass or me*

means an increase in the breakdown of the BO approxima-
tion. The picture is different in the case of changing the
elementary charge. Due to the same scaling in the total en-
ergies corresponding to infinite nuclear masses and in the
AJCs, the BO approximation is not compromised by the in-
crease of the elementary charge.

IV. CONCLUSIONS

In traditional electronic structure computations for the
determination of molecular structure of usual chemical sys-
tems, the relatively heavy nuclei are clamped to yield a par-
ticular nuclear geometry, and an approximate solution of the
electronic problem specified by the clamped nuclei
Schrödinger Coulomb Hamiltonian yields an electronic en-
ergy. The sum of this energy and the classical nuclear repul-
sion energy is believed to represent, to a good first approxi-
mation, the total energy of the molecule at this configuration.
Because the clamped nuclei Hamiltonian involves only one
mass, the notional electronic mass, this mass can be incorpo-
rated into the coordinates to define a new unit of length and
the mass simply becomes the unit, in much the same way as
discussed in forming the infinite nuclear mass Hamiltonian
�Eq. �25��. Thus, just like the solutions of Eq. �25�, solutions
to the clamped nuclei problem depend neither upon the mass
of the nuclei nor that of the electron, and they can be scaled
to whatever value is implied by a particular choice of the unit
mass. To compare the results of such simplified calculations
with observation, it is sensible to use an “experimental”
value of the electron mass to assign the results.

However, what is known about solutions of the full mo-
lecular structure problem, usually called the nonadiabatic ap-
proach, shows that whether or not stable molecular solutions
to the full Schrödinger Coulomb Hamiltonian exist, depends
crucially on the ratios of the nuclear to the electronic masses.
As we have argued here, it is not safe to attempt to make the
nuclear masses infinite in a nonadiabatic calculation in the
hope of achieving a clamped nucleus result, but it is perfectly

TABLE II. Dependence of energies and their AJC corrections for the �ppe*� systems on the mass of e*. The masses of e* are given in a.u. The internuclear
separations �R1� are given in bohr. The incomplete basis Jacobi energies with infinite masses �Inf. mass� are in Eh, while the adiabatic Jacobi corrections
�AJCs� are given in cm−1. The AJCs are differences between the results obtained from calculations using proper finite and infinite nuclear masses. All the
computations have been performed using a basis of �32 32� functions, and the variational parameter K of the radial basis functions �see text� has been
optimized for each basis and internuclear separations. The nuclear mass employed for p is 1.007 276 47u.

me* =0.1 me* =0.5 me* =1 me* =2 me* =10

R1 Inf. mass AJC R1 Inf. mass AJC R1 Inf. mass AJC R1 Inf. mass AJC R1 Inf. mass AJC

10 −0.045 18 0.639 2 −0.2259 16.0 1 −0.4518 63.9 0.5 −0.9035 256 0.1 −4.518 6370
20 −0.060 26 0.445 4 −0.3013 11.1 2 −0.6026 44.5 1 −1.205 178 0.2 −6.026 4440
40 −0.054 58 0.392 8 −0.2729 9.79 4 −0.5458 39.2 2 −1.092 157 0.4 −5.458 3900
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safe to work in a formulation in which the nuclei can be
clamped and at the same time to allow the nuclear masses to
vary. Such a formulation has been developed here. It allows
the exact separation of not only the translational but also the
rotational motion from the vibrational problem.

It has been established that when the nuclear masses are
taken as infinite in the nonadiabatic electronic structure prob-
lem of the three unit charge system, with the distance be-
tween the same charges kept fixed, then it is precisely
equivalent to a standard clamped nuclei calculation. The
adiabatic Jacobi corrections �AJCs�, defined as the difference
in the energies obtained with finite and infinite nuclear
masses, are not equivalent with the diagonal Born-
Oppenheimer corrections �DBOC� from clamped nuclei cal-
culations, except in the united atom case. This is due to the
different Hamiltonians used in the two formulations. At all
internuclear distances the AJC correction is substantially
smaller than the DBOC correction, being usually about 4 /5
of it.

This observation leaves open the question of whether or
not it would be more “correct” to calculate a potential curve
for a diatomic molecule using the Jacobi formulation with
proper finite masses or by a standard electronic structure
method and adding only the DBOC or even nonadiabatic
corrections developed by Bunker and Moss.19 On balance we
would suggest that the Jacobi approach is the correct one
since the relationship of the clamped nuclei �but proper
mass� calculations to the full problem is precisely formu-
lated. This is not the case for the standard clamped nuclei
approach where the relationship of the translationally invari-
ant coordinates and the internal coordinates and Eulerian
angles to the laboratory fixed coordinates is not explicitly
formulated, even though it is essential to make such coordi-
nate choices in order to perform calculations on the internal
motion of the molecule. Usually a harmonic-oscillator-rigid-
rotor model is used with the internuclear distance and poten-
tial calculated using the clamped nuclei Hamiltonian. But it
is not clear that the relevant nuclear motion problem in this
context should be a harmonic oscillator and a rigid rotor.
These problems are discussed in Sec. VII of Ref. 34. We
think that our suggestion that the Jacobi approach is the cor-
rect one is also supported by the calculated interparticle ex-
pectation values which match the fully nonadiabatic results
of Bubin et al. on the HD+ system24 to the expected accu-
racy.

Should our suggestion about the approach in the present
case actually prove to be correct, then an associated sugges-
tion is that it would, in general, be better to approach all
clamped nuclei calculations in terms of a formulation in
which the nuclei could be clamped, but proper masses could
be used. There are of course many problems involved in
actually doing this, not least because of the difficulty of find-
ing suitable sets of translationally invariant coordinates and
subsequently Eulerian angles and internal coordinates. But

should it be wished to consider more generally counterfac-
tual systems such as we have considered in Sec. III D here,
then there is no alternative but to work using these. The
literature about such coordinate choices is extensive and var-
ied. Such matters are also considered in the cited review.34
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A database approach to the determination of complete rovibronic spectra of small molecules is outlined. It is envisioned that 
from the database to be built not only a recommended set of labeled energy levels and transitions with proper uncertainties for a 
given isotopologue can be retrieved but also a grand list of annotated rotational-vibrational energy levels and experimentally 
measured transitions, including their associated uncertainties and assignments.  The recommended set of levels and transitions 
can be obtained only after a rather elaborate procedure based both on experiment and theory.  Based on a joint refinement and 
inversion process called MARVEL, standing for Measured Active Rotational-Vibrational Energy Levels, the experimental 
transitions can be converted into measured energy levels with associated uncertainties.  The usefulness of MARVEL is shown 
here on the example of H2

17O, where more than 2300 accurate rotational-vibrational levels have been determined in the range 0 
– 15000 cm−1 based on about 7000 transitions.  Even in a favorable case like water the ratio of the number of MARVEL levels to 
that of the complete set of levels determined computationally is small and decreases as the excitation energy increases.  
Several computational procedures are outlined for determining converged complete theoretical rotational-vibrational spectra.  
Apart from the smallest quantum systems, like the three-particle H2

+ system, one needs highly accurate energy and property 
hypersurfaces to determine complete spectra for many-electron systems.  Determination of these surfaces through advanced 
techniques of electronic-structure theory is overviewed.  Even small corrections, like those coming from special relativity and the 
(partial) breakdown of the Born−Oppenheimer approximation, must be taken into account to achieve meaningful accuracy in 
these computations.  It is recommended that the focal-point approach (FPA) be used for these surface determinations.  Once 
the surfaces are available, sophisticated (nearly) variational nuclear motion approaches must be utilized to determine energy 
levels, the associated wave functions, and line intensities.  One route goes through internal coordinate Hamiltonians, the other 
through normal coordinate ones.  Useful approaches are outlined to take care of convergence problems associated with 
important singularities present in the internal coordinate Hamiltonians.   
 
Keywords: computational molecular spectroscopy, ab initio, PES, DMS, active database, MARVEL, water, carbon dioxide, 
Watsonian, internal coordinate Hamiltonians. 
 

1. Introduction 

Spectroscopy has traditionally been considered 
as the branch of sciences offering the perhaps most 
precise measurement results.  As a consequence, 
molecular spectroscopic results are usually extremely 
hard to match even by the most sophisticated 
nonadiabatic computational approaches based on 
quantum electrodynamics (QED).  Nevertheless, 
experimental molecular spectroscopy, when the aim is 
the determination of complete spectra, has several 
important limitations, as follows: (1) while line positions 
can be measured with outstanding accuracy that is 
almost impossible to match by computations, line 
intensities and shapes usually have much larger relative 
uncertainties; (2) experiments measure transitions but in 
many application of spectroscopic results, e.g., for the 
determination of temperature-dependent partition 
functions through direct summation,1 one needs accurate 
energy levels; (3) since even for small systems the 
number of allowed transitions is huge, it is in the billions 
for each isotopologue of a triatomic species, the 
complete line-by-line experimental determination of a 
spectrum is clearly impossible; (4) many important 
species and many important spectroscopic regions are 

hardly amenable to experimental scrutiny or require 
expensive instrumentation, for example, even the 
stretching fundamentals of the triplet ground electronic 
state of the CH2 radical have not been measured;2 and 
(5) measurement of transitions without detailed 
assignment is hardly useful for most practical purposes 
and as the energy grows the level density increases 
drastically while the clear description of energy levels 
using traditional simple schemes starts to fail. 

As suggested herein, the best quantum 
mechanical computations are able to solve or at least 
remedy all of the above problems.  While highly 
specialized techniques exist for few-electron systems,3 
the canonical process of obtaining accurate 
computational predictions for rotational-vibrational 
spectra of many-electron systems is normally divided into 
two steps.  First, one or more potential energy surfaces 
(PESs),4,5 and possibly property surfaces (like the dipole 
moment surface, DMS) are obtained, based on solving 
the electronic part of the Schrödinger equation on a grid 
including a large number of nuclear configurations.  
PESs are defined as the total energy of the quantum 
system as a function of its geometric variables.  Property 
surfaces are defined similarly to PESs.  Second, the 
PESs, usually after proper fitting, are used to solve the 



 
2

nuclear motion problem resulting in a large number of 
eigenpairs, while the appropriate property surfaces are 
then used to obtain the full spectrum.   

Many approaches have been developed in 
electronic-structure theory for determining accurate 
energy and property hypersurfaces.4,5  Ideally, one would 
do complete basis set (CBS) full configuration interaction 
(FCI) computations at a very large number of structures 
employing an appropriately chosen relativistic 
Hamiltonian.  Of course, this is not practical and 
introduction of several approximations is mandated.  This 
is a field of electronic-structure theory where sufficiently 
large experience has been acquired to allow meaningful 
choices to be made.  If the aim is the accurate 
determination of complete rotational-vibrational spectra, 
even non-relativistic CBS FCI computations are not 
sufficient, effects usually considered to be small must 
also be taken into account, most importantly effects 
resulting from the theory of special relativity,6,7 even for 
molecules containing only light atoms, and the (partial) 
breakdown of the Born−Oppenheimer (BO)8,9 
approximation, especially for H-containing species.  
Furthermore, at least close to dissociation limit(s) or 
intersections, interactions between PESs might need to 
be considered, leading to additional difficulties.   

For decades high-resolution rotational-vibrational 
spectroscopy treated nuclear motion in terms of near-
rigid rotations and small-amplitude vibrations, relying 
heavily on perturbation theory (PT).10–16 While the 
formulas11,14,15 resulting from PT, even at second order, 
are often rather complex, they are easy to program, 
running them is almost cost free, and they reproduce 
many experimental data though only at low to medium 
excitation.  These low-order PT approaches are unable 
to yield complete molecular spectra.  From the very 
beginning there have been attempts to compute 
rovibronic spectra of polyatomic molecules by 
computationally more intensive variational techniques.  
Variational nuclear motion computations can be made, at 
least in principle and within the BO approximation, 
arbitrarily accurate and in principle allow the 
determination of complete spectra. Nevertheless, for the 
first-principles approach to complete rotational-
vibrational spectra to be really successful one has to 
utilize sophisticated procedures. This means that one 
needs not only highly accurate electronic-structure 
techniques to compute energy and property surfaces but 
also involved protocols to represent them, and 
numerically efficient ways for the (nearly) variational 
nuclear motion treatments.  Recent developments 
suggest that, in favorable cases, the rovibrational 
eigenvalues obtained can approach what quantum 
chemists call spectroscopic accuracy, which is 1 cm−1 on 
average.17   

Neither experiments nor first-principles 
computations can determine the complete rotational-

vibrational spectra of even small molecules with the 
required accuracy.  It seems to us that the most practical 
approach to overcome most of the difficulties is through 
an active database approach.  This requires building two 
databases linked together through a unique assignment 
scheme, one containing energy levels and the other the 
related transitions.  This way one can take advantage of 
the strengths of the two main sources of spectroscopic 
information.  Variational computations can yield all the 
possible energy levels, with various assignment 
possibilities, and thus all the possible labeled transitions, 
though with limited accuracy deteriorating as the level of 
excitation increases.17  Experimental transitions, and the 
energy levels obtained through an appropriate inversion 
procedure, have a much higher accuracy but are limited 
in number even in the spectroscopically most easily 
accessible regions.  We do not see any other possible 
route to the determination of complete molecular spectra 
and thus strongly advocate the active database 
approach what we call MARVEL, standing for Measured 
Active Rotational-Vibrational Energy Levels.18,19  
MARVEL requires not only complex tools for handling 
information in the databases but also experimental 
efforts to obtain and analyze high-resolution spectra of 
important small species and theoretical developments 
that allow efficient and accurate computation of complete 
spectra. 

The fields of electronic-structure theory and 
variational nuclear motion computations are diverse and 
involve a huge number of papers.  Consequently, it is 
impossible to review the advances in these fields.  Only 
efforts in our group related to the computation of 
complete rotational-vibrational spectra of small 
molecules is overviewed and references from other 
groups are given only when directly relevant to our own 
efforts. 

2. Nonadiabatic Computations – Where 
Theory Delivers 

For the smallest quantum systems, comprising 
perhaps up to five particles, one can afford not 
introducing the separation of the electronic and nuclear 
degrees of freedom, i.e., not introducing the BO 
approximation.  For historical reasons such computations 
of energy levels are usually referred to as nonadiabatic 
though strictly speaking they should be called diabatic.   

For three- and four-particle systems, like H2
+ and 

H2, sophisticated nonadiabatic computations have been 
performed with specialized techniques.3,20-27 These 
computations can yield rovibronic energy levels whose 
accuracy is limited only by the Hamiltonian used for their 
evaluation.  Unlike a BO treatment, nonadiabatic 
computations can distinguish between the spectroscopic 
characteristics of the different isotopologues.  
Nevertheless, while nonadiabatic computations yield 
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energy levels in a quantitative way, the qualitative 
characterization of them is somewhat difficult.   

In a recent paper23 we made an attempt to retain 
the notion of a PES in a nonadiabatic treatment.  This 
was achieved by fixing the internuclear separation in H2

+-
like systems, a straightforward procedure in Jacobi 
coordinates.  The resulting energy correction to the BO 
energies, obtained under the assumption of infinite 
nuclear masses, was termed adiabatic Jacobi correction 
(AJC).  The AJC numerical values are considerably 
smaller than the well-established diagonal 
Born−Oppenheimer corrections (DBOC),28-33 suggesting 
that the DBOC might correct for more than simply the 
translational motion.  More work needs to be done to 
understand better the deviations between the AJC and 
DBOC corrections and to see which one stands closer to 
the fully nonadiabatic limit.   

The fully nonadiabatic treatment of few-body 
systems have yielded very accurate energy levels and 
transition energies.  At the limit of these calculations, 
when even QED effects are considered, the energies 
have not only internal consistency but are in almost full 
accord with the relevant results of measurements. 

As to many-electron systems, corrections to the 
BO approximation can be obtained by means of a 
second-order contact transformation method.28  This 
introduces two terms: (a) the simple DBOC, which gives 
rise to a mass-dependent correction to the PES; and (b) 
the considerably more difficult second-order (also called 
non-adiabatic) correction, which introduces coupling 
between electronic states and primarily results in 
corrections to the kinetic energy operator. In the most 
sophisticated first-principles treatments17,34,35 allowance 
is made for non-adiabatic effects though further work is 
required to explore the best possible strategies for 
computation and utilization of this information. 

3. MARVEL – An Active Database Approach 

There are several areas in the sciences where 
experimentally measured quantities, with well defined 
uncertainties, and quantities preferred on some 
theoretical ground, again with appropriate uncertainties, 
are decidedly distinct but relations can be worked out 
between the two sets of data.  Such areas include 
thermochemistry,36,37 reaction kinetics,38,39 and, of 
course, spectroscopy.   

In spectroscopy the relation between transitions 
and energy levels is linear and exceedingly simple.  To 
the best of our knowledge Flaud and co-workers40 were 
the first to suggest a useful procedure for inverting the 
information contained in measured transitions to energy 
levels.  Their method has been extended18,19 to treat all 
measured rotational-vibrational transitions available and 
obtain the related energy levels in one grand inversion 

and refinement process.  The active database protocol 
and program developed is called MARVEL.18  The 
energy levels so obtained are considered measured as 
they are obtained from experiment. The set of measured 
energy levels is called active in the sense of the Active 
Thermochemical Tables approach of Ruscic,36 and 
implies that if new experimental transitions become 
available the refinement process must be repeated 
resulting in a new set of improved rotational-vibrational 
energy levels. 

Determination of a set of energy levels and an 
improved set of transitions by MARVEL is based on the 
following steps: 
(1) Collect, critically evaluate, and compile all 
transitions, including their assignments and 
uncertainties, into a database. 
(2) Determine those energy levels which belong to a 
particular spectroscopic network (SN). 
(3) Within a given SN, set up a vector containing all 
the transitions, another one comprising the requested 
measured levels, and a sparse inversion matrix 
describing the relation between transitions and levels. 
(4) During solution of the resulting set of linear 
equations uncertainties in the measured transitions can 
be incorporated which result in uncertainties for the 
energy levels. The absolute energy levels of a given SN 
can only be obtained if the value of the lowest energy 
level within the SN, with zero uncertainty, is set up 
correctly. 

The MARVEL procedure and code developed has 
been tested for H2

17O (Table 1). H2
17O was chosen as it 

contains a relatively small number of accurately 
measured transitions (on the order of 7000),41-46 
including a large number of transitions on the ground 
vibrational state, and water is probably the single most 
important polyatomic molecule whose spectroscopy on 
the ground electronic state is especially relevant in a 
number of applications, including understanding of the 
greenhouse effect on Earth. In the case of H2

17O, and 
indeed for all other symmetrically substituted 
isotopologues of water, the transitions can be divided 
unequivocally into two main SNs, para and ortho.47   

A good model must be available prior to using 
MARVEL in order to give unique labels for the upper and 
lower states participating in the transitions.  Approximate 
Hamiltonians, variational computations based on PESs, 
and even perturbation-resonance approaches48 are able 
to provide these labels.  In the MARVEL program the 
normal mode labeling is used for the states, e.g., 
(n1n2n3JKaKc) in the case of water, where n1, n2, and n3 
stand for the symmetric stretching,  angle bending, and 
antisymmetric stretching quantum numbers, respectively, 
and the standard asymmetric  top  notation,  JKa Kc,  
applies for the rotational states. 
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Table 1. Ab initio (CVRQD), empirical (FIS3), and 
experimental (MARVEL) vibrational energy levels (in cm−1) of 
H2

17O up to 14300 cm−1 

n1n2n3 CVRQD FIS3 MARVELa,b Levelsc 

000 4630.367 4630.168 0.0 279 
010 1591.644 1591.346 1591.325648(1) 184 
020 3145.535 3144.925 3144.980447(1) 93 
100 3653.138 3653.157 3653.142268(1) 113 
001 3748.115 3748.200 3748.318070(1) 150 
030 4657.888 4657.007   
110 5228.214 5227.816 5227.705608(1) 150 
011 5320.482 5320.211 5320.250927(1) 122 
040 6122.609 6121.559   
120 6765.588 6764.799  28 
021 6857.887 6857.267 6857.272707(1) 78 
200 7192.896 7193.186 7193.246618(1) 76 
101 7238.116 7238.557 7238.713600(2) 100 
002 7430.918 7431.136 7431.076108(3) 26 
050 7528.957 7527.914  1 
130 8261.877 8260.780  3 
031 8357.439 8356.514  7 
210 8750.235 8750.000  34 
111 8792.566 8792.525 8792.544310(2) 106 
060 8855.488 8854.751  1 
012 8983.119 8982.897 8982.869208(3) 51 
140 9709.883 9708.660   
041 9814.524 9813.391   
070 10070.793 10070.693   
220 10270.377 10269.703  12 
121 10311.631 10311.179 10311.202510(2) 73 
022 10502.067 10501.444   
300 10584.956 10585.923  65 
201 10597.244 10598.352 10598.475610(2) 100 
102 10853.042 10853.561 10853.505308(2) 53 
003 11011.416 11011.933  45 
150 11082.442 11081.789   
051 11221.331 11220.134   
080 11235.025 11234.647   
230 11750.948 11749.946   
131 11793.487 11792.703 11792.827010(3) 31 
032 11985.407 11984.450   
310 12121.917 12122.290  26 
211 12132.557 12133.072  87 
160 12360.562 12360.454   
112 12389.311 12389.173  17 
090 12511.995 12510.737   
013 12541.086 12541.118  13 
061 12562.935 12561.916   
240 13186.424 13185.271   
141 13234.029 13233.034  1 
042 13428.499 13427.338  1 
320 13620.792 13620.773  3 
221 13631.364 13631.483 13631.499810(3) 48 
170 13640.751 13640.414   
400 13807.707 13809.693  25 
301 13809.863 13810.343  68 
071 13811.086 13812.195  1 
0100 13829.143 13827.954   
122 13890.137 13889.483   
023 14039.711 14039.317   
202 14202.553 14203.479  11 
103 14295.039 14296.298 14296.279510(3) 26 

   Total:   2308 

a Values in parentheses correspond to 2σ uncertainties, calculated 
using the bootstrap technique (B. Efron and R. Tibshirani, An 
Introduction to the Bootstrap, Chapman and Hall, London, 1993), in 
units of 10−6 cm−1.  The lowest level was set exactly to zero with zero 
uncertainty. 
b The ranges (cm−1) of measured transitions: 0–177,41 177–600,42 
500–8000,43 8000–9400,44 9711–11335,45 and 11365–14377.46 
c Number of rotational energy levels corresponding to the given 
vibrational energy level. 

 

The uncertainties of the MARVEL vibrational 
levels of H2

17O are on the order of 10−6 cm−1 (Table 1). 
Since the complete list of vibrational states is available 
from computations, it is clear that even in the 
experimentally most accessible low-energy region 
several vibrational levels are not available from 
experiment. 

MARVEL supplies important information both for 
spectroscopists and quantum chemists.  Running 
MARVEL for a transitions dataset collected from several 
publications will determine whether there are any outliers 
in the transition set assembled and whether the 
experimental uncertainties are realistic.  This contributes 
to the validation of the experimental results. The 
resulting energy levels can be used for the empirical 
improvement of PESs and for checking existing 
assignments or suggesting new ones.  Execution of 
MARVEL for the most important isotopologue of water, 
H2

16O, is in progress. 

4. Electronic structure computations 

It is useful if the energy-level database within 
MARVEL contains a (complete) set of accurate rotation-
vibration levels.  This information also helps the 
assignment of measured transitions.  For many-electron 
systems the levels can only be determined using PESs 
obtained from sophisticated, though approximate first-
principles techniques, like the focal-point approach 
(FPA).49,50 

4.1 The focal-point approach (FPA) 
A fundamental characteristic of the FPA is the 

dual extrapolation to the one- and n-particle electronic-
structure limits.  The process leading to these limits can 
be described as follows: (a) use families of basis sets, 
such as the correlation-consistent (aug-)cc-p(wC)VnZ 
sets,51,52 which systematically approach completeness 
through an increase in the cardinal number n; (b) apply 
lower levels of theory with extended53 basis sets 
(typically direct Hartree−Fock (HF)54 and second-order 
Moller−Plesset (MP2)55 computations); (c) use higher-
order valence correlation treatments [CCSD(T), 
CCSDTQ(P), even FCI]5,56 with the largest possible basis 
sets; and (d) lay out a two-dimensional extrapolation grid 
based on the assumed additivity of correlation 
increments followed by suitable extrapolations. FPA 
assumes that the higher-order correlation increments 
show diminishing basis set dependence.  Focal-
point2,49,50,57-62 and numerous other theoretical studies 
have shown that even in systems without particularly 
heavy elements, account must also be taken for core 
correlation and relativistic phenomena, as well as for 
(partial) breakdown of the BO approximation, i.e., 
inclusion of the DBOC correction.28-33   
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Note that the FPA can be used for more than 
spectroscopic applications.  In fact it has helped to 
redefine first-principles thermochemistry, see the HEAT 
(High-accuracy Extrapolated Ab initio 
Thermochemistry)63,64 and Wn (Weizmann-n)65 protocols 
and Refs. 37, 66, and 67, for example. 

4.2 Ab initio force fields 
One old difficulty of nuclear motion computations 

for larger systems, namely the representation of PESs, 
plagues applications of even the most sophisticated 
procedures. While low-order force fields68,69 may not 
provide a good representation of the PES for systems 
undergoing large-amplitude motions, for many systems 
of practical interest an anharmonic force field 
representation of the PES should provide at least the first 
important stepping stone to understand the complex 
internal dynamics of the system at low energies.  

Internal coordinate quartic force fields have been 
computed for relatively large systems, e.g., for the 17-
atom amino acid L-proline.70  Nevertheless, despite the 
fact that electronic-structure programs to compute 
analytic geometric first and second derivatives of the 
energy have become available at almost any level,71-74 to 
the best of our knowledge,68 complete sextic force fields 
in internal coordinates are available only for a handful of 
triatomic systems, N2O,75–78 CO2,79–82 and H2O.48,59  This 
is due to several factors.  First, it is exceedingly difficult 
to determine accurate higher-order force constants 
strictly from experimental information.  Second, force 
fields computed from most electronic-structure codes are 
given in rectilinear Cartesian or normal coordinates and 
their nonlinear transformation to more meaningful 
representations involving curvilinear internal coordinates 
is nontrivial.83  Third, polynomial expansions are subject 
to rather limited ranges of applicability.  Fourth, quartic 
normal coordinate force fields give excellent frequencies 
when used with VPT2 formulas, a precision of 1-2 cm–1 
is not uncommon,84 but when used in variational 
procedures the computed frequencies show much larger 
deviations from experiment.  This was discouraging as 
variational procedures render the use of somewhat 
complex and tedious procedures48,85 treating resonances 
present in PT treatments unnecessary.  Nevertheless, as 
shown in section 5.2, one can use internal coordinate 
force fields in an exact and completely general way not 
only within internal coordinate Hamiltonians but also 
within Hamiltonians86,87 expressed in normal coordinates.  
This should result in a renewed interest in force fields for 
lower-energy (ro)vibrational studies of systems having 
more than three atoms.   

4.3 Ab initio (semi)global PESs 
Since one cannot compute truly high quality 

PESs and DMSs in a single step, one needs to build 
them  piecewise.   It is  advantageous to  utilize the focal- 

Table 2. Approximate per quanta contributions (in cm−1) of 
so-called small corrections to the low-lying VBOs of H2

16Oa 

Correction 
surface 

 STRE  BEND 

MVD1  −2.8(n1+n3)  +1.4n2 

D2  −0.04(n1+n3)  +0.12n2 

Breit  −0.6(n1+n3)  –0.02n2 

Lamb-shift  +0.18(n1+n3)  −0.11n2 

Core correction  +7.3(n1+n3)  −0.5n2
2 

DBOC  +0.4(n1+n3)  −0.45n2 

a MVD1 = one-electron mass-velocity plus Darwin; D2 = two-electron 
Darwin; DBOC = diagonal Born-Oppenheimer correction. Please see 
text for details. n1 and n3 are the stretching, n2 is the bending quantum 
number. 
 
point approach49,50 detailed in subsection 4.1 for this 
purpose. In fact, it has been employed successfully to 
obtain highly accurate semiglobal PESs for a number of 
triatomic systems, including H2O,17,59 [H,C,N],88 and 
H2S.60  The so far most elaborate and most successful 
application of FPA yielded the adiabatic CVRQD PESs of 
the water isotopologues.  CVRQD means that the final 
ab initio ground electronic state surface includes 
corrections due to core (C) and valence (V) correlation, 
as well as relativistic (R) and QED (Q) contributions, and 
it is an adiabatic surface utilizing the DBOC correction 
(D).28-30  For purposes of illustration, it is insightful to 
repeat the steps resulting in the presently most accurate 
ab initio semiglobal surfaces of the water isotopologues, 
which can reproduce all the measured transitions of all 
isotopologues with an average accuracy better than 1 
cm−1.17   

The CVRQD PESs of the water isotopologues 
are based upon valence-only aug-cc-pVnZ,51,52 n = 4, 5, 
6, internally contracted multi-reference configuration 
interaction (ICMRCI)89 calculations including the size-
extensive Davidson correction,90 which were 
extrapolated to the CBS limit.  The largest correction to 
the valence-only surface comes from core correlation, 
which should be determined using a size-extensive 
technique. Nevertheless, the core correction surface of 
the CVRQD PESs was determined at the averaged 
coupled pair functional (ACPF)91 level lacking strict size-
extensivity.  The relativistic surfaces were obtained by 
first-order perturbation theory as applied to the one-
electron mass-velocity (MV) and one- and two-electron 
Darwin terms (MVD2),92,93 supplemented by a correction 
obtained from the inclusion of the higher-order Breit term 
in the electronic Hamiltonian.93  A correction surface due 
to the one-electron Lamb shift has also been determined.  
Consideration of the Lamb shift was shown to have 
contributions as much as 1 cm−1 for some levels beyond 
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20000 cm−1.94  Finally, a DBOC correction surface was 
obtained, at the cc-pVTZ MRCI level.17  The 
unprecedented precision of the CVRQD PESs in 
determining the vibrational levels of water can be judged 
from the relevant entries in Table 1.  The importance of 
the correction surfaces can be judged from entries in 
Table 2, showing the approximate per quanta changes in 
the vibrational band origins (VBOs) of H2

16O. 
To use the ab initio energies computed over a 

grid most efficiently in nuclear motion computations we 
need to fit them to analytical surfaces.  Fitting the 
surfaces involves several delicate  choices if  the high 
quality of the underlying electronic-structure calculations 
is not to be lost.  Notwithstanding the importance of this 
step the fitting process is not discussed here; for 
important details please consult, for example, Refs. 59, 
95, and 96. 

4.4 Empirical PESs 
Whatever complicated procedures are employed 

for their determination, ab initio PESs can hardly produce 
transitions matching the accuracy of experimentally 
determined transitions.  A partial remedy to this problem 
is offered by the empirical adjustment of the surface to 
best match the available experimental data in a least-
squares sense.   

Ab initio PESs, like CVRQD for water, provide an 
excellent starting point for the refinement of empirical 
PESs.  The rule of thumb seems to be that the higher the 
quality of the initial surface the better the resulting 
empirical PES.  In fact the best empirical PES for water, 
termed FIS3,96 as it is a joint fitted surface for three 
isotopologues, H2

16O, H2
17O, and H2

18O, utilized the 
CVRQD PESs as a starting point.  To assemble a 
reliable set of experimental rotational-vibrational energy 
levels for the refinement process is far from trivial.  As 
detailed in section 3, it is possible to invert the directly 
measured transitions to energy levels and obtain a 
partial set of high-accuracy levels.  As to the functional 
form of the fit, several choices are possible and these 
mainly depend on the accuracy of the starting PES.  The 
methods that can be used to fit PESs are basically the 
same as the nuclear motion methods described in 
section 5, thus they need no further discussion here. The 
energy levels determined with the help of empirical PESs 
cannot match the extreme accuracy of the MARVEL 
levels but they also provide a complete set. 

Empirical PESs interpolate very well but their 
extrapolation potential is inferior to those of the ab initio 
PESs. Therefore, even if a highly accurate empirical PES 
is available, the ab initio surface must be retained as it 
might prove to be a better choice for finding new 
transitions in a new region of the spectrum and a better 
starting point for further refinement of the surface if more 
detailed experimental information became available. 

4.5 Dipole moment surfaces (DMSs) 
Determination of first-principles transition 

intensities of rotational-vibrational levels relies on 
knowledge of the DMS and the nuclear motion 
wavefunctions of the states involved in the transition.  
The former can be obtained from electronic-structure 
computations while the latter can be determined from a 
variational solution of the nuclear motion problem.  The 
DMS is a two- or three-component vector function.  
While a lot of work has been devoted to obtaining high-
accuracy PESs and the corresponding rotation-vibration 
energy levels and wavefunctions for small molecules, 
there is only limited experience accumulated about the 
determination of high-accuracy DMSs.  Furthermore, 
while empirical adjustment of PESs is common practice, 
empirical adjustment of DMSs does not seem to be 
viable, partly due to the inferior quality of the available 
experimental data.  Accurate measurement of the 
intensities of rotational-vibrational transitions in the 
laboratory is a technically demanding task even at room 
and especially at elevated temperatures.  The range of 
intensities and their observational uncertainties are much 
larger for transition intensities than those for line 
positions.  New, high-precision experiments have started 
to appear but this changes the present-day scenario 
rather slowly.97,98 

Ab initio studies of the PESs of triatomic 
molecules17,59,60,88 have shown the importance of 
appending so-called small corrections to standard non-
relativistic valence-only ab initio predictions.  So far 
these have not been considered for the DMSs of 
polyatomic molecules.  It is up to future high-accuracy 
computation of DMSs and the utilization of new 
measurements to decide whether such corrections have 
a significant effect on computed rotational-vibrational 
intensities making their computation worth pursuing. 

Obtaining a high-quality analytical fit to ab initio 
dipole data is a challenging problem. 99  This is 
connected to the fact that the resulting DMS must be 
able to reproduce transition intensities which vary by 
many orders of magnitude.  Fits using procedures 
proven adequate for PESs may suffer from small 
unphysical oscillations.  Construction of a new DMS, 
including relativistic effects, is underway for water.100   

5. Variational nuclear motion computations 

Breaking away from the traditional treatment of 
molecular spectra using perturbative approaches, 
variational computation of rovibronic energy levels was 
introduced in the early 70s,101,102 following the prior 
derivation of simplified and exact normal coordinate 
Hamiltonians for nonlinear86 and linear87 molecules.  Two 
routes can be followed in variational-type nuclear motion 
computations.  One employs Hamiltonians in curvilinear, 
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preferably orthogonal internal coordinates103-106 offering 
the advantage that such Hamiltonians, with appropriately 
chosen basis sets, matrix element computations, 
diagonalization techniques, and PESs, can yield the 
complete eigenspectrum.  Due to obvious dimensionality 
problems, this technique could only be pursued for small 
species, most notably for triatomics.  Recognizing the 
difficulties associated with the development and use of 
tailor-made internal coordinate Hamiltonians, the other 
direction prefers to have a unique Hamiltonian which 
would be the same for almost all molecular systems.  
This is offered by the Hamiltonians of Watson.86,87  
Perhaps the so far most elaborate use of Watson’s 
Hamiltonians has been allowed by the MULTIMODE set 
of programs.107   

For tri- and tetratomic systems solution of the 
rovibrational problem was made particularly tractable by 
the introduction of the discrete variable representation 
(DVR)108–115 of the Hamiltonian.  Initially, the DVR was 
developed with standard orthogonal polynomial bases 
and the associated Gaussian quadratures, employing the 
same number of basis functions and quadrature points.  
DVRs based on such basis sets, quadrature points, and 
weights possess remarkable properties.  The most 
relevant is the diagonality of the potential energy matrix 
V making DVR a nearly ideal technique for nuclear 
motion computations eventhough the simplifications 
introduced in the computation of V make the eigenvalues 
not strictly variational.  Nowadays solution strategies 
have started to appear to not only the four-116–125 but also 
the five-126–128 and six-particle129 problems. 

5.1 Computations in internal coordinates 
As Refs. 116–134 testify, there are several 

strategies to set up matrix representations of multi-
dimensional rotational-vibrational Hamiltonians.  One of 
the simplest ones is the following.  The rotational-
vibrational Hamiltonian is expanded in orthogonal (O) 
coordinates,103,135 so that there are no cross-derivative 
terms in the kinetic energy operator, its matrix is 
represented by the discrete variable representation 
(D)108–112 coupled with a direct product (P) basis for the 
vibrational modes multiplied by a rotation function formed 
by combining the normalized Wigner rotation functions, 
and advantage is taken of the sparsity of the resulting 
Hamiltonian matrix whose selected eigenvalues can thus 
be determined extremely efficiently by variants of the 
iterative (I) Lanczos technique.136  The resulting 
procedure has been termed DOPI.2,137   

A particularly important feature of internal 
coordinate rovibrational Hamiltonians is that singularities 
will always be present in them when expressed in the 
moving body-fixed frame.138  Protocols that do not treat 
the singularities in these rovibrational Hamiltonians may 
result in sizeable errors for some of the rovibrational 
wave functions which depend on coordinates 

characterizing the singularity, thereby preventing their 
use for the computation of the complete rovibrational 
eigenspectrum.   

Apart from approaches which avoid the 
introduction of certain singularities during construction of 
the Hamiltonian,139-141 it seems that there are only a few 
a posteriori strategies to cope with singular terms in 
rovibrational Hamiltonians when solving the related time-
independent Schrödinger equation by means of (nearly) 
variational techniques.  Building partially on previous 
efforts,142-146 Czakó and co-workers147-149 developed a 
generalized finite basis representation (GFBR) strategy 
based on the use of the Bessel-DVR functions of 
Littlejohn and Cargo,150 and several resulting 
implementations for coping with the radial singularities 
present, for example, in the Sutcliffe–Tennyson triatomic 
rovibrational Hamiltonian expressed in orthogonal 
internal coordinates.  In this strategy a non-polynomial 
nondirect-product basis is employed.  An efficient GFBR 
has been developed with nondirect-product basis 
functions having structure similar to that of spherical 
harmonics.148  It was shown there that the use of a basis 
function dependent grid can be useful even if it results in 
a non-symmetric representation of the Hamiltonian. 

5.2 Computations in normal coordinates 
The Watson Hamiltonians86,87 expressed in 

normal coordinates are universal and thus make the 
introduction and programming of tailor-made 
Hamiltonians for each new system exhibiting unique 
bonding arrangements unnecessary.  While the use of 
these Hamiltonians for systems having more than three 
atoms has a long and successful history,151-154 their 
application is not without difficulties.  In particular, due to 
the numerical integration schemes employed for the 
potential, in general it has proved to be impossible to use 
PESs expressed in arbitrary coordinates with this 
Hamiltonian without resorting to some kind of an 
expansion of the PES in normal coordinates, thus 
separating, to a certain extent, otherwise nonseparable 
functions.  One of the best approximate techniques 
developed so far for computing the matrix representation 
of the potential is due to Gerber152 and Carter et al.154 
and is called the n-mode representation.  

This shortcoming has so far excluded the 
possibility of exact vibrational computations for systems 
having more than three atoms even if related high-quality 
PESs were available.  Nevertheless, as shown here and 
in Ref. 155 in more detail, this problem can be 
eliminated.  To achieve this, one needs to (a) represent 
the Hamiltonian using the DVR technique; and (b) 
develop a formalism allowing the exact expression of 
arbitrary internal coordinates in terms of normal 
coordinates.   

To express (curvilinear) internal coordinates in 
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terms of normal coordinates, bond vectors in terms of 
normal coordinates are needed.  A bond vector pointing 
from nucleus i to p (i, p = 1, 2, …, N and pi ≠ ) in a 

molecule with N nuclei is given as 
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where the orthogonal matrix C describes spatial 
orientation, ai (i=1,2,…,N) are the Cartesian coordinates 
of the chosen reference structure, and elements of lik 
(i=1,2,…,N, k=1,2,…,3N − F, where F=5/6 if the molecule 
is linear/nonlinear) are the transformation coefficients 
between normal coordinates    and  the    instantaneous   
displacement coordinates in the Eckart frame. Bond 
vectors are elements of lik (i=1,2,…,N, k=1,2,…,3N − F, 
where F=5/6 if the molecule is linear/nonlinear) are the 
transformation coefficients between normal coordinates 
and the instantaneous displacement coordinates in the 
Eckart frame. Bond vectors are thus expressed in terms 
of Qk (k=1,2,…,3N−F) and the Euler angles (through C).  
Curvilinear internal coordinates, expressed as scalar and 
triple products of bond vectors, are functions of only the 
rectilinear normal coordinates.156 

Due to the existence of this transformation, 
arbitrary potentials given in curvilinear internal 
coordinates can be called in a program working in the Qk 
(k=1,2,…,3N−F) normal coordinates. With the help of this 
transformation, the traditional DVR technique, the 
Watson operators,86,87 and arbitrary potentials, exact 
nuclear-motion calculations can be carried out which 
should give basically the same results as those obtained 
using internal-coordinate Hamiltonians. The ensuing 
procedure has been tested both for nonlinear and linear 
molecules.   

For H2
16O, employing the high-accuracy CVRQD 

PES,17,59 the lower vibrational energy levels obtained 
were the same, within numerical precision, as those 
determined with the DOPI procedure. However, unlike in 
the case of DOPI, the higher bending levels, with the 
bending quantum number n2 ≥ 4, could not be converged 
tightly. Thus we observe a similar convergence problem 
as that occurred in the case of using the MULTIMODE 
code for the same molecule.157   

VBOs applying Chédin’s sextic empirical force 
field80 are presented in Table 3 for 12C16O2 using exactly 
the same potential with the internal and normal 
coordinate Hamiltonians. When comparison can be 
made,    the    two    approaches   result    in    the   same  

 

Table 3. Variational vibrational band origins (VBOs, in cm−1) 
with l = 0 up to the highest fundamental of 12C16O2 obtained 
with Chédin’s80 sextic empirical force field.a 

(ν1,ν2
|l|,ν3)b internalc normald Expt.e 

(0,00,0) 2535.4 2535.4 – 
(1,00,0) 1285.0 1285.0 1285.4 
(0,20,0) 1387.5 1387.5 1388.2 
(0,00,1) 2347.3 2347.3 2349.2 

a  A potential energy cutoff of 20000 cm−1 was applied, as described 
in detail in Ref. 137. 
b Standard normal coordinate notation of the VBOs for a triatomic 
linear molecule. 
c The variational results based on a triatomic internal coordinate 
Hamiltonian were obtained with the DOPI algorithm,137 the results are 
the same as in Table 3 of Ref. 137. 
d Variational results based on the linear normal coordinate 
Hamiltonian.87 

e Experimental vibrational frequencies taken from Ref. 80. 
 

eigenenergies. By design, during the J = 0 computations 
the triatomic DOPI technique provides only those 
bending levels that correspond to the l = 0 vibrational 
angular momentum, where l = − n2, − n2 + 2, …, n2 − 2, 
n2.158  The approach based on the linear Watsonian 
provides approximations to all of the levels.  It is also 
worth mentioning that for CO2 no convergence 
(singularity) problems appeared, in clear contrast to the 
case of the nonlinear H2O molecule. 

6. Outlook 

Understanding the complete rotational-vibrational 
spectra of small molecules is an almost formidable task.  
This is partly due to the fact that complete spectra 
contain information about billions of lines even for a 
triatomic species.  Understanding these spectra requires 
sophisticated instrumentation and experiments, involving 
measurement and assignment of high-resolution 
molecular spectra, high-accuracy first-principles 
computations, involving electronic-structure and nuclear-
motion determinations, empirical adjustments of ab initio 
PESs, and allowance for nonadiabatic effects.  Only by 
interplay of all these experimental and computational 
elements can one expect that for polyatomic species the 
intricacies of complete molecular spectra will be 
unraveled some day.  It seems most advantageous to us 
to combine results from experiment and theory by 
centering on a database approach sketched in this 
report.  Work along these lines is underway for the 
isotopologues of water, arguably the most important 
polyatomic molecule. 
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ABSTRACT 

During my doctoral research I worked on developing first-principles variational 

techniques in order to compute high-accuracy and/or complete (ro)vibrational states of small 

molecules. One of the simplest possible strategy for solving the triatomic vibrational problem, 

termed DOPI, is presented, where DOPI stands for discrete variable representation (DVR) of 

the Hamiltonian given in orthogonal (O) internal coordinates employing direct product (P) 

basis functions and an iterative (I) eigensolver. The DOPI code has been employed for 

computing vibrational energy levels for several molecules, such as H2O, CO2, N2O, CH2, 

CCl2, HCCl, +
3H , and HCN/HNC. Utility of the force field representations and the inclusion 

of high-order force constants is discussed. DOPI has been also used for computing 

vibrationally averaged properties, such as effective structures and rotational constants. In 

particular, the equilibrium and temperature-dependent effective structures of the water 

molecule are given and compared to experiment.  

Different strategies are discussed for treating the singularities in (ro)vibrational 

computations. The newly developed techniques have been employed for computing 

(ro)vibrational energy levels of +
3H  molecular ion above its barrier to linearity. A new 

efficient finite basis representation (FBR) is also introduced which allows use of nondirect 

product basis functions having structure similar to that of spherical harmonics. It is 

demonstrated that an FBR, which couples different grid points to each basis function, can be 

employed to improve the efficiency of variational (ro)vibrational calculations even if the new 

FBR results in a nonsymmetric matrix representation. 

Finally, methods are considered that go beyond the Born–Oppenheimer 

approximation. A variational method was developed for solving the Schrödinger equation of 
+
2H -like systems using Jacobi coordinates and treating the distance of the two nuclei as a 

parameter. This technique allows performing electronic energy calculations at fixed 

internuclear separations using the proper finite nuclear masses. A new adiabatic correction, 

the so-called adiabatic Jacobi correction (AJC) is introduced. AJCs, expectation values of the 

nuclei-electron distances, and vibrational energy levels are computed for molecular ions +
2H , 

+
2D , and HD+. The related full vibrational spectra of the +

2H  molecular ion are discussed. 
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ÖSSZEFOGLALÁS 

Doktori kutatómunkám során olyan variációs alapú kvantumkémiai módszerek 

kifejlesztésén dolgoztam, melyek alkalmasak kis molekulák nagy pontosságú és/vagy teljes 

rezgési-(forgási) színképének számítására. A háromatomos rezgési probléma egyik lehetséges 

legegyszerűbb megoldási stratégiája a munkám során kifejlesztett DOPI algoritmus, ahol az 

ortogonális (O) belső koordinátákban felírt Hamilton operátor mátrixát diszkrét változójú 

reprezentáció (discrete variable representation, DVR) és direkt szorzat (direct product, P) 

bázis alkalmazásával képezzük, és a speciális szerkezetű ritka Hamilton mátrix sajátértékeit 

iteratív (I) algoritmussal számítjuk. Számos molekula – H2O, CO2, N2O, CH2, CCl2, HCCl, 
+
3H  és HCN/HNC – rezgési energiaszintjeit számítottam a DOPI algoritmuson alapuló 

programmal. Diszkutáltam az anharmonikus erőtér reprezentációk és a magasabb rendű 

erőállandók hasznosságát. A DOPI programot használtam rezgésileg átlagolt tulajdonságok - 

mint például effektív szerkezetek és forgási állandók - számítására. Megadtam és a kísérlettel 

összehasonlítottam a víz molekula egyensúlyi és hőmérséket-függő effektív szerkezeteit. 

Tárgyaltam a rezgési-(forgási) színképek variációs alapú számítása során fellépő 

szingularitások kezelésére alkalmazható különböző stratégiákat. A +
3H  molekulaion rezgési-

(forgási) energiaszintjeit az újonan kifejlesztett technikák alkalmazásával számítottam a 

lineáris elrendeződéshez tartozó gát felett. Kifejlesztettem egy új, a gömbharmonikusokhoz 

hasonló szerkezetű nemdirekt szorzat bázis esetén alkalmazható véges bázis reprezentációt 

(finite basis representation, FBR). Megmutattam, hogy a variációs alapú rezgési-(forgási) 

számítások hatékonysága növelhető egy olyan FBR alkalmazásával, mely az egyes 

bázisfüggvényekhez különböző kvadratúra pontokat csatol annak ellenére is, hogy az új FBR 

nemszimmetrikus Hamilton-mátrix reprezentációt eredményez. 

Munkám során a Born–Oppenheimer közelítésen túlmutató módszerek is 

megfontolásra kerültek. Variációs módszert dolgoztam ki a +
2H -típusú rendszerek Jacobi 

koordinátákban felírt Schrödinger-egyenletének megoldására, ahol a két mag távolságát 

paraméterként lehet kezelni. Ez a technika lehetővé teszi véges magtömegek használatát a 

rögzített mag-mag távolsághoz tartozó elektron energia számításánál. Új adiabatikus 

korrekciót, az ún. adiabatikus Jacobi korrekciót (adiabatic Jacobi correction, AJC) vezettem 

be. A +
2H , a +

2D  és a HD+ molekulaionok esetében számítottam az AJC-ket, a mag-elektron 

távolságok várható értékeit és a rezgési energiaszinteket. Vizsgáltam a +
2H  teljes rezgési 

színképének különböző pontosságú számítási lehetőségeit. 




